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Preface

This textbook grew out of my teaching slides and notes for the second-year Ph.D.

course at Shanghai University of Finance and Economics. The course spans fourteen

weeks, with three classes per week. This course and textbook aim to (1) introduce

the basic design-based research methods in economics to students who want to become

applied economists; (2) introduce new techniques and tools in applied econometrics

developed during the last decade; and (3) provide a brief introduction to the structural

approach, encouraging students to further explore model-based research frameworks in

the future.

To read this book, students should have completed their first-year courses in microeco-

nomics, macroeconomics, and econometrics, and should understand the basic ideas of

causal inference. It would be even better if they have some experience with structural,

model-based methods, although this is not required. The content of this course is

methodologically intensive, but its main focus is not on mathematical details. Rather,

the most important goal is to understand how to use these methods correctly in em-

pirical research.

To comprehensively develop students’ abilities in both theoretical and applied aspects

of empirical research, I include an application reading, a set of homework problems,

and a practice coding exercise at the end of each chapter. The application reading rec-

ommends academic papers that use the methods introduced in the chapter. The home-

work problems aim to reinforce students’ theoretical understanding of the material.

The practice coding exercises give students an opportunity to write code themselves

and apply the methods to real-world questions.

I divide the book into four parts comprising fourteen chapters.

In Part I, the book introduces the foundations of causal inference and basic statistical

iv
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tools. Chapter 1 discusses the basic ideas of causal inference under the potential out-

comes framework and the relationship between causal inference and regression. Chapter

2 introduces non-parametric and semi-parametric methods, which provide important

foundations for causal inference but are sometimes overlooked in the daily practice

of applied economists. Chapter 3 introduces machine learning and model selection,

showing how to determine model complexity by trading off bias and variance. Chapter

4 introduces graphical models for causal inference as an alternative to the traditional

potential outcomes framework commonly used by economists.

In Part II, the book introduces one of the most popular and important methods in

applied economics: instrumental variables (IV). Chapter 5 discusses the econometric

foundations of IV, including two-stage least squares (2SLS), the local average treatment

effect (LATE), and the generalized method of moments (GMM) framework. Chapter

6 discusses IV beyond the traditional LATE interpretation and shows how behavioral

and structural models can be combined with IV. Chapter 7 discusses a specific type of

IV that has become increasingly popular in recent years: the Bartik IV.

In Part III, the book introduces two other popular tools: difference-in-differences (DID)

and regression discontinuity (RD). Chapter 8 introduces the basic tools used in panel

data analysis, including fixed effects, DID, and synthetic control methods. Chapter 9

discusses more complicated and advanced topics in panel data analysis, including stag-

gered DID with heterogeneous treatment effects and continuous treatments. Chapter

10 introduces the regression discontinuity design and its extension, the regression kink

design.

In Part IV, the book discusses several other important topics. Chapter 11 discusses why

and how to cluster standard errors. Chapter 12 introduces the fundamentals of discrete

choice models, including their structure, identification, and the Logit model. Chapter

13 further discusses estimation and endogeneity in discrete choice models. Chapter 14

concludes the book by analyzing peer effects and spillovers in applied economics.

For readers using this book as a course text, I highly recommend following the chapters

in order. In particular, readers should begin with Part I before moving on to specific

topics in the subsequent parts, because the statistical tools introduced in Part I are

repeatedly used throughout the rest of the book. After completing Part I, however,

readers can also freely choose among the chapters in Parts II, III, and IV according to

their interests. Compared with classic textbooks such as Angrist and Pischke (2009),
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this book expands its scope to cover new tools and techniques that have been developed

over the past decade, including graphical models, machine learning, Bartik IV, and

more advanced methods for panel data analysis.

During the writing of this book, I would like to express my special thanks to Junjian

Yi of Peking University. The applied econometrics reading group he organized inspired

the design of this book. I would also like to thank my Ph.D. advisors, Ronni Pavan and

Lisa Kahn. They gave me so many valuable suggestions during my doctoral studies and

will always serve as role models throughout my academic career. I am truly grateful

to Nese Yildiz, John Singleton, Kegon Tan, Gregorio Caetano, and Carolina Caetano

for all the empirical techniques I learned from them during my time at the University

of Rochester. I thank Dengke Chen for carefully going through all the teaching slides

and notes in the first draft and providing me with many helpful suggestions. I thank

Junsen Zhang for guiding me to choose to become a labor economist at the begining of

my doctoral study. I would also like to thank Josh Angrist and Jörn-Steffen Pischke,

whose magnificent textbook has illuminated my path toward becoming a researcher.

Last but not least, I would like to thank Claude Opus and Fable LLMs. They helped

me reorganize my teaching slides and notes into a textbook and design many of the

homework and practice problems. Without them, I could not have completed this

work so efficiently. In this new era of AI, some people worry that we may eventually

be replaced, while others may lose their motivation to study and develop their research

in economics. I believe, however, that AI can help us reach places that we could never

reach without it. It is the human mind that decides where to go, while AI helps us

get there faster. I also firmly believe that students still need to work hard to learn

econometrics and its technical details, because this knowledge is a prerequisite for

developing good research taste. In other words, we need to know where to go before

AI can take us all the way there.

As I write the final part of this preface, I suddenly find myself thinking back to my first

day in the United States thirteen years ago: a young Chinese boy landing at Nashville

International Airport. It was a brand new country for him, with no friends and no

relatives. But it was also a brand new beginning in his life, filled with curiosity and

ambition to explore the world. I want to say to that boy: Keep your happiness, and

you will get there.

Zibin Huang, Wenzhou, August 2026
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Chapter 1

Outline of Causal Inference

1.1 What Is This Course About?

Empirical economics is built on a simple ambition: to understand how the world works

by using data. But data are silent about causation on their own. They record corre-

lations (associations between variables), but the question of whether A causes B, and

by how much, requires more than a regression coefficient. This course is about the

gap between statistical association and causal inference, and the modern toolkit that

allows researchers to bridge it responsibly.

A central theme is what we might call the “regression monkey” problem. A regression

monkey runs regressions without understanding why. They use whatever variables are

available, add controls when reviewers complain, and report results without any sense

of what variation in the data is actually doing the identification work. They confuse

the tools of statistics with economic reasoning. This is not an economist; it is a bad

statistician borrowing economic vocabulary.

What separates serious empirical work from mechanical computation? Three things.

First, a researcher must understand the logic behind every estimator they use: why

it targets a causal parameter under some assumptions, and what those assumptions

mean economically. Second, they must know the menu of tools available (instrumental

variables, difference-in-differences, regression discontinuity, matching) well enough to

match the method to the research question. Third, they must use economic theory as

a guide: theory tells us which variables belong in a model, which direction the bias

2
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should run, and whether a result makes sense.

This chapter lays the conceptual foundation for the course. We begin with a moti-

vating example that shows how a simple regression model is connected to a deeper

structural model. We then introduce the two broad traditions in empirical economics,

the structural (model-based) approach and the reduced-form (design-based) approach,

and compare their relative strengths. The bulk of the chapter develops the poten-

tial outcome framework, the conditional expectation function and its relationship to

regression, the problem of bad controls, and the logic of matching estimators.

1.2 Motivating Example: Female Labor Participa-

tion1

1.2.1 Two Levels of Empirical Analysis

To fix ideas, consider a classic question in labor economics: how does the wage rate

affect the decision of women to enter the labor force? A researcher facing this question

might immediately reach for a regression:

yi = β0 + β1wi + ui, (1.1)

where yi ∈ {0, 1} is a labor-participation indicator, wi is the offered wage, and ui is

the unobservable. Estimating (1.1) by OLS gives what is called a linear probability

model (LPM). This is an example of a reduced-form regression: it directly relates

an observable outcome to an observable treatment variable, without modeling the

mechanism connecting them.

But the name “reduced-form” already hints at something deeper. The regression is the

visible tip of an iceberg. Underneath it lies a behavioral model of individual decision-

making that the regression reduces to a single equation. Understanding this connection

is important, because it clarifies what β1 is estimating, when the regression is valid,

and what it cannot tell us.

1The author thanks Professor Chao Fu (University of Wisconsin-Madison) for introducing this
example.
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1.2.2 The Behavioral Model

Following the model due to Professor Chao Fu, suppose that female i chooses labor

supply li ∈ {0, 1} to maximize utility. Her problem is:

max
li

Ui(ci, 1− li) + ϵil, subject to ci = wili, (1.2)

where ci is consumption, 1 − li is leisure, wi is the wage, and ϵil is a taste shock that

is unobservable to the researcher (though observed by the individual). The budget

constraint ci = wili says that income equals wages times labor supply.

Because li is binary, we compare utilities under the two options. Individual i chooses

to work (li = 1) if and only if the utility from working plus her taste shock for working

exceeds the utility from not working:

Ui(wi, 0) + ϵi1 ≥ Ui(0, 1) + ϵi0. (1.3)

Rearranging, individual i works if and only if the difference in taste shocks falls below

a threshold:

ϵi0 − ϵi1 ≤ ϵ∗(wi), where ϵ∗(wi) ≡ Ui(wi, 0)− Ui(0, 1). (1.4)

The threshold ϵ∗ is the net utility gain from working (evaluated at the given wage) and

it is increasing in wi: higher wages make work more attractive, raising the threshold

below which someone chooses to work.

1.2.3 TheWorking Probability and Two Research Approaches

Let Fϵ denote the CDF of the shock difference ϵi0−ϵi1, which we take to be independent

of wi. The probability that individual i participates in the labor force, given her wage,

is:

G(w) = Pr(l = 1 | w) =

∫︂ ϵ∗(w)

−∞
dFϵ = Fϵ(ϵ

∗(w)) . (1.5)

The function G(w) is the object of interest: it tells us how labor supply responds to

wages at the population level. Two very different empirical strategies can be used to

learn about it.
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The Reduced-Form / Design-Based Approach. The simplest approach is to

assume that G is well approximated by a linear function:

G(w) ≈ β0 + β1w. (1.6)

This gives the Linear Probability Model in (1.1). Regression then estimates β1 ≈
∂G/∂w, the effect of a one-unit increase in wage on the probability of participation.

The key word is “reduced”: this equation is derived (reduced) from the underlying

structural model by imposing a linearity assumption and ignoring the internal structure.

The researcher uses a research “design” (some source of exogenous variation in wages,

such as a minimum wage change or a policy experiment) to estimate this parameter

credibly. The method is called “design-based” because the identification strategy is

the center of the analysis.

The Structural / Model-Based Approach. An alternative is to directly estimate

the utility function U and the shock distribution F from the data. If we parameterize

these objects, say, with parameter vectors ΘU for the utility function and ΘF for the

shock distribution, then each observation contributes to the likelihood:

L(ΘU ,ΘF ; data) =
N∏︂
i=1

Fϵ(ϵ
∗(wi))

li
[︁
1− Fϵ(ϵ

∗(wi))
]︁1−li , (1.7)

which is maximized by MLE to recover ΘU and ΘF simultaneously. This approach

retrieves the primitive parameters directly.

To see a concrete example, suppose utility is linear in the relevant arguments: Ui(wili, 1−
li) = αwili + ϕ(1− li), and the taste shocks ϵi0 and ϵi1 are i.i.d. Type I Extreme Value,

so that their difference is logistic. Under these assumptions, the probability of working

becomes the familiar logistic function, and (1.7) reduces to the logit likelihood:

L(ΘU ,ΘF ; data) =
N∏︂
i=1

(︃
eαwi

eαwi + eϕ

)︃li

×
(︃

eϕ

eαwi + eϕ

)︃1−li

. (1.8)

One important issue in discrete choice models is that only differences in utility matter.

That is, we can identify only the parameters that remain after taking differences in util-

ity across alternative choices. This is because utility is intrinsically ordinal: observed

choices are determined by the relative values of different alternatives rather than their
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absolute utility levels. We will show more details on this discrete choice model/Logit

model in Chapter 12. The structural approach thus recovers the choice structure di-

rectly, giving us estimates of the utility parameters α and ϕ rather than a reduced-form

slope.

1.3 Two Approaches: Structural vs. Reduced-Form

1.3.1 Internal and External Validity

Before comparing the two approaches in detail, we need two foundational concepts that

recur throughout applied work.

Definition 1.3.1 (Internal Validity). A causal estimate is internally valid if it correctly

identifies the causal effect within the specific population and setting under study. In-

ternal validity is about getting the right answer for the particular context from which

the data were drawn.

Definition 1.3.2 (External Validity). A causal estimate is externally valid if the find-

ing can be credibly extrapolated to populations, settings, or time periods other than

those from which the data were drawn. External validity is about whether the result

travels.

These two concepts are often in tension. An estimate that is internally valid for a

specific experimental population may say little about a broader population. Conversely,

a structural model that makes strong assumptions to achieve external generalizability

may have low internal validity because those assumptions are unverifiable.

Heckman and Vytlacil (2007) usefully distinguish three layers of policy evaluation,

which map onto this taxonomy. Consider China’s One Child Policy (OCP) as an

example:

1. Evaluation of a historical intervention. What was the causal impact of

the OCP on China’s fertility rate during the period it was in force? This is an

internal question: we want a credible estimate for the specific historical context.

2. Forecasting the effect of a similar intervention in a new environment.

What would the demographic impact be if China were to reinstate the one-child

policy in 2023? This is an external question: we are extrapolating a previous

policy from past conditions to a new time period and possibly a different economic
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environment.

3. Evaluation of a novel counterfactual never observed in history. What

would happen if the government mandated that all women give birth to at least

one child? This is a further external question: we are considering a counterfactual

that has never been observed anywhere. Thus, answering it requires a model of

behavior; simply extrapolating from observed data is insufficient.

The first question can, in principle, be answered by a good design-based study. The

second and third require some structural content, because we must extrapolate to

situations outside the historical record. It is fairly simple to see that the difficulty of

answering these three questions is increasing by order.

1.3.2 The Structural Approach: Advantages and Limitations

The structural approach aims to recover the primitive parameters of the economy

(utility functions, production functions, market structures) and use them to simulate

counterfactuals. Its primary advantages are:

Deeper economic content. Structural estimates recover the decision-making process

itself. We learn not just what happens when a policy changes, but why : how agents

respond given their preferences, constraints, and information. This economic depth

makes results easier to interpret and harder to misuse.

External validity and resistance to the Lucas critique. The Lucas critique (1976)

warns that reduced-form behavioral equations estimated under one policy regime will

shift when the policy changes, because agents adjust their expectations and behavior.

Structural models, by targeting deep parameters (preferences, technology) that are

invariant to policy, are in principle immune to this critique. They can therefore support

credible counterfactual analysis far from the observed data.

Limitations. The main cost is the need for strong, often untestable assumptions. The

researcher must specify the functional form of utility, the distribution of unobserved

shocks, the market structure, and so on. These choices are not determined by the data;

they reflect modeling decisions. If the model is misspecified, the resulting estimates

inherit that misspecification. Internal validity can therefore be low, in the sense that

the structural estimates may not be robust to changes in modeling assumptions.
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1.3.3 The Reduced-Form / Design-Based Approach: Advan-

tages and Limitations

The design-based approach targets a specific marginal effect: what is the causal impact

of treatment variable A on outcome B? It does not model the mechanism connecting

them; the causal effect is, in a sense, a “black box.” The approach builds its credibility

from a research design, a source of exogenous variation in A that allows identification

of its causal effect.

High internal validity. Because the approach relies on clean exogenous variation

rather than modeling assumptions, its estimates are credible for the population from

which the data are drawn, provided the identifying variation is genuinely exogenous.

Limitations. The effects identified are typically local : they apply to the individuals

whose treatment status was affected by the source of variation used for identification.

External validity requires additional assumptions. Moreover, because the mechanism

is not recovered, the results are hard to use for out-of-sample counterfactuals. And the

approach remains vulnerable to the Lucas critique when the researcher tries to use a

local reduced-form estimate to predict the effect of a large-scale policy change.

1.3.4 The Target of This Book

The two approaches introduced above reflect two fundamental modes of scientific in-

quiry: deduction and induction. These represent two complementary ways in which

humans seek to understand the world. The structural approach is grounded in deduc-

tion: it incorporates economic theory and subjective prior knowledge into a model and

derives implications from general principles to specific cases. In contrast, the reduced-

form approach is based on induction: it relies primarily on observed data and aims to

uncover empirical relationships with minimal reliance on theoretical structure. This

philosophy is often summarized by the phrase “letting the data speak” in statistics.

The debate between these two approaches is, at its core, a debate between two funda-

mental ways in which human beings seek to understand the world. This philosophical

conflict dates back to thinkers such as Leibniz, Newton, Hume, and Kant, and has long

been one of the central questions in epistemology. Neither approach is inherently su-

perior; each has its own strengths and limitations. In practice, they often complement

one another. A well-trained economist should be able to work with both approaches
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and understand which framework is more appropriate for a given research question.

A recent trend in empirical research is to combine these two approaches in order to

leverage the strengths of both. In particular, researchers may first construct a struc-

tural model and then estimate its key parameters using design-based methods such as

randomized controlled trials (RCTs) or difference-in-differences (DID). This strategy

allows the model to be grounded in economic theory while ensuring that parameter

estimates are credibly identified from the data.

This course focuses primarily on the reduced-form, or design-based, ap-

proach. Our goal is to provide students with a starting point for engaging in em-

pirical economic research. In the later weeks of the course, we will also give a very

brief introduction of the structural approach, with a particular focus on discrete choice

models.

1.4 Potential Outcomes and the Randomized Con-

trolled Trial

1.4.1 Correlation Is Not Causality

Consider the following data on health status and hospitalization drawn from a hypo-

thetical survey: The data show that people who went to hospital have worse average

Group Sample Size Mean Health Status

Hospital 7,774 3.21
No hospital 90,049 3.93

Table 1.1: Health status by hospitalization status.

health status than those who did not. Should we conclude that going to hospital makes

you sicker? Of course not. People go to hospital because they are already sick. The

comparison is contaminated by the fact that hospitalization and health status are both

driven by an underlying illness; the correlation between hospitalization and health sta-

tus reflects selection into the hospital, not the causal effect of the hospital on health.

This is a textbook example of selection bias : the treated and untreated groups are

systematically different even before treatment.

This example crystallizes a fundamental challenge of empirical work. Observational
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data record outcomes that are realized under actual treatment decisions. But to iden-

tify a causal effect, we would need to observe the same individual both treated and

untreated, a logical impossibility. The potential outcome framework, which we now

develop, provides a formal language for thinking about this problem.

1.4.2 The Potential Outcome Framework

The potential outcome framework, also known as the Rubin Causal Model, is the

dominant formalism for causal inference in economics (Rubin, 1974). Its central objects

are the potential outcomes associated with each possible treatment status.

Definition 1.4.1 (Potential Outcomes). Let Di ∈ {0, 1} be a binary treatment indi-

cator for individual i, and let Yi be an observable outcome. Define:

• Y0i: the potential outcome that individual i would experience if not treated

(Di = 0), regardless of their actual treatment status.

• Y1i: the potential outcome that individual i would experience if treated (Di =

1), regardless of their actual treatment status.

The key feature of these objects is that they are defined independently of the actual

treatment received. Whether we observe Y0i or Y1i depends on Di, but both potential

outcomes are, in principle, well-defined properties of individual i. The connection be-

tween potential outcomes and the observed outcome is given by the switching equation:

Yi =

⎧⎨⎩Y1i if Di = 1

Y0i if Di = 0
= Y0i + (Y1i − Y0i)Di. (1.9)

The individual treatment effect for person i is the difference Y1i−Y0i: how much better

or worse off would i be if treated versus untreated? This quantity is fundamentally

unobservable. For any given individual, we observe the world either under treatment

or under no treatment, never both simultaneously. This is the fundamental problem

of causal inference: individual-level causal effects cannot be identified from a single

observation. We can only work with averages.

1.4.3 Average Treatment Effects

Two population averages of the individual treatment effect are of primary interest.
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Definition 1.4.2 (Average Treatment Effect and ATT). The Average Treatment Effect

(ATE) is:

ATE = E[Y1i − Y0i],

the expected treatment effect over a randomly drawn individual from the population.

The Average Treatment Effect on the Treated (ATT) is:

ATT = E[Y1i − Y0i | Di = 1],

the expected treatment effect conditional on actually receiving treatment.

The ATE and ATT differ when treated and untreated individuals have different poten-

tial outcomes on average, which is typical in observational settings where treatment is

not random.

1.4.4 The Selection Bias Decomposition

In an observational study, the researcher typically observes the difference in mean

outcomes between treated and untreated groups:

E[Yi | Di = 1]− E[Yi | Di = 0].

Using the switching equation (1.9), this naive comparison can be decomposed as follows.

First, expand using the definitions:

E[Yi | Di = 1]− E[Yi | Di = 0] = E[Y1i | Di = 1]− E[Y0i | Di = 0].

Add and subtract E[Y0i | Di = 1]:

= E[Y1i | Di = 1]− E[Y0i | Di = 1]⏞ ⏟⏟ ⏞
ATT

+E[Y0i | Di = 1]− E[Y0i | Di = 0]⏞ ⏟⏟ ⏞
Selection bias

. (1.10)

This decomposition is fundamental. The first term is the ATT, the causal effect of

treatment on the treated individuals. The second term is selection bias : the difference

in untreated potential outcomes between the group that chose to be treated and the

group that did not. In the hospitalization example, E[Y0i | Di = 1] is the health status

the hospitalized individuals would have had if they had not gone to hospital. This

counterfactual health status is lower than the health status of those who actually chose
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not to go to hospital, because people self-select into hospitalization based on being sick.

Selection bias is therefore negative in that example: it causes the naive comparison to

understate any beneficial effect of the hospital, and indeed to flip its sign entirely.

1.4.5 Randomization Eliminates Selection Bias

The elegance of a Randomized Controlled Trial (RCT) is that it eliminates selection bias

by design. When treatment assignment is random (determined by a coin flip or lottery

that is independent of any individual characteristic), the treatment indicator Di is

statistically independent of all individual attributes, including the potential outcomes:

Di ⊥⊥ Y0i, Y1i. (1.11)

This is the independence condition for an ideal RCT. It implies that the two groups,

treated and untreated, are on average identical in all respects, including their potential

outcomes:

E[Y0i | Di = 1] = E[Y0i | Di = 0] = E[Y0i].

The selection bias term in (1.10) therefore vanishes, and the simple difference-in-means

identifies the average treatment effect:

E[Yi | Di = 1]− E[Yi | Di = 0] = E[Y1i | Di = 1]− E[Y0i | Di = 1]

= E[Y1i − Y0i | Di = 1]

= E[Y1i − Y0i] = ATE. (1.12)

The last equality holds because, under randomization, Di is independent of (Y0i, Y1i),

so the distribution of potential outcomes is the same in the treated and untreated

groups. ATT equals ATE under randomization.

This is why the RCT is the “gold standard” of causal inference. It does not require

any assumptions about how treatment affects outcomes; it does not require any model

of individual behavior. The only requirement is that treatment is genuinely randomly

assigned.
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1.5 Regression, the CEF, and Causal Inference

The potential outcome framework clarifies the target of causal inference. But in prac-

tice, most empirical work uses regression rather than a simple difference-in-means,

because we rarely have clean randomization and we need to control for confounding

variables. This section develops the relationship between regression, the Conditional

Expectation Function (CEF), and causal inference, and asks: when does a regression

coefficient carry a causal interpretation?

1.5.1 The Conditional Expectation Function

Definition 1.5.1 (Conditional Expectation Function). Given a random outcome Yi

and a vector of conditioning variables Xi, the Conditional Expectation Function (CEF)

is:

E[Yi | Xi = x] =

∫︂
t fY (t | Xi = x) dt, (1.13)

where fY (· | Xi = x) is the conditional density of Yi given Xi = x.

The CEF is a population-level object. It answers the question: “in the population,

what is the average value of Y among all individuals who share the covariate value

Xi = x?” It is a description of the data-generating process, not an estimator.

Two important properties deserve emphasis.

Property 1: The CEF decomposition. We can always write:

Yi = E[Yi | Xi] + εi, (1.14)

where the residual εi satisfies E[εi | Xi] = 0 by construction. This is not an assumption;

it is an algebraic identity. It holds for any joint distribution of (Yi, Xi) (as long as the

CEF exists).

Property 2: The CEF is not necessarily causal. The CEF is the best statistical

predictor of Yi given Xi (in terms of minimizing MSE), but prediction is not causation.

E[Yi | Xi] tells us what value of Y to expect for a person with covariates Xi; it does

not tell us what would happen to that person’s Y if we changed their Xi.

Theorem 1.5.1 (CEF Minimizes MSE). Let m(Xi) be any measurable function of Xi.
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Then:

E[Yi | Xi] = argmin
m(Xi)

E
[︁
(Yi −m(Xi))

2
]︁
. (1.15)

That is, the CEF is the Minimum Mean Squared Error (MMSE) predictor of Yi given

Xi, within the class of all measurable functions.

Proof. Write Yi = E[Yi | Xi] + εi. For any function m:

E[(Yi −m(Xi))
2] = E[(E[Yi | Xi]−m(Xi) + εi)

2]

= E[(E[Yi | Xi]−m(Xi))
2] + 2E[(E[Yi | Xi]−m(Xi))εi] + E[ε2i ].

The cross-product term is zero because E[εi | Xi] = 0 implies E[(E[Yi|Xi]−m(Xi))εi] =

0. Therefore:

E[(Yi −m(Xi))
2] = E[(E[Yi | Xi]−m(Xi))

2]⏞ ⏟⏟ ⏞
≥ 0

+E[ε2i ].

This is minimized by setting m(Xi) = E[Yi | Xi], which makes the first term zero.

1.5.2 Linear Regression as Best Linear Predictor

The CEF minimizes MSE over all functions of Xi. Linear regression restricts atten-

tion to linear functions and finds the best one. Formally, the population regression

coefficient β is defined as:

β = argmin
b∈Rk

E
[︁
(Yi −X ′

ib)
2
]︁
. (1.16)

The first-order condition (the moment condition of regression) is obtained by differen-

tiating with respect to b and setting to zero:

E[Xi(Yi −X ′
iβ)] = 0. (1.17)

Let εi = Yi − X ′
iβ. Then (1.17) says E[Xiεi] = 0: the residual is uncorrelated with

every regressor. Solving directly:

β = E[XiX
′
i]
−1E[XiYi], (1.18)
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provided E[XiX
′
i] is invertible (the rank condition).

An important notational distinction must be kept clear. The population coefficient β

in (1.18) is an identification concept: it exists in the population and characterizes the

best linear predictor. The OLS estimator β̂OLS is an estimation concept:

β̂OLS = (X ′X)−1X ′Y, (1.19)

where X is the n× k matrix of observed data. The vector Xi is a random variable; X

is its matrix of realizations. As sample size grows, β̂OLS → β under standard regularity

conditions.

We usually use the OLS estimator to estimate the regression coefficient. Though, in

principle, there can be other estimators. The sample OLS formula β̂OLS = (X ′X)−1X ′Y

is also called the sample analogue of the population formula β = E[XiX
′
i]
−1E[XiYi]: it

replaces population expectations with their sample counterparts.

1.5.3 When Does a Regression Coefficient Identify a Causal

Effect?

A researcher can always compute a regression coefficient, provided the data satisfy the

rank condition. But the fundamental question is: what is β identifying? Is it a causal

parameter? The answer depends on whether the assumptions of the relevant causal

model are satisfied. We consider two important cases.

Case 1: Unconditional Randomization. Suppose we have data from an experi-

ment in which treatment Di was randomly assigned, so that Di ⊥⊥ Y0i, Y1i. Consider

the regression:

Yi = α+ ρDi + εi. (1.20)
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Under randomization (and with Di binary), the CEF is linear in Di, so the regression

coefficient ρ equals the CEF slope. Computing directly:

ρ = E[Yi | Di = 1]− E[Yi | Di = 0]

= E[Y1i | Di = 1]− E[Y0i | Di = 0]

= E[Y1i]− E[Y0i] (by independence)

= E[Y1i − Y0i] = ATE. (1.21)

Thus, under unconditional randomization, the regression coefficient on treatment di-

rectly estimates the ATE. Note that we also have ρ = ATT under randomization, since

the distribution of (Y0i, Y1i) is independent of Di.

Case 2: Conditional Randomization (CIA / Selection on Observables). In

observational studies, treatment is rarely unconditionally random. The Conditional In-

dependence Assumption (CIA), also known as the selection-on-observables assumption,

is the key identifying assumption for regression-based causal inference:

Di ⊥⊥ Y0i, Y1i

⃓⃓⃓
Xi. (1.22)

This says: conditional on the observed covariates Xi, treatment assignment is as good

as random. The potential outcomes are independent of treatment once we account for

Xi. Equivalently, after controlling for Xi, there is no remaining selection bias.

Under the CIA, the appropriate regression model includes controls:

Yi = α+ ρrDi +X ′
iγ + νi. (1.23)

Homogeneous treatment effects. If the treatment effect is the same for all individ-

uals (constant ρr = Y1i − Y0i), then under the CIA:

ρr = E[Yi | Xi, Di = 1]− E[Yi | Xi, Di = 0]

= E[Y1i | Xi, Di = 1]− E[Y0i | Xi, Di = 0]

= E[Y1i | Xi]− E[Y0i | Xi] (by CIA)

= E[Y1i − Y0i | Xi] = E[Y1i − Y0i] = ATE. (1.24)
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The regression coefficient identifies the treatment effect.

Heterogeneous treatment effects. When the treatment effect δx ≡ E[Y1i − Y0i |
Xi = x] varies across individuals with different covariates, the analysis is more subtle.

Define the within-cell treatment effect as:

δx = E[Yi | Xi = x,Di = 1]− E[Yi | Xi = x,Di = 0],

and define the within-cell treatment variance:

σ2
D(Xi) ≡ E

[︂
(Di − E[Di | Xi])

2
⃓⃓⃓
Xi

]︂
.

Then, as shown in Angrist and Pischke (2009, Chapter 3.3.1), the regression coefficient

from (1.23) is:

ρr =
E[σ2

D(Xi) δx]

E[σ2
D(Xi)]

. (1.25)

This is a treatment-variance weighted average of the group-level ATEs δx. The

weight assigned to each cell x is proportional to the within-cell variance of treatment.

Cells where all units are treated (or all are untreated) contribute zero weight because

they contain no variation in treatment to exploit. Cells with roughly equal numbers of

treated and untreated units, where Di has the highest variance, contribute the most.

To understand the intuition behind this result: OLS is projecting Yi onto Di after

partialing out Xi. The variation in Di that regression uses is the within-cell deviation

Di − E[Di | Xi]. Cells with more of this variation naturally receive more weight.

When treatment effects are homogeneous, this weighting is harmless. When they are

heterogeneous, the OLS coefficient is a weighted average of local treatment effects, with

weights determined by the distribution of treatment propensity, not by the distribution

of the population.

1.5.4 The Hierarchy of Assumptions

The difference between regression, the CEF, and a causal model lies in the strength of

the definition. Specifically, they are defined over different assumptions of the residual

e in the model Y = f(D) + e:

• Linear regression by construction requires only that the residual is uncorrelated

with the regressors: E[De] = 0. This is the weakest condition.
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• The CEF by construction requires mean independence: E[e | D] = 0. This is

stronger than uncorrelatedness. It says the expected residual is zero not just on

average but for every value of D.

• A causal model under the CIA by construction requires full independence:

e ⊥⊥ D, equivalently Di ⊥⊥ Y0i, Y1i. This is the strongest condition.

Hierarchy of Assumptions

e ⊥⊥ D⏞ ⏟⏟ ⏞
Causal model (CIA)

≻ E[e | D] = 0⏞ ⏟⏟ ⏞
CEF

≻ E[De] = 0⏞ ⏟⏟ ⏞
Linear regression

Each condition implies all weaker conditions below it, but not conversely.

What is the relationship between the CEF and linear regression? When the CEF is itself

a linear function of Xi, then the two coincide exactly: linear regression recovers the

CEF. When the CEF is non-linear, linear regression still has a useful interpretation: it

is the best linear approximation to the CEF, in the sense that it minimizes the expected

squared error E[(E[Yi | Xi]−X ′
iβ)

2] over all linear functions. This means regression is

always meaningful as a prediction tool, even if the CEF is non-linear.

It is also worth noting a useful special case: when D is a binary variable (a dummy),

linear regression with only D as a regressor is identical to the CEF. This is because

the CEF of Y on a binary D must be a linear function of D: there are only two values

of D, so any function of D is linear in D.

Summary: Regression and Causal Inference

• The CEF is the best predictor of Y given X over all functions.

• Linear regression is the best linear predictor; it is the best linear approxima-

tion to the CEF even if the CEF is non-linear.

• A regression coefficient is a causal effect only when the CIA holds.

• Under CIA with homogeneous treatment effects, the regression coefficient

equals the ATE.

• Under CIA with heterogeneous treatment effects, the regression coefficient

is a treatment-variance weighted average of group-level ATEs, a meaningful

but not necessarily population-representative causal parameter.
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1.6 Simpson’s Paradox, Omitted Variable Bias, and

Bad Controls

The CIA is the most important assumption we need in causal inference. A natural

question then arises: is it always better to control for more variables? The answer is

no. What variables should we control for, and what variables should we not? In this

section, we briefly discuss this issue.

1.6.1 Simpson’s Paradox

A recurring source of confusion in empirical work is the phenomenon known as Simp-

son’s Paradox: an association between treatment and outcome that reverses direction

when a third variable is controlled for. Consider the following data on two COVID-19

treatments:

Treatment Mild Condition Severe Condition Overall

A 15% (210/1400) 30% (30/100) 16% (240/1500)
B 10% (5/50) 20% (100/500) 19% (105/550)

Table 1.2: Death rates by treatment and patient condition (COVID-19 example).

Looking at overall death rates, treatment A appears better: 16% versus 19%. Yet

within each condition group, treatment A is worse: 15% vs. 10% for mild patients, and

30% vs. 20% for severe patients. How can A be simultaneously worse in every subgroup

but better overall?

The resolution lies in the composition of the groups. Treatment A is more associated

with mild patients (1400 out of 1500), who have low baseline death rates. Treatment B

is more associated with severe patients (500 out of 550), who have high baseline death

rates.

Which comparison is correct? This is a question equivalent to whether we should

control for mild/severe condition when regressing death rate on treatment. The answer

depends on the causal structure among these variables.
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1.6.2 Confounders: When to Control

Case 1: The covariate C is a cause of treatment T . Suppose condition sever-

ity C affects both the treatment a patient receives T and the health outcome Y : the

arrows run C → T and C → Y , with T → Y as well. In this case, C is a confounder :

it is a pre-existing characteristic that affects both treatment receipt and the outcome.

If we compare treated and untreated patients without controlling for C, we are com-

paring groups that differed in C even before treatment was assigned. The difference

in outcomes picks up not just the effect of T but also the effect of C; this is Omitted

Variable Bias.

C (Severity)

T (Treatment) Y (Outcome)

Case 1: C is a confounder. Must control for C.

The solution is to control for C: compare treated and untreated patients within each

condition group. This is what the within-group comparisons in the table above show.

Controlling for severity, treatment B is consistently better, and this comparison cor-

rectly isolates the causal effect of treatment.

Case 2: Treatment T is a cause of the covariate C. Now suppose instead that

the treatment T itself causes the condition status C: for example, T may cause an

immune response that leads to a “severe” classification on some post-treatment health

index. The causal graph now has arrows T → C and T → Y (direct effect) and C → Y

(mediated effect through C). In this case, C is a mediator : it lies on the causal pathway

from T to Y .

T (Treatment) C (Mediator) Y (Outcome)

Case 2: C is a mediator. Do not control for C.
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If we control for C in this setting, we are holding constant something that treatment

itself caused. We are effectively asking: “what is the effect of T on Y , holding C fixed?”,

but C cannot be held fixed independently of T , since T determines C. Controlling for

C blocks the indirect causal channel from T to Y running through C, and the regression

now captures only the direct effect of T on Y (not through C). If the goal is to estimate

the total causal effect of T on Y , this is wrong. This is the Bad Control Problem.

Rule of Thumb: Pre-determined vs. Post-determined Variables

Pre-determined variables, those that are determined before the treatment is

assigned and are not themselves caused by treatment, are generally safe to control

for. Controlling for pre-determined confounders helps satisfy the CIA.

Post-determined variables, those that are caused by the treatment, or that hap-

pen after treatment assignment, should generally not be controlled for. Controlling

for a mediator blocks the causal channel and introduces bias. Never control for a

variable that lies on the causal pathway from treatment to outcome.

Let us apply this rule to three examples:

(a) Y = wage, D = education, X = natural ability. Natural ability is determined

at birth, before any educational decision. It affects both education (more able

individuals get more schooling) and wages (more able workers are more produc-

tive). X is a pre-determined confounder: we should control for it. Failing to do

so overstates the return to education.

(b) Y = wage, D = education, X = labor participation decision. Labor market

participation is a post-education choice: it happens after and is partly caused

by D (education affects the decision to participate). X is post-determined: we

should not control for it. Conditioning on labor participation selects a non-

random subset of workers and introduces sample selection bias.

(c) Y = GDPt+1, D = R&D expenditure at time t, X = trade volume at time t+1.

Trade volume at t+1 is post-determined: it is realized after the R&D investment

at t and may itself be a consequence of innovation. We should not control for it.

The DAG framework, introduced formally in Chapter 4, provides a systematic and

rigorous tool for resolving such questions in general settings.
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1.7 Matching

1.7.1 The Idea of Matching

Regression is only one way to use the CIA to estimate causal effects. A conceptually

simpler and non-parametric alternative is matching. The basic idea is direct: find,

for each treated unit, a control unit with identical observable characteristics Xi, and

compare their outcomes. Because the two units have the same Xi, any difference in

outcomes can be attributed to treatment alone (under the CIA), not to differences in

the covariates.

Matching is attractive because it is non-parametric: it makes no functional form as-

sumption about how Xi enters the outcome equation. It also has a simple and trans-

parent interpretation: we are computing a within-cell average of the treatment effect,

then averaging those within-cell effects across cells.

1.7.2 Formal Derivation of the Matching Estimator

Under the CIA (Y0i, Y1i ⊥⊥ Di | Xi), we can derive the matching estimators for ATT

and ATE. For the ATT:

δATT = E[Y1i − Y0i | Di = 1]

= E
[︂
E[Y1i − Y0i | Xi, Di = 1]

⃓⃓⃓
Di = 1

]︂
(law of iterated expectations)

= E
[︂
E[Y1i | Xi, Di = 1]− E[Y0i | Xi, Di = 1]

⃓⃓⃓
Di = 1

]︂
= E

[︂
E[Yi | Xi, Di = 1]− E[Yi | Xi, Di = 0]

⃓⃓⃓
Di = 1

]︂
. (1.26)

In the last step, we used the CIA: conditional on Xi, the treatment group and the

control group have the same untreated potential outcome Y0i, so E[Y0i | Xi, Di = 1] =

E[Y0i | Xi, Di = 0] = E[Yi | Xi, Di = 0]. Defining the within-cell ATT as:

δx = E[Yi | Xi = x,Di = 1]− E[Yi | Xi = x,Di = 0],

the ATT becomes δATT = E[δx | Di = 1], estimated by the sample analog:

δ̂ATT =
∑︂
x

δ̂x P̂ (Xi = x | Di = 1). (1.27)
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The ATT matching estimator weights each cell by the fraction of treated units that

fall in that cell. Similarly, the ATE matching estimator weights by the unconditional

share of each cell in the population:

δ̂ATE =
∑︂
x

δ̂x P̂ (Xi = x). (1.28)

1.7.3 Matching, Regression, and Weighting

A striking insight from Angrist and Pischke (2009) is that regression is itself a particular

weighted matching estimator. All three estimators compute within- cell treatment

effects δ̂x and then aggregate them, but they differ in the weights used:

Estimator Formula Weighting Principle

Matching (ATT)
∑︂
x

δ̂x P̂ (Xi = x | Di = 1) Treated units’ covariate distribution

Matching (ATE)
∑︂
x

δ̂x P̂ (Xi = x) Overall covariate distribution

Regression

∑︁
x σ̂

2
D(x) δ̂x P̂ (Xi = x)∑︁

x σ̂
2
D(x) P̂ (Xi = x)

Within-cell treatment variance

Table 1.3: The three estimators as weighted averages of cell-level treatment effects δ̂x.

The ATT matching estimator asks: “on average, what is the treatment effect for a

randomly drawn treated individual?”, so it weights by the distribution of covariates

among the treated. The ATE matching estimator asks: “on average, what is the

treatment effect for a randomly drawn individual from the whole population?”, so it

weights by the population distribution. The regression estimator up-weights cells where

treatment variance is high (where roughly half the units are treated) and down-weights

cells where almost everyone is treated or untreated.

When treatment effects are homogeneous (constant δx = δ for all x), all three es-

timators identify the same parameter δ. When treatment effects are heterogeneous,

they identify different weighted averages, and the choice of estimator should reflect the

policy question of interest.
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1.8 Propensity Score Matching

1.8.1 The Curse of Dimensionality

Matching on covariates Xi is straightforward when Xi is a scalar or a small discrete

vector: we simply find pairs of treated and untreated units with the same value of Xi

and compare them. The method runs into serious difficulties, however, when Xi is

high-dimensional.

Consider estimating the college wage premium while satisfying the CIA. The covariates

needed to make Di (college attendance) conditionally independent of potential wages

might include gender, race, nationality, birth weight, IQ, parental income, parental

education, and many more. With ten such covariates, each taking many values, the

number of possible combinations of Xi is enormous. In a dataset of even 10,000 obser-

vations, most covariate cells will contain zero or one observation. We cannot compute

δ̂x because we cannot find treated and untreated units with the same Xi. This is

the curse of dimensionality : the data become too sparse to support matching as the

dimension of Xi grows.

Regression side-steps this problem by imposing linearity: instead of matching within

each cell, it extrapolates using the linear functional form. But matching is more flex-

ible and transparent. Is there a way to do non-parametric matching even with high-

dimensional covariates? The answer is yes, and it is provided by the Propensity Score

Theorem.

1.8.2 The Propensity Score Theorem

Definition 1.8.1 (Propensity Score). The propensity score is the conditional proba-

bility of receiving treatment given covariates:

P (Xi) = Pr(Di = 1 | Xi). (1.29)

The propensity score is a single number that summarizes the relevant information in

Xi for the purpose of matching. Its key property is given by the following theorem.

Theorem 1.8.1 (Propensity Score Theorem, Rosenbaum and Rubin 1983). Assume:

(i) CIA: Y1i, Y0i ⊥⊥ Di | Xi.
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(ii) Overlap: 0 < P (Di = 1 | Xi) < 1 for all Xi.

Then Y1i, Y0i ⊥⊥ Di | P (Xi).

Proof sketch. It suffices to show Pr(Di = 1 | Y1i, Y0i, P (Xi)) = P (Xi). By iterated

expectations and CIA:

E[Di | Y1i, Y0i, P (Xi)] = E
[︂
E[Di | Y1i, Y0i, Xi]

⃓⃓⃓
Y1i, Y0i, P (Xi)

]︂
= E

[︂
E[Di | Xi]

⃓⃓⃓
Y1i, Y0i, P (Xi)

]︂
(by CIA)

= E
[︂
P (Xi)

⃓⃓⃓
Y1i, Y0i, P (Xi)

]︂
= P (Xi).

Since Di is binary, E[Di | Y1i, Y0i, P (Xi)] = P (Xi) implies Di ⊥⊥ (Y1i, Y0i) | P (Xi).

The theorem says: if we condition on the scalar propensity score P (Xi) rather than

the full vector Xi, the CIA is preserved. This is powerful: instead of matching on all

the dimensions of Xi (infeasible when Xi is high-dimensional), it suffices to match on

the single scalar P (Xi). The curse of dimensionality is resolved by collapsing Xi into

a one-dimensional sufficient statistic for selection into treatment.

1.8.3 Implementing PSM

In practice, the propensity score P (Xi) is unknown and must be estimated. A typical

PSM implementation proceeds in two steps:

1. Estimate the propensity score. Regress Di on Xi using a binary model;

logistic regression (logit) is the most common choice, though probit or even the

linear probability model are also used. Obtain predicted probabilities P̂ (Xi).

2. Match and compare. For each treated unit, find one or more control units with

similar values of P̂ (Xi), either via nearest-neighbor matching, kernel matching,

or stratification on P̂ (Xi). Average the within-match differences in Yi to estimate

ATT or ATE.
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1.8.4 PSM Compared with Regression

Regression and PSM are both valid estimators under the CIA, but they have different

properties:

• Regression does not suffer from the curse of dimensionality because the linearity

assumption acts as a regularizer: it extrapolates smoothly across covariate cells

using the fitted linear surface.

• PSM avoids functional form assumptions about the outcome equation, at the cost

of requiring a model for the treatment probability. It also decreases estimation

efficiency, which reflects a core concept in statistics: bias-variance tradeoff. We

will discuss this in Chapter 3.

• A natural compromise is to run a regression of Yi on Di and P̂ (Xi) (controlling

for the propensity score rather than all covariates individually). This simple

compromise, which controls for the estimated propensity score, provides some

protection against misspecification.

• In practice, Angrist and Pischke (2009) argue that regression generally dominates

PSM because the implementation of PSM involves discretionary choices (which

estimator for P (Xi)? how many neighbors? what bandwidth?) that are not

standardized and can affect results.

Critical Warning: PSM Cannot Solve Endogeneity Problem

Both regression and PSM assume CIA. They reduce the dimensionality of the

matching problem, but they do not relax the identifying assumption. If there are

unobserved variables that affect both treatment assignment and the outcome (that

is, if selection is not fully explained by the observed Xi), then neither OLS nor

PSM identifies a causal effect.

PSM CANNOT solve the endogeneity problem. It is a method for imple-

menting the CIA efficiently, not a solution to violations of the CIA. If you cannot

defend the CIA on substantive grounds, neither regression nor PSM will save you.
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Homework Problems

1. Weighted average under RCT. Consider the expression for the regression

coefficient under heterogeneous treatment effects:

ρr =
E[σ2

D(Xi) δx]

E[σ2
D(Xi)]

.

Show what this expression reduces to when unconditional independence holds,

i.e., when Di ⊥⊥ Y1i, Y0i (as in an RCT without covariates). Interpret the result.

2. Selection bias in observational data. The data below show test scores for

students who attended a tutoring program (Di = 1) and those who did not

(Di = 0):

Group n Mean score

Tutored 200 75

Not tutored 800 70

(a) What is the naive estimate of the effect of tutoring?

(b) Students who sign up for tutoring are likely to be more motivated. Write

down the selection bias formally using the potential outcome notation. What

is the direction of the bias?

(c) Describe an ideal RCT design that would identify the causal effect of tutor-

ing.

Practice Example: Estimating the ATE in a Ran-

domized Controlled Trial

Economic Setup

A government runs a job training program and randomly assigns 1,000 unemployed

workers to either participate in the program (Di = 1) or remain in the control group

(Di = 0). Monthly wages are measured six months after the program ends. Three pre-

treatment characteristics are also recorded: age (years), education (years of schooling),

and gender.

The goal is to estimate the average treatment effect (ATE) of the program on monthly
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wages. This example illustrates the main message of Chapter 1: under random assign-

ment, a simple OLS regression of the outcome on the treatment indicator identifies the

ATE.

Data-Generating Process

The true model used to simulate the data is:

wagei = 1500 + 500 ·Di + 80 · educi + 30 · (agei − 35)− 200 · femalei + εi, (1.30)

εi ∼ N (0, 3002),

with covariates drawn independently: agei and educi are integer valued and approxi-

mately uniform on [18, 60] and [8, 20] respectively, and femalei ∼ Bernoulli(0.5).

The true ATE is $500 per month. Treatment Di is drawn independently of all

covariates and the error term, so:

Di ⊥⊥ (Y0i, Y1i, agei, educi, femalei).

Regression Specifications

We estimate the ATE with two OLS specifications:

(1) wagei = α+ ρDi + ei (Simple OLS, no controls)

(1.31)

(2) wagei = α+ ρDi + β1 agei + β2 educi + β3 femalei + vi (OLS with controls)

(1.32)

Under randomization, the coefficient ρ in specification (1) equals the ATE by the

selection-bias decomposition: since Di ⊥⊥ Y0i, the selection bias term E[Y0i | Di =

1] − E[Y0i | Di = 0] = 0, and the naive difference-in-means recovers the ATT, which

equals the ATE.

Adding controls in specification (2) does not change the point estimate of ρ (because Di

is already independent of the controls), but it absorbs the variance in wages attributable

to age, education, and gender, reducing the residual variance Var(vi) and therefore
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shrinking the standard error of ρ̂.

Expected Results

Table 1.4 presents the expected regression output (representative sample results; exact

values will vary across simulation runs with different seeds).

(1) Simple OLS (2) With Controls

Di (job training) ≈ 500 ≈ 500

(SE ≈ 34) (SE ≈ 19)

agei — ≈ 30

educi — ≈ 80

femalei — ≈ −200

N 1,000 1,000

R2 low higher

Table 1.4: Expected regression results. True ATE = $500/month. SE reported in parentheses.
Coefficients on controls recover their true values from the DGP (1.30).

Key Learning Points

Running this example teaches three lessons that mirror the theoretical discussion in

Sections 1.4 and 1.5.

1. Identification under randomization. The coefficient on Di in specification

(1) is approximately $500, confirming that simple OLS identifies the ATE when

treatment is randomly assigned. There is no need for controls to get an unbiased

estimate.

2. Invariance of the estimate to controls. The coefficient onDi does not change

materially between specifications (1) and (2). This is the expected behavior under

a genuine RCT: because Di is independent of the covariates, adding them does

not affect what variation in Di is doing the work. A large change in the coefficient

when controls are added would be a warning sign that the treatment was not truly

random.

3. Efficiency gain from pre-treatment controls. The standard error of ρ̂ falls
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substantially in specification (2). Age, education, and gender together explain a

large share of the variance in wages. Removing this variance from the residual

tightens the confidence interval on the treatment effect without introducing any

bias.

Balance Check

Before running regressions, it is good practice to verify that randomization produced

balanced groups. A balance table should report means of pre-treatment covariates by

treatment status, together with p-values from t-tests for equality of means. Under a

genuine RCT with N = 1,000 and a 50/50 split, we expect all p-values to exceed 0.1,

indicating no statistically significant differences between treated and control groups

before treatment.

Files

• Replication code: src/chapter 1/ch1 rct.do

Generates the dataset, runs the balance check, estimates both regressions, and

prints a comparison table. Set the global root path at the top of the file before

running.

• Simulated data: data/chapter 1/ch1 rct.dta

Created automatically by running ch1 rct.do with set seed 20250912. Con-

tains 1,000 observations and five variables: wage, D, age, educ, female.



Chapter 2

Non-parametric Methods

2.1 Introduction

In Chapter 1 we saw that the potential outcome framework and OLS regression can

identify causal effects under certain assumptions. Throughout that chapter, the im-

plicit assumption was that the conditional expectation function (CEF) is linear in the

covariates. This chapter asks: what if linearity fails? Can we estimate the CEF directly

from data, without imposing any functional form?

2.1.1 Why Go Beyond Parametric Models?

Consider the two most common parametric models in econometrics.

Linear regression assumes y = X ′β + e, e ∼ N(0, σ2). It is the workhorse of applied

work: easy to estimate, easy to interpret, and often a reasonable approximation. But

“often” is not “always.”

Why do we assume the CEF is linear? Mostly for convenience. Why not y = βx3γ ·ln x+
e? The honest answer is: we do not know the true functional form. If the specification

is wrong, everything collapses. No amount of additional data can save us from a wrong

model. Consider a concrete example: if the true data-generating process is logistic but

we estimate a linear probability model, all parameter estimates are contaminated by

functional form error.

Probit and Logit models impose specific link functions P (y | X) = G(X ′β). If the

31
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true link function is something else, partial effects are inconsistent even asymptotically.

The core problem is the same in both cases: any parametric model bets on a particular

functional form. If the bet is wrong, every inference built on it is wrong.

2.1.2 The Non-parametric Idea

The idea of non-parametric statistics is radical in its simplicity: let us give up the

functional form assumption entirely. Instead of assuming E[Y | X = x] = X ′β, we go

back to the original question and estimate

g(x) = E[Yi | Xi = x]

directly from data, without parametric restrictions.

This is not as exotic as it sounds. Recall from Chapter 1 that the potential outcome

framework is intrinsically non-parametric: if we can directly estimate E[Yi | Xi = 1]

and E[Yi | Xi = 0], we obtain a valid ATE estimate under unconfoundedness, with no

functional form needed. Non-parametric methods generalize this idea to continuous

X.

The tools introduced in this chapter (kernel regression, local polynomial regression, and

series-based methods) provide systematic ways to estimate g(x) non-parametrically.

We will also introduce semi-parametric models, which occupy the middle ground: some

components are parametric (and benefit from fast convergence rates), while others

remain non-parametric (and absorb misspecification).

2.1.3 Notation

Throughout this chapter we adopt the following convention:

• xi, yi: random variables.

• Xi, Yi: realizations (observed values); these are fixed in the sample and not random

in our analysis.

• x, y: generic values or evaluation points.

An important implication: because Xi are realizations (not random in our context), in-

tegrals over random variables and sums over realizations do not interact:
∫︁
x
∑︁n

i Xi dx =∑︁n
i Xi

∫︁
x dx.
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2.2 Kernel-Based Methods

Kernel regression is the first non-parametric method we study, and it is beautifully

intuitive. The central idea is to estimate the CEF point by point : instead of fitting one

global function to all data, we estimate E[Yi | Xi = x] separately for each value of x,

using only the observations whose Xi falls close to x.

We build up to this in three steps, each generalizing the previous one.

2.2.1 Step 1: Estimating the Cumulative Distribution Func-

tion

Before tackling kernel regression, let us start with a simpler problem: estimating a

cumulative distribution function (CDF). Suppose we have an i.i.d. sample {X1, . . . , Xn}
of a scalar random variable X. The population CDF is

F (x) = P (X ≤ x).

How do we estimate F (x) at, say, x = 3? Go back to kindergarten! Just ask: what

fraction of the data points are to the left of 3?

Looking at Figure 2.1, the answer is simply the proportion of dots to the left of the

red vertical line. This gives us the empirical CDF :

F̂ (x) =
1

n

n∑︂
i=1

1(Xi ≤ x). (2.1)

By the law of large numbers, F̂ (x)
p−→ F (x) for every x, and the Glivenko–Cantelli

theorem guarantees uniform convergence over all x. No model needed, just counting.

2.2.2 Step 2: Estimating the Probability Density Function

Now consider the probability density function (PDF). Recall that the PDF is the

derivative of the CDF:

f(x) =
dF (x)

dx
= lim

h→0

F (x+ h)− F (x− h)
2h

.
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Figure 2.1: Estimating the CDF at x = 3. The red vertical line marks the evaluation point.
The proportion of dots to the left of the line equals F̂ (3).

The PDF represents the marginal increase in the CDF at a point: intuitively, how

“crowded” the data are near x.

Replacing the population CDF with our empirical CDF gives a natural estimator:

f̂(x) =
F̂ (x+ h)− F̂ (x− h)

2h
=

1

n

n∑︂
i=1

1

2h
1(x− h ≤ Xi ≤ x+ h). (2.2)

How to interpret this? We open a small window of width 2h centered at x, count the

number of observations inside, divide by the window length 2h to get the density of

observations per unit length, and divide by n to normalize. The parameter h > 0 is

called the bandwidth.

The key insight is this: when n is large, we can choose a very small h to minimize the

deviation from the evaluation point x and still have plenty of observations inside the

window. This is what makes non-parametric estimation work.

Is it always good to have a smaller bandwidth? Not necessarily. A small bandwidth

includes observations closer to the evaluation point, which reduces bias. However, it

could significantly increase variance because the effective sample size shrinks. Specif-

ically, with a very small bandwidth, there may be only a few observations and the

estimation results will be totally driven by them. Therefore, with different draws of

samples, the estimation result can be very volatile, creating a large variance. This is

called the bias-variance tradeoff, which is a crucial concept in statistics. We will discuss

this in more detail in the following sections and chapters.
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Figure 2.2 illustrates how the bandwidth controls the window size. As h shrinks from

1 (top-left) toward zero (bottom-right), the window narrows and fewer observations

contribute to the density estimate at x = 3. In the limit h → 0, we recover the exact

definition of the derivative.

(a) Wide bandwidth: h = 1 (b) Medium bandwidth: h = 0.5

(c) Narrow bandwidth: h = 0.15 (d) Limiting case: h→ 0

Figure 2.2: Effect of bandwidth on the estimation window (red line: x = 3; dashed blue lines:
window boundaries [x−h, x+h]). A larger h includes more observations but introduces more
bias; a smaller h reduces bias but increases variance.

2.2.2.1 The Uniform Kernel

Let us rewrite our density estimator in a more compact form. Define the uniform

kernel function:

k(v) =
1

2
1(|v| ≤ 1).
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Substituting v = (Xi − x)/h, the estimator (2.2) becomes

f̂(x) =
1

n

n∑︂
i=1

1

h
k

(︃
Xi − x
h

)︃
. (2.3)

The function k(·) acts as a weighting function: it assigns equal weight to every obser-

vation inside the window and zero weight outside. This is the kernel density estimator

(KDE) with a uniform kernel. The name “kernel” simply means “weight”: kernel is

weight.

2.2.2.2 General Kernel Functions

The uniform kernel treats all observations within the window equally, but this is not

the only sensible choice. We might want to give more weight to observations very close

to x and less weight to those near the edge of the window. This leads to general kernel

functions.

A function k : R→ R qualifies as a kernel if it satisfies two conditions:

1.
∫︁
k(v) dv = 1 (weights sum to one).

2. k(v) = k(−v) (weights are symmetric around zero).

The first condition ensures the weights are normalized; the second ensures we treat

observations to the left and right of x symmetrically. Common kernels include the

following (Table 2.1):

Table 2.1: Common kernel functions used in non-parametric estimation.

Kernel k(v)

Uniform 1
2
1(|v| ≤ 1)

Triangular (1− |v|)1(|v| ≤ 1)
Epanechnikov 3

4
(1− v2)1(|v| ≤ 1)

Gaussian 1√
2π
e−v2/2

Notes: 1(·) denotes the indicator function. The first three kernels have compact support

[−1, 1]; the Gaussian kernel has support R and assigns positive weight to all observations.

Figure 2.3 shows the shapes of these four kernels. The uniform kernel is flat inside the

window. The triangular and Epanechnikov kernels give the highest weight to obser-

vations right at x and taper off toward zero at the window boundary. The Gaussian

kernel is smooth everywhere and gives positive (but exponentially small) weight to all
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observations, no matter how far from x.

Figure 2.3: Four common kernel functions. Top left: uniform (constant weight within win-
dow). Top right: triangular (linear decay). Bottom left: Epanechnikov (parabolic; asymptot-
ically optimal). Bottom right: Gaussian (unbounded support).

In practice, the Epanechnikov kernel is optimal in the sense of minimizing asymptotic

mean squared error, and the triangular kernel is a close runner-up (it is the default in

many regression discontinuity applications). But here is an important practical point:

Remark 2.2.1. The choice of kernel function has a relatively small effect on the final

estimate. The bandwidth h matters far more. Choosing between Epanechnikov and

Gaussian kernels is a second-order concern; choosing h well is first-order.

2.2.2.3 Multivariate Kernel Estimation

When X is a q-dimensional vector X = (X(1), . . . , X(q)), we extend the kernel to

multiple dimensions using a product kernel :

K(v) = k(v1) k(v2) · · · k(vq), v = (v1, . . . , vq).
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The multivariate kernel density estimator becomes

f̂(x) =
1

nh1h2 · · ·hq

n∑︂
i=1

K

(︃
Xi − x
h

)︃
,

where h = (h1, . . . , hq) is the vector of bandwidths. The product h1h2 · · ·hq is the

volume of the q-dimensional estimation window, a hyperrectangle.

In the two-dimensional case, the window is a rectangle with sides 2h1×2h2. Figure 2.4

illustrates: the red lines mark the evaluation point (x1, x2) = (3, 3), the blue dashed

lines mark the window boundaries, and only observations falling inside the rectangle

receive nonzero weight.

Figure 2.4: Two-dimensional kernel estimation window. The red lines mark the evaluation
point (x1, x2) = (3, 3); the blue dashed lines define the rectangular bandwidth window [x1 −
h1, x1 + h1] × [x2 − h2, x2 + h2]. Observations inside the rectangle receive positive kernel
weight.

2.2.3 Step 3: Estimating the CEF with the Nadaraya–Watson

Estimator

With CDF and PDF estimations in hand, we are ready for the main object of interest:

the conditional expectation function g(x) = E[Y | X = x].

The logic is the same as before: we estimate g(x) point by point. For each evaluation

point x, we form a weighted average of Yi values using only observations whose Xi falls

close to x. The kernel determines the weights; the bandwidth determines how “close”
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counts.

Formally, recall that

g(x) = E[Y | X = x] =

∫︁
y fX,Y (x, y) dy

fX(x)
.

Replacing each density by its kernel estimator and simplifying yields the Nadaraya–

Watson (N-W) estimator (Nadaraya, 1964; Watson, 1964):

ĝ(x) =
n∑︂

i=1

Yi K̃h(Xi − x), (2.4)

where the normalized kernel weight is

K̃h(Xi − x) =
K

(︃
Xi − x
h

)︃
n∑︂

j=1

K

(︃
Xj − x
h

)︃ .

Nadaraya–Watson Estimator

The N-W estimator ĝ(x) is a locally weighted average of the outcome Yi for observa-

tions whose covariate Xi falls near x (within the bandwidth h). The weight given

to observation i is proportional to how close Xi is to x, as measured by the kernel

function. This is the non-parametric analogue of “computing a conditional mean.”

Remark 2.2.2 (Homework). 1. Derive the N-W estimator formally from the kernel es-

timators of the joint and marginal densities. This is a bit involved; you may consult

Hansen (2022) for guidance.

2. What does the N-W estimator reduce to when the uniform kernel is used? (Hint: it

simplifies to a very familiar object.)

2.2.4 Asymptotic Theory for the N-W Estimator

Now that we have an estimator, we need to understand its statistical properties. Let

g(x) = E(Y | X = x) be the true CEF, f(x) the marginal density of X at x, and

σ2(x) = Var(Y | X = x) the conditional variance.
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Theorem 2.2.1 (Asymptotic Distribution of the N-W Estimator). Under standard

regularity conditions, as n → ∞, hs → 0 for s = 1, . . . , q, nh1 · · ·hq → ∞, and

nh1 · · ·hq
∑︁q

s=1 h
6
s → 0,

√︁
nh1 · · ·hq

(︄
ĝ(x)− g(x)−

q∑︂
s=1

h2s Bs(x)

)︄
d−→ N

(︃
0,

σ2(x)

f(x)

(︃∫︂
k(v)2 dv

)︃q)︃
,

where the asymptotic bias component in direction s is

Bs(x) =

∫︁
v2k(v) dv

2 f(x)

[︃
2
∂f(x)

∂xs

∂g(x)

∂xs
+ f(x)

∂2g(x)

∂x2s

]︃
.

This theorem looks complicated, but its key implications are surprisingly intuitive. Let

us unpack them one by one.

2.2.4.1 The Bias-Variance Tradeoff

The asymptotic mean squared error (MSE) of ĝ(x) has two components:

MSE
(︁
ĝ(x)

)︁
≈

(︄
q∑︂

s=1

h2sBs(x)

)︄2

⏞ ⏟⏟ ⏞
Bias2

+
1

nh1 · · ·hq
σ2(x)

f(x)

(︃∫︂
k(v)2 dv

)︃q

⏞ ⏟⏟ ⏞
Variance

.

This is the fundamental tension in all of statistics:

The Bias-Variance Tradeoff

Given data, it is impossible to have both lower bias and lower variance at the same

time. The bandwidth h controls the tradeoff:

• Increase h (include more data points): variance falls because we average over

more observations, but bias rises because we are averaging over a wider region

where g may not be flat. This corresponds to Figure 2.2(a).

• Decrease h (use only nearby data points): bias falls because we are zooming in

on a region where g is nearly constant, but variance rises because fewer observa-

tions contribute. This corresponds to Figure 2.2(c)–(d).

The same tradeoff applies to the choice of kernel: a more concentrated kernel

reduces bias (
∫︁
v2k(v) dv is smaller) but increases variance (

∫︁
k(v)2 dv is larger),
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and vice versa.

This tradeoff is central not only to the choice of bandwidth and kernel function in

kernel estimation, but also to model selection more broadly. A more flexible model,

with a larger number of free parameters, may reduce bias at the cost of higher variance.

By contrast, a more restrictive model tends to have lower variance but may suffer from

greater bias. How should we determine the appropriate degrees of freedom for a model?

We will return to this model selection issue in the next chapter.

2.2.4.2 The Curse of Dimensionality

As the dimension q increases, the volume of the window h1 · · ·hq shrinks exponen-

tially for any fixed hs < 1. The variance term therefore explodes with q: we need

exponentially more data to achieve the same precision. This is the curse of dimension-

ality. Non-parametric methods work well in low dimensions (q = 1 or 2), but become

impractical for large q without additional structure.

2.2.4.3 Other Factors Driving Bias and Variance

Theorem 2.2.1 also reveals what features of the problem affect estimation quality:

1. Slope and curvature of g. Bias is large where ∂g/∂xs (slope) or ∂
2g/∂x2s (curva-

ture) is large. Intuitively, if g is rapidly changing (first-order derivative), meanwhile

the growth rate is also rapidly changing (second-order derivative), the values to the

left and to the right of the evaluation point would not be “balanced.” Averaging

over a window of width h mixes together different values of g and introduces bias.

For an extreme case, consider evaluating the function at a local maximum, denoted

by x∗. On the one hand, the value of g(x) varies rapidly around this point. On the

other hand, the slope of g(x) also changes sharply. Specifically, the derivative is pos-

itive to the left of x∗ and turns negative immediately to the right. As a result, when

we estimate g(x∗), we rely on nearby observations from both sides whose function

values are systematically much lower than g(x∗) itself.

2. Local density f(x). Both bias and variance are smaller where f(x) is large; more

local observations mean more information.

3. Kernel concentration. A more concentrated kernel (small
∫︁
v2k(v) dv) reduces

bias but increases variance (large
∫︁
k(v)2 dv). This is another manifestation of the
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bias-variance tradeoff.

2.2.5 Bandwidth Selection

The optimal bandwidth balances squared bias against variance. For the univariate

case (q = 1), minimizing the asymptotic MSE gives an optimal bandwidth of order

h∗ ∼ n−1/5. Several practical methods exist:

• Rule-of-thumb (Silverman): assumes the density of X is Gaussian (a reference

density) and gives a simple closed-form h.

• Cross-validation: choose h to minimize the leave-one-out prediction error

CV(h) =
1

n

n∑︂
i=1

(Yi − ĝ−i(Xi))
2,

where ĝ−i omits observation i.

• Plug-in methods: estimate bias and variance components separately and then

optimize.

By default, the Stata command lpoly uses a rule-of-thumb bandwidth (the estimator

of Fan and Gijbels); cross-validation must be implemented manually.

How to choose the optimal number of terms K (in series methods) or the optimal

bandwidth h is fundamentally the same question. We will revisit it in Chapter 3 when

we discuss model selection and machine learning.

2.3 Local Polynomial Regression

The N-W estimator fits a constant locally: at each x, it simply computes the kernel-

weighted average of Yi. But what if the true g(x) has a noticeable slope within the

bandwidth window? Averaging over a slope introduces bias. A natural fix is to fit a

polynomial locally rather than a constant.

The idea is intuitive: in linear regression, we fit one global linear function to all the

data. In local polynomial regression, we fit a piece-wise polynomial function, interval

by interval. For each evaluation point x, we choose only the observations very close to

x (within the bandwidth), and fit a polynomial to just those observations.
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For an evaluation point x, the local polynomial estimator of degree p solves:

min
b0,b1,...,bp

n∑︂
i=1

k

(︃
Xi − x
h

)︃(︁
Yi − b0 − b1(Xi − x)− b2(Xi − x)2 − · · · − bp(Xi − x)p

)︁2
.

(2.5)

The estimate of g(x) is ĝ(x) = b̂0. Compared with global OLS, the only modifica-

tion is the kernel weight k
(︁
Xi−x

h

)︁
: observations closer to x receive more weight, and

observations far from x receive little or no weight.

• p = 0: local constant ⇒ this is exactly the N-W estimator.

• p = 1: local linear regression, the most widely used version in practice.

• p = 2: local quadratic regression.

Figure 2.5 illustrates the idea. For a given evaluation point x (the vertical dotted line),

only observations within the shaded orange region (the bandwidth window) contribute

to the fit. A kernel (the bell curve at the bottom) assigns higher weight to observations

near the center. A separate local polynomial is fitted at each point, and the estimate

ĝ(x) is the value of that polynomial evaluated at x. Tracing all these local estimates

produces the full curve.

2.4 Series-Based Methods

Kernel-based methods (N-W and local polynomial) are flexible, but they have three

practical drawbacks:

1. Computational burden. The estimator must be re-computed at every evaluation

point; it is a point-by-point estimator, which can be slow for large datasets.

2. Difficult to impose restrictions. If economic theory implies that g is monotone

or concave, it is hard to build that into a kernel estimator.

3. Large sample requirement. Non-parametric convergence rates are slow, so kernel

methods can be imprecise with moderate sample sizes.

Series-based (or “sieve”) methods address these problems by taking a different ap-

proach: instead of computing g(x) point by point, they approximate g(x) with a finite

linear combination of known basis functions, then estimate the coefficients by OLS.
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Figure 2.5: Local polynomial regression. For a given evaluation point x (vertical dotted line),
the shaded orange region marks the bandwidth window. A kernel (the bell curve at the
bottom) weights observations by proximity. The purple dashed segment is the local linear
fit within the illustrated window; it is evaluated only at x (the star) to produce ĝ(x). The
red curve connects the local linear fits computed in the same way, with the same kernel and
bandwidth, at every evaluation point.

2.4.1 Polynomial Basis

The simplest choice of basis comes from Taylor’s theorem. Expanding the CEF at zero:

g(X) =
∞∑︂
k=0

g(k)(0)

k!
Xk.

We approximate this infinite series by a global polynomial of degree K:

g(X) ≈
K∑︂
k=0

θk pk(X), pk(x) = xk. (2.6)

The vector {p0, p1, . . . , pK} is the polynomial basis. This is just a standard regression

model: we can estimate θ̂0, . . . , θ̂K by OLS and form ĝ(x) =
∑︁

k θ̂kpk(x). Note the

contrast: this is a global polynomial (one fit for all data), whereas local polynomial

regression fits a separate polynomial at each x.
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In the multivariate case with two regressors (X1, X2), the polynomial basis includes

all cross terms: {1, X1, X2, X1X2, X
2
1 , X

2
2 , X1X

2
2 , X

2
1X2, X

2
1X

2
2 , . . .}. The number of

basis terms grows rapidly with dimension, reintroducing the curse of dimensionality.

2.4.2 Runge’s Phenomenon

Polynomial series are the simplest basis, but they have a serious problem. Even for

smooth, well-behaved functions, a high-degree polynomial can oscillate wildly near the

boundary of the support. This is Runge’s phenomenon.

Why does this happen? Power polynomials are “forced to vary somewhere”: they are

global functions that must accommodate the entire shape of g. When the polyno-

mial order is high, the variation is pushed to the boundary, where it produces large

oscillations.

Figure 2.6 shows this clearly: the red curve is the true function. The blue fifth-order

polynomial fits the interior reasonably but starts to deviate near the boundary. The

green ninth-order polynomial, despite having more terms, diverges badly at the end-

points.

Figure 2.6: Runge’s phenomenon. Red: true function. Blue: fifth-order polynomial approx-
imation. Green: ninth-order polynomial approximation. Higher-order polynomials worsen
the approximation near the boundaries despite fitting the interior better.
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Runge’s Phenomenon

High-degree polynomial series can approximate the interior of g well while produc-

ing large errors near the boundaries. The approximation error does not decline

uniformly as K increases. In general, high-order polynomials behave very badly

and should be avoided.

2.4.3 Fourier Basis

An alternative to polynomials is the Fourier (trigonometric) series. Any square-integrable

function on a bounded interval can be represented as an infinite sum of sines and cosines;

a finite truncation provides a good approximation. The Fourier basis is excellent for

approximating periodic functions.

Figure 2.7 shows Fourier series with increasing numbers of terms: with only the con-

stant term p0, the fit is flat; adding two Fourier terms (p1, p2) captures the main shape;

four terms (p1, . . . , p4) produce a much closer approximation.

Figure 2.7: Fourier series approximation to a periodic function. Solid line: constant (p0 only).
Dotted line: two Fourier terms (p1, p2). Dashed line: four Fourier terms (p1, p2, p3, p4). More
terms produce a better global approximation.

However, the Fourier basis has its own weakness: Gibbs’ phenomenon. Near a disconti-

nuity or sharp kink, the Fourier approximation exhibits persistent oscillations that do

not disappear as more terms are added. Figure 2.8 shows this for a square wave: even

with 50 Fourier terms, overshoot spikes of about 9% persist at each jump. The Fourier
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basis is better than polynomials, but still not good at boundaries or jumping points.

Figure 2.8: Gibbs’ phenomenon: a 50-term Fourier series approximation to a square wave.
Persistent oscillations near the jump discontinuities do not vanish as more terms are added.

2.4.4 Spline and Wavelet Bases

More sophisticated bases avoid both Runge’s phenomenon and Gibbs’ phenomenon:

• Spline basis. A spline is a piecewise polynomial joined smoothly at knot points.

By controlling the placement of knots and the degree of smoothness at each knot,

splines avoid the wild boundary behavior of global polynomials. Among series bases,

spline bases are often a good default choice, especially for approximating smooth

functions with local features.

• Wavelet basis. Wavelets are localized oscillations that capture both frequency and

location. They are useful for functions that are smooth in some regions and rough

in others.

These bases are rarely seen in mainstream applied econometrics, but are important

tools in statistics and signal processing. For interested readers, Chen (2007) provides

a thorough treatment.

2.4.5 Choosing the Number of Terms

How should one choose K, the number of basis terms? Too few terms underfit g (high

bias); too many overfit (high variance). This is the same bias-variance tradeoff we
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encountered with the bandwidth h.

In general, high-order polynomials behave very badly. Some other bases (splines,

wavelets) are more forgiving. We will discuss this problem in detail in Chapter 3,

which covers model selection and machine learning methods including cross-validation,

AIC, BIC, and regularization.

2.5 Semi-parametric Models

Non-parametric methods are fully data-driven: they impose no prior structure on

g(x), no functional form assumptions, nothing. This generality comes at a cost: slow

convergence rates, high variance, and large data requirements.

What if we want to impose some structure, but not the full parametric structure? This

is the idea behind semi-parametric models : some components are specified paramet-

rically, while others remain non-parametric. The parametric components converge at

the fast
√
n rate; the non-parametric components converge more slowly but absorb

misspecification.

2.5.1 The Partially Linear Model

The most popular semi-parametric model is the partially linear model (PLM):

Yi = X ′
iβ + g(Zi) + ui, E[ui | Xi, Zi] = 0, Var(ui | Xi, Zi) = σ2. (2.7)

Here, Xi enters the model linearly (with unknown coefficient β), and Zi enters non-

parametrically through the unknown function g(·). The researcher imposes linear struc-

ture where they are confident it is appropriate, and leaves the relationship with Zi

unrestricted.

2.5.2 Robinson’s Two-Step Estimator

Robinson (1988) showed that β can be estimated at the parametric
√
n rate despite the

presence of the non-parametric component g. The key insight is a simple “partialling-

out” argument.

Step 1: Remove the non-parametric component. Take the conditional expecta-
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tion of (2.7) given Zi:

E[Yi | Zi] = E[Xi | Zi]
′β + g(Zi).

Subtract this from the original equation:

Yi − E[Yi | Zi]⏞ ⏟⏟ ⏞
≡ Ỹi

=
(︁
Xi − E[Xi | Zi]

)︁′⏞ ⏟⏟ ⏞
≡ X̃′

i

β + ui.

The non-parametric component g(Zi) cancels out! What remains is a standard linear

regression of Ỹi on X̃i. In practice, E[Yi | Zi] and E[Xi | Zi] are estimated non-

parametrically (using kernel or local polynomial methods on Zi), and then OLS is

applied to the partialled-out equation.

Step 2: Recover the non-parametric component. Once β̂ is obtained, estimate

g by regressing the residual Yi −X ′
iβ̂ non-parametrically on Zi:

Yi −X ′
iβ̂ = g(Zi) + ui.

This can be estimated using any of the non-parametric methods introduced earlier in

this chapter.

Robinson (1988)

In the partially linear model Yi = X ′
iβ + g(Zi) + ui, Robinson’s two-step estimator

achieves the parametric
√
n rate for β̂, even though g converges at a slower non-

parametric rate. The trick is to “partial out” the non-parametric component before

estimating β.

2.5.3 A Common Pitfall: First-Stage Uncertainty

How do we conduct inference in this two-step procedure? Consider the variance of ĝ(Z)

in Step 2. Can we just use the standard errors from the non-parametric regression of

Yi −X ′
iβ̂ on Zi?

First-Stage Uncertainty is Not Free

No! The variable Yi − X ′
iβ̂ is estimated, not observed. It carries estimation error

from Step 1. The standard errors from the Step 2 regression, which treat Yi−X ′
iβ̂
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as known data, are therefore too small : they ignore the uncertainty propagated

from the first step.

This mistake (treating a first-stage estimate as a known quantity in the second

stage) is one of the most common errors in empirical work and leads to invalid

inference. Watch out for the standard error estimation whenever you have a multi-

step procedure!

For β̂, Robinson (1988) derived the correct asymptotic variance that accounts for first-

stage estimation error. For ĝ(z) in Step 2, usually, no simple closed-form variance

formula is available. This is because the residual Yi − X ′
iβ̂ is a combination of data

and estimated quantities, making analytical variance derivation intractable.

There are many cases when closed-form variance is not available at all. When this

happens, we need a different approach for inference: the bootstrap.

2.6 Bootstrap

2.6.1 Why Bootstrap?

The bootstrap is a non-parametric method for inference. It is used precisely when

closed-form standard errors are unavailable or unreliable, which, as we just saw, is a

common situation in semi-parametric and non-parametric models.

The idea is elegant: instead of deriving the sampling distribution of our estimator

analytically, we simulate it. We use the sample itself as a stand-in for the population,

and by repeatedly resampling from the observed data, we approximate the sampling

distribution of any statistic.

2.6.2 The Bootstrap Algorithm

1. Draw bootstrap samples. Given the observed sample {(Yi, Xi)}ni=1 of size n,

draw R new samples of size n with replacement. Index each bootstrap sample by

r = 1, . . . , R.

2. Compute the statistic. For each bootstrap sample r, compute the estimate of

interest, ĝ(r)(x).
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3. Estimate the variance. The bootstrapped variance is:

V̂ (x) =
1

R− 1

R∑︂
r=1

[︁
ĝ(r)(x)− ḡ(x)

]︁2
, ḡ(x) =

1

R

R∑︂
r=1

ĝ(r)(x).

2.6.3 Bootstrap Confidence Intervals

Normal-approximation interval. Use V̂ (x) as the variance estimate and form a

100(1−α)% interval as ĝ(x)±zα/2
√︂
V̂ (x). However, this approach relies on asymptotic

normality, which may not be accurate in finite samples.

Percentile interval (preferred). A better approach: stack the R bootstrap es-

timates {ĝ(1)(x), . . . , ĝ(R)(x)} to form an empirical distribution. Let q∗α denote the

α-quantile of this distribution. The bootstrap percentile confidence interval is:

[︁
q∗α/2, q

∗
1−α/2

]︁
.

Bootstrap Percentile Interval

The bootstrap percentile interval [q∗α/2, q
∗
1−α/2] uses the empirical quantiles of the

bootstrap distribution directly. It does not assume normality and is more robust

in practice. This is the preferred method for constructing confidence intervals in

non-parametric settings.

2.7 Applications and Summary

Where should we apply non-parametric methods? We offer a summary below:

• Anything related to estimation of the CEF g(x) = E[Y | X = x].

• The potential outcome framework is intrinsically non-parametric: we can estimate

ATE/ATT without regression.

• Non-parametric inference in complicated models (via bootstrap).

• When prediction and fit matter more than structural interpretation: stock price

prediction, machine learning, RDD fitting.

We will encounter non-parametric tools throughout this course. For example:

• Matching estimators (Chapter 1): kernel smoothing is used to estimate propen-



CHAPTER 2. NON-PARAMETRIC METHODS 52

sity scores and conditional means.

• Machine learning (Chapter 3): series methods and cross-validation underlie

regularized regression and tree-based methods.

• Regression discontinuity (Chapter 10): local polynomial regression is used to

estimate the treatment effect at the cutoff.

However, non-parametric methods have important limitations. As we have discussed:

it is not always better to make the model more flexible.

• A correctly specified parametric model is more efficient. If the true CEF is

linear, OLS beats any non-parametric estimator.

• Hard to incorporate restrictions. Economic theory often implies shape restric-

tions (monotonicity, concavity) that are difficult to enforce non-parametrically.

• Large samples required. With small n, non-parametric estimates can be noisy

unless the bandwidth is large, which reintroduces bias.

Homework Problems

1. Nadaraya–Watson Derivation. Derive the N-W estimator from first princi-

ples. Specifically, write the joint density of (X, Y ) as fX,Y (x, y), express g(x) as

a ratio of integrals involving fX,Y and fX , replace each density with its kernel

estimator, and simplify to obtain equation (2.4).

2. Uniform Kernel N-W. Show that the N-W estimator with a uniform kernel

reduces to the simple sample mean of Yi values in the window [x− h, x+ h]:

ĝ(x)
⃓⃓
uniform

=

∑︁n
i=1 Yi 1(|Xi − x| ≤ h)∑︁n
i=1 1(|Xi − x| ≤ h)

.

Practice Example:

Non-parametric Regression in Stata

This practice example illustrates the use of non-parametric methods in Stata. We

simulate a dataset with a known non-linear CEF, show that global polynomial OLS

systematically misses the non-linearity, and then apply Stata’s lpoly command (local

polynomial regression) to recover the true CEF. We compare the in-sample RMSE
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of global quadratic OLS, global quartic OLS, and local linear regression against the

irreducible noise floor.

Setup

The data-generating process is:

Yi = g(Xi) + εi, g(x) = 3 sin(2x) + 0.5 x2 − 2,

εi ∼ N(0, 1), Xi ∼ Uniform[0, 5], n = 500.

The true CEF is the non-linear function g(x) = 3 sin(2x) + 0.5x2 − 2, which combines

a sinusoidal oscillation with a quadratic trend. No global polynomial of low degree can

capture this shape well.

Learning Objectives

1. A simple OLS regression of Y on X and X2 provides a rough fit but fails to capture

the oscillatory component of g.

2. Local polynomial regression (lpoly with degree(1) and degree(3)) recovers the

true CEF closely.

3. The bias-variance tradeoff is visible: a very narrow bandwidth (h = 0.03) tracks in-

dividual data points but is extremely noisy; a wide bandwidth (h = 2.0) is smoother

but misses local features.

4. In-sample RMSE comparison: global quadratic OLS, global quartic OLS, and local

linear regression are compared against the irreducible noise

RMSEtrue =
√︂
n−1

∑︁n
i=1(Yi − g(Xi))

2 ≈ σ = 1.

Local linear regression achieves RMSE closest to the noise floor.

Replication Code

The Stata do-file src/chapter 2/ch2 nonpar.do reproduces all results. The simulated

dataset is saved to data/chapter 2/ch2 nonpar.dta.



Chapter 3

Machine Learning and Model

Selection

3.1 Introduction

In Chapter 2 we assembled a powerful toolkit of non-parametric and semi-parametric

methods: kernel regression, local polynomial regression, series estimation, and the

partially linear model. Together with the linear regression from Chapter 1, we now

have many tools in our toolbox. A natural and important question follows: which tool

should we choose?

This is a model selection question, and it arises even when we restrict ourselves to a

single tool. Take ordinary least squares (OLS) as an example. A linear specification

says y = xβ+ε. Why linear? Is it because linearity is simple? Why not y = lnx+x3+ε?

Consider the Mincer wage equation, in which we regress wage on edu, exp, and exp2.

Why include the square of experience but not, say, edu3? The honest answer is that

most of the time we are making these choices by habit or convention rather than by

any systematic criterion. The functional form is our assumption, and, as we saw in

Chapter 2, if the assumption is wrong, everything collapses.

For a long time, model selection was largely ignored in applied economics. The main

reason was data availability: when your dataset had a few hundred observations and a

handful of variables, it was not feasible for you to further split your small dataset into

a training (estimation) set and a validation set. Thus, the scope for model selection

54
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was limited. Nowadays, the world has changed. More and more datasets are available

with large sample sizes and high-dimensional covariate spaces. Big data brings more

chances, but also more decisions to make. We should take model selection seriously.

There are broadly two approaches to choosing a model. The first is a data-driven

approach: we use the data themselves to select the model, without injecting prior

knowledge about causal relationships. This is the machine learning philosophy. The

second is a structure-based approach: we use economic theory, causal logic, or

a Directed Acyclic Graph (DAG) to determine which variables belong in the model.

In this chapter we focus on the first approach. We select models using only data,

without putting our economic knowledge or theory into the process. The structure-

based approach will be the topic of Chapter 4.

Before introducing any specific machine learning algorithm, we need to understand a

fundamental statistical concept that governs all of model selection: the bias-variance

tradeoff. We encountered this idea briefly in Chapter 2 when we discussed the choice

of bandwidth in kernel regression. Here we develop it more generally and show that it

is the central principle behind every model selection method.

3.2 The Bias-Variance Tradeoff

3.2.1 Why Not Always Use the Most Complicated Model?

Consider three models of increasing flexibility:

A traditional linear model: y = xβ + ε, (3.1)

A model with a quadratic term: y = xβ + x2α + ε, (3.2)

A non-parametric model: y = g(x) + ε. (3.3)

Why not always use the second or the third one? More flexibility means less risk of

misspecification, so it seems like a free lunch.

To sharpen the question, consider two nested linear models:

Model A: y = x′1β + ε, (3.4)

Model B: y = x′1β1 + x′2β2 + ε. (3.5)
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Model B includes everything in Model A plus additional regressors x2. Is it always

better to have the more complicated model?

The answer is no. The reason is that more flexibility helps with one problem but hurts

with another. Adding x2 reduces the risk of misspecification; this lowers bias. But it

also makes the estimated model more sensitive to the particular sample at hand; this

raises variance. This tension between bias and variance is the central theme of this

chapter.

3.2.2 Decomposing Prediction Error

To make the tradeoff precise, assume the true data-generating process is

Y = f(X) + ε, E[ε | X] = 0, Var(ε | X) = σ2
ε .

We train a model f̂(x) on some data. Because the training data are random, f̂(x) is

itself a random object. If we drew a different sample, we would get a different fitted

model: f̂ 1(x), f̂ 2(x), and so on. The expectation E[f̂(x)] is taken over these different

samples; it is the average model we would get if we could repeat the estimation many

times.

How good is the model at predicting a new observation? The standard measure is the

prediction mean squared error (PMSE) at a point x0:

E
[︂
(Y − f̂(x0))2 | X = x0

]︂
.

This measures how far, on average, our prediction f̂(x0) is from the actual outcome Y .

The following decomposition is the cornerstone of model selection theory.

Bias-Variance Decomposition

E
[︂
(Y − f̂(x0))2 | X = x0

]︂
= σ2

ε⏞⏟⏟⏞
irreducible error

+
[︁
Ef̂(x0)− f(x0)

]︁2⏞ ⏟⏟ ⏞
Bias2

+ E
[︁
f̂(x0)− Ef̂(x0)

]︁2⏞ ⏟⏟ ⏞
Variance

. (3.6)



CHAPTER 3. MACHINE LEARNING AND MODEL SELECTION 57

Prediction error = Irreducible error + Bias2+ Variance.

Let us understand each component.

Irreducible error (σ2
ε). This is the noise inherent in the data. No matter how clever

our model is, we can never predict better than σ2
ε because the outcome Y is genuinely

random around f(X). This term sets the floor for prediction error.

Bias [Ef̂(x0) − f(x0)]. Bias measures the systematic error: how far, on average, our

model’s prediction is from the truth. A simple model like linear OLS applied to a

non-linear DGP will systematically miss the curvature, producing large bias. A very

flexible model can track the curvature closely, producing small bias.

Variance E[f̂(x0)−Ef̂(x0)]2. Variance measures how much the fitted model changes

from sample to sample. A simple model like linear OLS is stable: it produces similar

fitted lines regardless of the specific sample drawn. A very flexible model (say, a

twentieth-order polynomial) is highly sensitive to the particular data points: adding

or removing a few observations can change the fitted curve dramatically.

The fundamental tension is now clear:

• Increasing model complexity ⇒ Bias ↓ but Variance ↑.
• A super complicated model⇒ Variance ↑↑↑. The model becomes so sensitive to the

training data that it changes wildly from one sample to the next.

• Such a model overfits the current data: it achieves excellent in-sample fit but poor

out-of-sample prediction.

Good model selection means finding the sweet spot that minimizes the total prediction

error: the sum of bias squared and variance.

3.2.3 An Example of Overfitting

Let us make the discussion concrete with a simple simulation. Consider the data-

generating process

Y = 1 + 1.5X + ε, ε ∼ N(0, 3600).

This is a linear relationship, but a very noisy one: the standard deviation of the noise

is 60, which is large relative to the signal. Suppose we draw 30 observations from this

process and try to fit polynomials of increasing order.
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With a first-order (linear) polynomial, the fitted line lies close to the true DGP.

There is some discrepancy (the line does not pass through every data point), but this

is appropriate because the data points contain noise. The fit captures the signal and

ignores the noise.

With a second-order (quadratic) polynomial, the fitted curve bends slightly, picking

up a small amount of curvature that exists in the noise but not in the true DGP. The

improvement in R2 is marginal.

By the fifth- and sixth-order, the fitted curve is clearly oscillating. It tries to pass

more data points by twisting the curve, but the wiggles have nothing to do with the

true DGP; they are artifacts of the noise.

Figure 3.1 illustrates this progression. In the first-order panel the fitted line (red)

nearly coincides with the true DGP (gray dashed). As the polynomial order rises to

5 and 6, the fitted curve begins to deviate from the straight line, bending to chase

individual data points.

Overfitting

High-order polynomials pick up noise, not signals. They achieve excellent in-

sample fit but terrible out-of-sample prediction. This is the defining symptom of

overfitting. The model’s bed has been carved into the exact shape of one night’s

sleeper at a specific time point: it fits that sleeper perfectly at that moment, but

anyone who moves will find the bed unusable.

This example echoes our experience from Chapter 2. Recall Runge’s phenomenon: a

high-degree global polynomial oscillates violently at the boundary, even though the

function it tries to approximate is smooth. And the Gibbs phenomenon: a Fourier

series overshoots at a discontinuity no matter how many terms we add. Both are

instances of the same underlying principle: more parameters do not always improve

approximation. The extra flexibility can be wasted on fitting noise rather than signal.

3.3 Goodness of Fit and Cross-Validation

The overfitting example teaches us that we cannot simply maximize in-sample fit. We

need a criterion that rewards good fit but penalizes unnecessary complexity. In this

section we review several such criteria.
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(a) First order (linear) (b) Second order (quadratic)

(c) Fifth order (d) Sixth order

Figure 3.1: Polynomial fitting of orders 1, 2, 5 and 6. The true DGP is Y = 1 + 1.5X + ε
with σ = 60 and n = 30. Gray dashed: true relationship. Red solid: fitted polynomial. As
the order increases, the fitted curve begins to deviate from the straight-line truth, tracking
noise rather than signal.
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Figure 3.2: The bias-variance tradeoff and overfitting. As model complexity increases, train-
ing error decreases monotonically, but test error eventually rises, indicating overfitting. The
optimal model minimizes total prediction error (test error).

3.3.1 Traditional Information Criteria

The most familiar approach is to modify the in-sample fit measure with a penalty for

the number of parameters.

Adjusted R2. Recall from introductory econometrics that R2 never decreases when

we add a regressor, even an irrelevant one. This is because OLS can always use an

additional coefficient to reduce the residual sum of squares, even if only by fitting noise.

The adjusted R2 corrects for this by dividing both the residual and total sums of squares

by their respective degrees of freedom. It can decrease when a useless regressor is added,

because the penalty for losing a degree of freedom exceeds the gain in fit. This is the

simplest form of complexity penalization.

AIC (Akaike Information Criterion). The AIC provides a more principled penalty:

AIC = 2k + n ln(RSS/n),

where k is the number of estimated parameters and RSS is the residual sum of squares.

The term n ln(RSS/n) measures goodness of fit (smaller RSS means better fit), while

2k penalizes complexity. We select the model with the smallest AIC. The factor of 2 in

the penalty term reflects an asymptotic correction for the optimism of the maximized
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log-likelihood as an estimator of the expected Kullback–Leibler divergence from the

true model.

BIC (Bayesian Information Criterion). The BIC is similar in spirit but uses a

stronger penalty:

BIC = k ln(n) + n ln(RSS/n).

The penalty k ln(n) grows with the sample size, so BIC penalizes additional param-

eters more heavily in large samples. BIC is motivated by the Bayesian approach to

model comparison. In practice, BIC tends to select simpler models than AIC, which is

desirable when the true model is sparse.

3.3.2 Cross-Validation

AIC and BIC penalize complexity analytically. Cross-validation (CV) takes a different

approach: it directly measures out-of-sample prediction performance by splitting the

data into pieces.

The idea is beautifully simple. We want to know how well a model predicts on data

it has never seen. So we deliberately set aside some observations, train the model on

the rest, and then check how well the model predicts the held-out observations. If

the model has overfit the training data, it will perform poorly on the held-out data,

because the noise patterns it memorized are different in the new observations.

The most common implementation is K-fold cross-validation:

1. Divide the sample randomly into K equal-sized groups, called “folds.”

2. Pick fold k (one fold in K) as the validation sample. Use the remaining K − 1 folds

as the training sample to estimate the model.

3. Compute the mean squared prediction error MSEk on fold k, that is, the average

squared difference between the actual Y values in fold k and the model’s predictions

for those observations.

4. Repeat for each fold k = 1, 2, . . . , K, so that every fold serves as the validation

sample exactly once.

5. Average the K error measures:

CV =
1

K

K∑︂
k=1

MSEk.
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Common choices are K = 5 or K = 10. The extreme case K = n (each observation is

its own fold) is called leave-one-out cross-validation.

Cross-Validation

CV measures the quality of out-of-sample prediction. We use data that were not

involved in the estimation to evaluate the model. A smaller CV value means a

model that generalizes better to new data. CV is particularly valuable because

it directly targets what we care about (prediction on unseen observations) rather

than relying on asymptotic approximations.

3.3.3 From Goodness of Fit to Machine Learning

We now have several standards for what constitutes a “good” model: adjusted R2,

AIC, BIC, and cross-validation. These criteria tell us how to evaluate a model, but

they do not tell us how to search for one. If we have 20 potential regressors, there are

220 ≈ 1 million possible subsets to consider. Evaluating all of them is computationally

expensive and statistically problematic.

This is where machine learning enters the picture. Machine learning algorithms provide

automatic, efficient search procedures for finding good models. They take the goodness-

of-fit criteria we have just discussed and embed them into algorithms that explore the

model space intelligently.

3.3.4 What Is Machine Learning?

What is machine learning? For an economist’s perspective on the question, see Athey

and Imbens (2019); the Wikipedia definition is instructive:

“Machine learning (ML) is an umbrella term for solving problems for which

development of algorithms by human programmers would be cost-prohibitive,

and instead the problems are solved by helping machines ‘discover’ their

own ‘algorithms’, without needing to be explicitly told what to do by any

human-developed algorithms.”

In economics, the use of machine learning is more specific. The main question is: how

complicated should the model be? Given a set of potential predictors X, how should we

predict Y ? When Y is discrete (e.g., default vs. no default), this is a classification
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problem. When Y is continuous (e.g., house prices), this is a prediction (regression)

problem.

There are many machine learning algorithms. We will introduce three families that

are most relevant for economists: penalized regression, tree-based methods, and neural

networks.

3.4 Penalized Regression

3.4.1 The Problem of Too Many Regressors

Let us start with a setting that is close to what economists already know: linear

regression. Consider the model yi = x′iβ + εi. What happens when the number of

potential regressors is very large?

This is not a hypothetical concern. Imagine you have a household survey with 1,000

questions. Each answer is a potential regressor. Which ones should you include in your

wage equation? OLS estimates

β̂OLS = argmin
β

n∑︂
i=1

(yi − x′iβ)2.

Because OLS minimizes the sum of squared residuals (SSR), every additional regressor

helps: more β’s mean more flexibility, which means a smaller SSR. But we know that

a smaller SSR does not mean a better model; it may just mean more overfitting. We

need a mechanism to penalize the use of additional regressors.

3.4.2 The Penalized Objective Function

The key idea is to modify the OLS objective by adding a penalty term that discourages

large or numerous coefficients:

Penalized Regression

β̂Pen = argmin
β

n∑︂
i=1

(yi − x′iβ)
2
+ λ (∥β∥p)p , (3.7)
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where ∥β∥p =
(︂∑︁

j |βj|p
)︂1/p

is the ℓp-norm, (∥β∥p)p =
∑︁

j |βj|p, and λ ≥ 0 is the

tuning parameter.

The objective function now has two parts. The first part,
∑︁

i(yi − x′iβ)2, is the usual

SSR; it wants β to be large enough to fit the data well. The second part, λ∥β∥pp, is
the penalty; it wants β to be small. The estimator must balance these two competing

goals. The tuning parameter λ controls the tradeoff: larger λ means more shrinkage

(simpler model, lower variance, higher bias); λ = 0 recovers OLS.

The two most important special cases correspond to p = 1 and p = 2.

3.4.2.1 LASSO Regression (p = 1)

When p = 1, the penalty is λ
∑︁

j |βj|. This is called the Least Absolute Shrinkage

and Selection Operator (LASSO), introduced by Tibshirani (1996).

The ℓ1 penalty has a remarkable property: it can shrink some coefficients exactly to

zero. This means that LASSO does not just shrink coefficients; it performs variable

selection. Regressors with small predictive power are dropped entirely. In our 1,000-

question survey example, LASSO might select, say, 15 variables and set the remaining

985 coefficients to exactly zero.

Why does ℓ1 produce exact zeros while ℓ2 does not? The geometric intuition is instruc-

tive. The ℓ1 constraint set (the “diamond”
∑︁
|βj| ≤ c) has sharp corners along the

axes. The OLS contour is an ellipsoid. When the ellipsoid first touches the diamond, it

is very likely to touch at a corner, where one or more coordinates are exactly zero. The

ℓ2 constraint set (the “ball”
∑︁
β2
j ≤ c) is smooth, so tangency almost surely occurs at

a point of the smooth boundary away from the axes, where no coordinate is exactly

zero.

3.4.2.2 Ridge Regression (p = 2)

When p = 2, the penalty is λ
∑︁

j β
2
j . This is called Ridge regression.

Ridge regression shrinks all coefficients toward zero but never sets any exactly to zero.

In our survey example, Ridge would keep all 1,000 regressors but give small coefficients

to the irrelevant ones. Ridge is particularly useful when regressors are highly correlated:

in such settings, OLS estimates are unstable (small changes in the data produce large
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swings in β̂), while Ridge stabilizes them through shrinkage.

3.4.2.3 Choosing λ

How do we choose the tuning parameter λ? Cross-validation. We try a grid of λ values,

compute the CV score for each, and pick the λ that minimizes CV. This directly targets

out-of-sample prediction quality, which is exactly what we want.

3.4.3 The Elastic Net

In practice, a popular choice is the Elastic Net, which combines the ℓ1 and ℓ2 penalties:

β̂EN = argmin
β

n∑︂
i=1

(yi − x′iβ)
2
+ λ
[︁
α∥β∥1 + (1− α) (∥β∥2)2

]︁
, (3.8)

where α ∈ [0, 1] controls the mix between LASSO (α = 1) and Ridge (α = 0). The Elas-

tic Net inherits the variable selection property of LASSO while retaining the stability

of Ridge when regressors are correlated.

3.5 Tree-Based Methods

3.5.1 The Idea: Partition and Average

Penalized regression stays within the linear model and controls complexity by shrinking

coefficients. Tree-based methods take a completely different approach. The idea is

disarmingly simple:

1. Partition the covariate space X into a set of rectangular regions.

2. Within each region, predict Y by the average of the Y values in that region.

This is a Classification and Regression Tree (CART; see Chapter 9 of Hastie et al.,

2009). The name reflects the fact that the partition can be represented as a binary

tree: each internal node is a yes/no question about one covariate (“Is X1 ≤ 3.5?”), and

each terminal node (leaf) contains a predicted value.

Formally, we partition the space into M disjoint regions R1, . . . , RM and define the
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predicted value within each region as the sample mean:

f̂(x) =
M∑︂

m=1

ĉm 1(x ∈ Rm), ĉm =
1

Nm

∑︂
xi∈Rm

yi,

where Nm = |{xi ∈ Rm}| is the number of observations in region m.

3.5.2 Recursive Binary Partitions

How do we find a good partition? The answer is recursive binary partitions. At

each step we split one existing region into two halves by choosing a variable and a cut

point. The process produces a binary tree: each internal node is a yes/no question

about one covariate, and each terminal node (leaf) contains a predicted value.

Figure 3.3 illustrates a concrete example with two covariates X1 and X2. The first

split is at X1 = t1; the left region is then split at X2 = t2; and so on. The resulting

five regions R1, . . . , R5 correspond exactly to the five leaves of the binary tree shown

alongside.

R1

R2

R3

R4

R5

t1 t3

t2

t4

X1

X
2

(a) Partition of the (X1, X2) space

X1 ≤ t1

X2 ≤ t2

R1 R2

X1 ≤ t3

X2 ≤ t4

R4 R3

R5

(b) Corresponding binary tree

Figure 3.3: Recursive binary partitioning. Each split divides one region into two by choosing
a variable and a cut point. The five terminal nodes (leaves) of the tree correspond to the five
rectangular regions.

3.5.3 Two Choices at Each Step

At each step of the recursive partitioning, we face two decisions:
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1. Continue or stop? Should we keep splitting the current region, or is it small

enough (or pure enough) to become a leaf?

2. Where to partition? If we continue, which variable Xj should we split on, and

at what cut point s?

We use a greedy algorithm to answer both questions. “Greedy” means that at each

step we make the locally best choice without looking ahead at future splits.

For each leaf Rm, we define the following quantities:

• Size: Nm = |{xi ∈ Rm}| (the number of observations in the leaf).

• Fitted value (mean as fit): ĉm = 1
Nm

∑︁
xi∈Rm

yi.

• Mean squared error in leaf : Qm(T ) = 1
Nm

∑︁
xi∈Rm

(yi − ĉm)2.

3.5.4 Where to Partition

Conditional on continuing to grow, how do we determine the best split? For the j-th

predictor and a cut position s, we define two half-planes:

R1(j, s) = {X | Xj ≤ s}, R2(j, s) = {X | Xj > s}.

We search over all predictors j and all cut points s to minimize the total SSE across

the two resulting leaves:

min
j, s

⎡⎣min
c1

∑︂
xi∈R1(j,s)

(yi − c1)2 +min
c2

∑︂
xi∈R2(j,s)

(yi − c2)2
⎤⎦ , (3.9)

where c1 and c2 are two constants. For any given split (j, s), the optimal c1 and c2 are

simply the sample averages of yi in the respective regions, so the minimization over

(j, s) is computationally straightforward.

3.5.5 When to Stop Growing

The second decision is whether to continue splitting or to stop. A tree that keeps

splitting until every leaf contains a single observation will have zero training error, but

it will be massively overfit. A tree that stops too early will miss important structure.

Too large → overfitting ; too small → losing information.
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The standard approach is to first grow a large tree and then prune it back :

1. Step 1: Grow a big tree T0. Keep splitting until some minimum node size is

reached (say, each leaf has only 10 observations).

2. Step 2: Prune. Choose the subtree T ⊂ T0 with the lowest cost function Cα(T ).
Here T ⊂ T0 means any tree that can be obtained by collapsing any number of

internal nodes in T0.

Cost-Complexity Pruning

Cα(T ) =
|T |∑︂
m=1

NmQm(T ) + α |T |, (3.10)

where |T | is the number of terminal nodes (leaves) and α ≥ 0 is a tuning parameter.

This criterion has a familiar structure: it is the total SSE (a measure of bias) plus

a penalty for tree size (a measure of complexity). The parameter α determines how

hard we penalize tree size. Larger α produces smaller, simpler trees. As with penalized

regression, the optimal α can be chosen by cross-validation.

3.6 Random Forests

3.6.1 The Problem with a Single Tree

A single decision tree is intuitive and easy to interpret, but it has a significant weakness:

high variance. Small changes in the training data can produce very different tree

structures. One sample might split first on income, another on education, leading to

completely different partitions. This instability is precisely the variance problem from

our bias-variance decomposition.

The solution is to average over many trees. If individual trees are noisy but unbiased,

their average will have the same bias but lower variance. This is the logic behind

Random Forests (Hastie et al., 2009, Chapter 15).

3.6.2 Bagging and De-Correlation

The procedure involves two variance-reduction techniques:

Bagging (Bootstrap Aggregation). We draw B bootstrap samples from the train-
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ing data (each of size N , drawn with replacement) and grow a tree Tb on each sample.

The final prediction is the average:

f̂B(x) =
1

B

B∑︂
b=1

Tb(x).

Alternatively, we can use sub-sampling (draw samples of size n′ < N without replace-

ment).

De-correlation. Bagging alone is not enough, because trees grown on overlapping

bootstrap samples tend to be correlated. If the trees are correlated, averaging them

does not reduce variance as much. To break this correlation, Random Forests add a

twist: at each split, instead of searching over all p variables, we randomly select m

variables (where m ≪ p) and choose the best split among those m only. This forces

different trees to use different variables, reducing their correlation.

The variance of the forest prediction is approximately:

V (f̂) ≈ ρσ2 +
1− ρ
B

σ2, (3.11)

where ρ is the average pairwise correlation between trees and σ2 is the variance of a

single tree. The first term depends on ρ and cannot be reduced by adding more trees.

The second term shrinks as B increases. To reduce V (f̂), we can either increase B

(more trees) or decrease ρ (smaller m, more de-correlation).

Random Forests

Random Forests = Tree Method + Sampling Average (Many De-

correlated Trees).

The algorithm:

1. For b = 1 to B:

(a) Draw a bootstrap sample Z∗ of size N from the training data.

(b) Grow a tree Tb on Z∗: at each split, randomly select m variables from the

p available, pick the best variable/split-point among those m, and split.

Continue until the minimum node size nmin is reached.

2. Output the ensemble {Tb}Bb=1.

Prediction: f̂B
RF(x) =

1
B

∑︁B
b=1 Tb(x).
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For classification: let Ĉb(x) be the class predicted by tree b. The forest prediction

is ĈB
RF(x) = majority vote{Ĉb(x)}Bb=1.

3.6.3 Connection to Kernel Methods

Random Forests are conceptually similar to the kernel and nearest-neighbor methods

we studied in Chapter 2. All of these methods make predictions by taking weighted

averages of “nearby” observations. The difference lies in how “nearby” is defined:

• Nearest neighbor and kernel methods: the notion of proximity is fixed by a

distance metric (e.g., Euclidean distance) or a bandwidth h. It does not adapt to

the data.

• Random Forests: the notion of proximity is adaptive. The tree structure learns

which directions in the covariate space are most informative for prediction. Two

observations are “nearby” if they frequently end up in the same leaf, not if their

Euclidean distance is small.

An important application of Random Forests in economics is Causal Forests, which

we discuss next.

3.7 Causal Forests

3.7.1 Motivation: Heterogeneous Treatment Effects

In Chapter 1, we focused on estimating summary measures of the treatment effect: the

Average Treatment Effect (ATE). This tells us the average impact of a policy across

the entire population. But in many applications, the most interesting question is: for

whom does the treatment work best?

A drug may cure some patients but have no effect on others. A job training program

may benefit workers with low baseline skills but do little for highly skilled workers.

These are heterogeneous treatment effects (HTEs), and they are crucial for policy design:

if we know who benefits most, we can target the treatment more efficiently.

The traditional approach to detecting HTEs is subgroup analysis: split the sample by

gender, age, education, etc., and estimate the treatment effect within each subgroup.

The problem is that this invites cherry picking : running many subgroup analyses until
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a statistically significant difference appears by chance. This multiple testing problem

is severe when the number of potential subgroups is large.

Wager and Athey (2018) propose Causal Forests as a principled, data-driven solution.

Causal Forests are an extension of Random Forests designed specifically to estimate

heterogeneous treatment effects without the researcher pre-specifying which subgroups

to examine.

3.7.2 Setup and Assumptions

We observe data (Xi, Yi,Wi) for i = 1, . . . , n, where Xi is a vector of covariates, Yi is

the outcome, and Wi ∈ {0, 1} is the treatment indicator. The Conditional Average

Treatment Effect (CATE) at a covariate value x is:

τ(x) = E
[︂
Y

(1)
i − Y (0)

i | Xi = x
]︂
. (3.12)

This is the treatment effect for the subpopulation with characteristics x. It varies with

x; that is what “heterogeneous” means.

Causal Forests Require Unconfoundedness

Causal Forests assume unconfoundedness (selection on observables):

{Y (0)
i , Y

(1)
i } ⊥⊥ Wi | Xi.

Treatment assignment is as good as random once we condition on Xi. Therefore,

causal forests are not a method to deal with endogeneity. If there is unobserved

confounding (omitted variables that affect both treatment and outcome), causal

forests will not solve the problem. They are a tool for uncovering treatment effect

heterogeneity under the maintained assumption that selection on observables holds.

3.7.3 Estimation Within Leaves

The estimation logic is natural. Each tree partitions the covariate space into leaves.

Within a leaf L(x) containing the point x, the treatment effect is estimated by com-
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paring the average outcome of treated units to the average outcome of control units:

τ̂(x) =
1

|{i : Wi = 1, Xi ∈ L}|
∑︂

i:Wi=1
Xi∈L

Yi −
1

|{i : Wi = 0, Xi ∈ L}|
∑︂

i:Wi=0
Xi∈L

Yi. (3.13)

This is just the difference in means within the leaf, exactly the estimator we would use

in a randomized experiment restricted to the subpopulation in the leaf.

The forest aggregates over many such trees by averaging the leaf-level estimates. The

splitting criterion is adapted: instead of minimizing prediction error for Y , the algo-

rithm implements the Random Forests using the criterion of maximizing the variance

of the treatment effect τ̂(Xi) across groups (leaves). This encourages the tree to find

splits where the treatment effect genuinely differs, rather than splits that merely predict

the level of Y .

3.7.4 Honesty and Asymptotic Properties

A subtle but important issue arises: if the same data are used both to decide where

to split and to estimate τ within each leaf, the estimates can be biased. The splits are

chosen to maximize differences in treatment effects, so the within-leaf estimates will

tend to overstate heterogeneity, a form of overfitting.

Wager and Athey (2018) solve this problem with honest estimation. A tree is honest

if, for each training observation i, that observation is used either to decide the splits

or to estimate τ , but not both.

The practical implementation uses double-sample trees:

1. Randomly divide the training sample into two halves, I and J .
2. Use I to grow the tree (decide the split structure).

3. Use J to estimate τ in each leaf.

This separation ensures that the estimation step is not contaminated by the adap-

tive splitting decisions. Wager and Athey (2018) show that honest causal forests are

consistent and asymptotically normal, which means we can construct valid confidence

intervals for the CATE τ(x), a remarkable result for a machine learning method.
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3.7.5 Application: Social Media and Polarization

Levy (2021) studies the effect of social media on news consumption and political po-

larization using a field experiment. The main experiment randomly assigns Facebook

users to be shown counter-attitudinal news content. Causal forests are used (see On-

line Appendix C.5 of the paper) to explore heterogeneous treatment effects, that is, to

identify which subgroups of participants are most affected by exposure to content from

the other side. This is a natural application: the experimenter cannot pre-specify all

relevant subgroups, and causal forests let the data reveal which characteristics matter

for treatment effect heterogeneity.

3.8 Neural Networks

3.8.1 Overview

The third family of machine learning methods we introduce is neural networks. Neu-

ral networks have attracted enormous public attention in recent years, powering appli-

cations ranging from ChatGPT to AlphaGo. The underlying mathematics, however, is

remarkably straightforward.

3.8.2 Architecture of a Single-Hidden-Layer Network

Consider a prediction problem where we observe inputs X = (X1, . . . , Xp) and want

to predict an output Y . A single-hidden-layer feed-forward neural network introduces

an intermediate set of hidden units Z = (Z1, . . . , ZM) that transform the inputs before

they are used to predict Y . The model has three layers:

• Input layer: the covariates X.

• Hidden layer: the derived features Z1, . . . , ZM .

• Output layer: the predicted values Y1, . . . , YK .

Step 1: From inputs to hidden units. Each hidden unit m = 1, . . . ,M computes

a linear combination of the inputs and then passes it through a non-linear activation

function σ:

Zm = σ
(︁
α0m + αT

mX
)︁
, m = 1, . . . ,M. (3.14)

The activation function σ(·) is typically the logistic function σ(v) = 1/(1+ e−v), a step
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function, or the popular ReLU function σ(v) = max(0, v). This non-linearity is critical:

it is what distinguishes a neural network from a linear model. If σ is a linear function,

the composition of two linear transformations would be another linear transformation,

and the hidden layer would be redundant.

Step 2: From hidden units to outputs. Each output unit k = 1, . . . , K computes:

Tk = β0k + βT
k Z, Yk = fk(X) = gk(T ), k = 1, . . . , K, (3.15)

where g(·) is another non-linear function (e.g., Logit model).

Figure 3.4 illustrates the architecture of a single-hidden-layer feed-forward neural net-

work.

X1 X2 X3 · · · Xp

Z1 Z2 · · · · · · ZM

Y1 · · · YK

Input layer (X)

Hidden
layer (Z)

Output layer (Y )

Figure 3.4: Schematic of a single-hidden-layer, feed-forward neural network. Input features
X are transformed into hidden units Z via non-linear activation functions, then combined
linearly to produce outputs Y .

3.8.3 Why “Neural” Networks?

The name reflects the original motivation: modeling the human brain. Each unit

represents a neuron, and each weighted connection represents a synapse. When a step

function is used as the activation function, a neuron “fires” (outputs 1) when the total
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input signal α0m+αT
mX exceeds a threshold, mimicking the way biological neurons fire

when stimulated beyond a certain level.

There can be multiple hidden layers, giving rise to deep neural networks. The depth

of the network is the number of hidden layers, and it is this depth that gives “deep

learning” its name. Each additional layer allows the network to learn increasingly

abstract representations of the data.

3.8.4 Estimation and Regularization

The parameters θ = (α, β) are estimated by minimizing a loss function, namely non-

linear least squares for regression.

With many hidden units and many layers, neural networks have an enormous number

of parameters. A single-hidden-layer network with 100 inputs and 50 hidden units

already has 100 × 50 + 50 = 5,050 parameters in the first layer alone. To prevent

overfitting, we regularize by adding a penalty term, exactly as in Ridge regression:

Neural Network Regularization

min
θ

R(θ) + λJ(θ), J(θ) =
∑︂
k,m

β2
km +

∑︂
m,l

α2
ml, (3.16)

where R(θ) is the loss function (e.g., SSR) and λ is the tuning parameter controlling

the strength of regularization.

The penalty J(θ) is the sum of squared weights throughout the network, the neural

network analogue of the Ridge penalty. It prevents any single connection from becom-

ing too large, which would allow the network to memorize noise. As always, λ is chosen

by cross-validation.

3.9 Conclusion and Caveats

Let us step back and take stock of what we have learned.

The bias-variance tradeoff is the organizing principle of this chapter. Model com-

plexity is double-edged: too simple and we miss the signal (high bias); too complex

and we memorize the noise (high variance). Every model selection method is, at its

core, a strategy for navigating this tradeoff.
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Goodness-of-fit criteria (adjusted R2, AIC, BIC, and cross-validation) provide the

standards by which we evaluate models. Among these, cross-validation is particularly

valuable because it directly measures out-of-sample prediction quality.

Machine learning algorithms give us automatic procedures for searching the model

space. Penalized regression (LASSO, Ridge, Elastic Net) stays within the linear model

and controls complexity by shrinking coefficients. Tree-based methods (CART, Ran-

dom Forests) partition the covariate space and average within regions. Neural networks

compose non-linear transformations to learn flexible representations.

Causal Forests are an important application for economists: they adapt Random

Forests to estimate heterogeneous treatment effects under unconfoundedness, providing

a principled alternative to ad hoc subgroup analysis.

Machine Learning Is Not a Substitute for Economic Reasoning

Remember: these are statistical tools for prediction and model selection. The

most important ingredient in empirical economics is still your economic intu-

ition. Machine learning can tell you which variables predict Y well, but it cannot

tell you which variables have a causal effect on Y . Never let a data-driven al-

gorithm override substantive economic reasoning. For example, you should never

exclude education from a wage equation just because AIC or BIC tells you to do

so; economic theory demands its inclusion.

One final observation. In this chapter, we focused on model selection conditional

on the unconfoundedness assumption. Everything we discussed (penalized regression,

trees, forests, neural networks) is about prediction: how to best approximate E[Y | X].

We did not use any prior knowledge about causal structure.

But in economics, we often do have such knowledge. We know that education causally

affects wages. We know that prices causally affect demand. Can we incorporate this

knowledge into the model selection process? The answer is yes, and the tool for doing

so is the causal graph (Directed Acyclic Graph, or DAG). This will be the topic of

Chapter 4.
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Homework Problems

1. Bias-variance decomposition. Consider the data-generating process Y =

f(X) + ε with E[ε] = 0 and Var(ε) = σ2
ε . Let f̂(x) be an estimator trained on a

random sample. Derive the bias-variance decomposition:

E
[︂
(Y − f̂(x0))2

]︂
= σ2

ε +
[︂
Bias(f̂(x0))

]︂2
+Var(f̂(x0)).

Clearly state where you use the assumption that ε is independent of f̂ .

2. LASSO vs. Ridge. Consider the penalized regression problem:

min
β

n∑︂
i=1

(yi − x′iβ)2 + λ (∥β∥p)p .

(a) Explain intuitively why the ℓ1 penalty (p = 1) can produce exact zeros in β̂

while the ℓ2 penalty (p = 2) cannot.

(b) In a wage regression with 50 potential covariates, would you prefer LASSO

or Ridge? Justify your choice in terms of interpretability and the economic

context.

3. Cross-validation for polynomial order selection. Suppose you have n = 100

observations from the DGP Y = 1+ 2X − 0.5X2 + ε, ε ∼ N(0, 4). Describe how

you would use 5-fold cross-validation to choose between a linear, quadratic, and

cubic polynomial model. Which model do you expect to be selected, and why?

Practice Example: LASSO and Ridge Regression in

Stata

This practice example illustrates penalized regression methods in Stata. We simulate

a dataset with a known sparse data-generating process (only a few covariates truly

matter) and compare the performance of OLS, LASSO, and Ridge regression.
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Setup

The data-generating process is:

Yi = 2X1i + 3X2i − 1.5X3i + εi, εi ∼ N(0, 1),

Xji ∼ N(0, 1) for j = 1, . . . , 20, n = 200.

Only three of the twenty covariates have nonzero coefficients. The remaining seventeen

are pure noise variables with βj = 0. This “sparse” structure is the kind of problem

where LASSO is expected to beat OLS out of sample, because LASSO can set the

irrelevant coefficients to exactly zero. In sample, OLS always fits best (it minimizes

the in-sample sum of squared residuals by construction), so the do-file also simulates a

fresh holdout sample of 200 observations from the same DGP, never used in estimation,

and evaluates every fitted model on it.

Learning Objectives

1. OLS uses all 20 regressors and assigns nonzero (noisy) coefficients to the irrelevant

variables.

2. LASSO identifies the three relevant variables by shrinking the irrelevant coefficients

to zero.

3. Ridge shrinks all coefficients toward zero but does not set any exactly to zero.

4. Cross-validation selects the tuning parameter λ that minimizes out-of-sample pre-

diction error.

5. In-sample and out-of-sample RMSE comparison: OLS, LASSO, Ridge, and the

irreducible noise σ = 1. In the simulated data OLS has the lowest in-sample RMSE

(0.93, below the realized noise RMSE of 0.99, so it fits part of the noise), but on

the holdout sample LASSO has the lowest RMSE (1.06, against 1.12 for OLS, 1.11

for Ridge, and 1.04 for the irreducible noise). Ridge shrinks only lightly here, so it

behaves much like OLS.

Replication Code

The Stata do-file src/chapter 3/ch3 ml.do reproduces all results. The simulated

dataset is saved to data/chapter 3/ch3 ml.dta.



Chapter 4

Directed Acyclic Graphs

4.1 Introduction

Causal inference is the central topic of applied economics. Throughout this book, we

have relied almost exclusively on the potential outcome (PO) framework, proposed by

Rubin (1974) and developed extensively by Imbens and Rubin (2015) and Angrist and

Pischke (2009). This framework is sometimes called the “Rubin Causal Model,” and

it has become the dominant language of causal inference in economics.

But is this the only statistical framework for dealing with causal questions? Of course

not. Graphical models, and in particular Directed Acyclic Graphs (DAGs), constitute

another important and influential approach to causality. This framework is most closely

associated with the work of Judea Pearl, an Israeli-American computer scientist and

philosopher who was awarded the 2011 Turing Award “for fundamental contributions

to artificial intelligence through the development of a calculus for probabilistic and

causal reasoning.” Pearl’s approach has deep roots in computer science and artificial

intelligence, and it provides a strikingly different, yet complementary, perspective on

how to think about cause and effect.

In this chapter, we introduce the DAG framework and its key concepts: graphs,

Bayesian networks, causal edges, d-separation, the do-operator, and the backdoor and

frontdoor adjustment formulas. We then turn to a critical comparison of DAGs and

potential outcomes, drawing heavily on Imbens (2020), who provides a thoughtful and

balanced assessment of where each framework excels and where it falls short. The

79
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goal is not to declare a winner, but to understand what DAGs can offer to applied

economists, and what limitations remain.

Before diving in, it is worth noting the key references for this chapter:

• Pearl (2009), Causality, Cambridge University Press: the definitive technical

treatment.

• Pearl and Mackenzie (2018), The Book of Why, Allen Lane: a highly accessible

introduction for a general audience.

• Neal (2020), Introduction to Causal Inference: an excellent online course and

textbook, freely available online.1

• Imbens (2020): a critical and constructive assessment from an economist’s per-

spective.

4.2 The DAG Approach: Graphs

We begin with the mathematical object at the heart of this framework: the graph.

Definition 4.2.1 (Graph). A graph is a collection of nodes (vertices) and edges

that connect them. Two nodes are called adjacent if they are connected by an edge.

There are two basic types of graphs. In an undirected graph, edges have no direction.

They simply indicate that two nodes are connected. In a directed graph, each edge has

a direction: it goes out of one node (the parent) and into another (the child).

1https://www.bradyneal.com/causal-inference-course

https://www.bradyneal.com/causal-inference-course
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X1 X2

X3

(a) Undirected Graph

X1 X2

X3

(b) Directed Graph

Figure 4.1: Undirected and directed graphs.

A path is any sequence of adjacent nodes, regardless of the direction of the edges. A

directed path is a path where all edges point in the same direction, from the first

node toward the last. If there is a directed path from X to Y , we say X is an ancestor

of Y , and Y is a descendant of X.

Definition 4.2.2 (Directed Acyclic Graph). A directed acyclic graph (DAG) is a

directed graph that contains no cycles. That is, there is no directed path that starts

and ends at the same node.

X1 X2

X3

(a) No Cycle (DAG)

X1 X2

X3

(b) Cycle (Not a DAG)

Figure 4.2: A directed acyclic graph and a directed graph with a cycle.

The “acyclic” restriction is crucial. It rules out feedback loops: if X causes Y and Y
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causes X, there is a cycle, and the graph is not a DAG. As we will discuss later, this

is one of the key limitations of the DAG framework for economics: many economic

models involve equilibrium and simultaneity, which are inherently cyclical.

4.3 Bayesian Networks

How do we connect graphs to statistics? The first step is to connect graphs to proba-

bility distributions. This is the idea behind Bayesian networks.

4.3.1 From Joint Distributions to Factorization

Recall that any joint distribution can be decomposed using the chain rule of probability:

P (x1, x2, . . . , xn) = P (x1)
∏︂
i̸=1

P (xi | xi−1, . . . , x1). (4.1)

For example, with three variables:

P (x1, x2, x3) = P (x1) · P (x2 | x1) · P (x3 | x2, x1).

This decomposition is always valid. It follows from the definition of conditional proba-

bility and involves no assumptions. But it is also unwieldy: every variable depends on

all preceding variables.

The key insight of Bayesian networks is that we can simplify this factorization if we

are willing to make assumptions about the dependence structure. For instance, if

X1 ⊥ X3 | X2, then P (x3 | x2, x1) = P (x3 | x2), and the factorization simplifies to:

P (x1, x2, x3) = P (x1) · P (x2 | x1) · P (x3 | x2).

By making more independence assumptions, we can simplify further. The idea is to use

a graph to represent the assumed dependence structure, creating a one-to-one mapping

between the graph G and the probabilistic relations in P .
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4.3.2 The Minimality Assumption and Bayesian Network Fac-

torization

Assumption 4.3.1 (Minimality). 1. Local Markov Assumption: Given its par-

ents in the DAG, a node X is independent of all its non-descendants.

2. Minimal Independence: Adjacent nodes in the DAG are dependent.

The Local Markov Assumption says that the dependence structure is “local”: once

you know a node’s parents, you do not need to know anything else about its non-

descendants.

Theorem 4.3.1 (Bayesian Network Factorization). Given a probability distribution P

and a DAG G satisfying the Local Markov Assumption, P factorizes according to G as:

P (x1, x2, . . . , xn) =
∏︂
i

P (xi | pai) (4.2)

where pai denotes the set of parents of node i in the graph G.

The Bayesian Network Factorization tells us something powerful: if the probability

distribution P has the statistical structure shown in graph G, then each variable xi

depends only on its parents pai in the graph. We say that “G represents P ,” or

equivalently that “G and P are compatible,” or that “P is Markov relative to G.”

4.3.3 A Worked Example

Suppose we have four variables x1, x2, x3, x4. The full chain-rule decomposition is:

P (x1, x2, x3, x4) = P (x1) · P (x2 | x1) · P (x3 | x2, x1) · P (x4 | x3, x2, x1).

Now suppose our DAG is:

X1

X3

X2

X4

Figure 4.3: A DAG with four variables, where X3 depends on X1 and X4 depends on X3.
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In this graph, X3 has one parent (X1), X4 has one parent (X3), and X1, X2 have no

parents. By the Bayesian Network Factorization, we can simplify the full decomposition

as:

P (x1, x2, x3, x4) = P (x1) · P (x2) · P (x3 | x1) · P (x4 | x3). (4.3)

The edges in the graph encode exactly which statistical dependencies exist.

4.4 Basics of Causal Graphs

4.4.1 Causal Graphs

Up until now, we have discussed only statistical dependencies. The arrows in the

graphs above encode conditional independence relations, but they do not necessarily

carry a causal interpretation. To move from statistical associations to causal claims,

we need one more assumption.

Assumption 4.4.1 (Causal Edges). In a directed graph, every parent is a direct

cause of all its children.

By adding this assumption, the arrows in the DAG acquire a causal meaning. Directed

paths correspond to causation: if there is a directed path from T to Y , then T (possibly

indirectly) causes Y . The DAG now represents not just statistical dependencies, but

a full causal model.

A more mathematically rigorous formulation of this idea uses the framework of struc-

tural equation models (SEMs), where each variable is written as a function of its parents

and an independent error term.

4.4.2 Graphical Building Blocks

There are three fundamental building blocks in any DAG. Understanding these three

structures is the key to understanding how association and causation flow through a

causal graph.
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4.4.2.1 Chains, Forks, and Colliders

X1 X2 X3

(a) Chain

X1

X2

X3

(b) Fork

Figure 4.4: Chain and fork structures.

X2

X1 X3

Figure 4.5: Collider (immorality) structure.

Two key principles govern the flow of information through these structures:

• Association is symmetric: X1 and X3 are associated in both chains and forks

(but not in colliders).

• Causation is asymmetric: in the chain, X1 causes X3 (through X2), but X3

does not cause X1.

4.4.2.2 Conditioning Blocks Chains and Forks

In chains and forks, conditioning on the middle variableX2 blocks the flow of association

between X1 and X3.

Proposition 4.4.1. In the chain X1 → X2 → X3:

P (x1, x3 | x2) = P (x1 | x2) · P (x3 | x2).

That is, X1 ⊥ X3 | X2.
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Proof. By Bayesian factorization and the Local Markov Assumption:

P (x1, x2, x3) = P (x1) · P (x2 | x1) · P (x3 | x2).

Therefore:

P (x1, x3 | x2) =
P (x1, x2, x3)

P (x2)
=
P (x1) · P (x2 | x1)

P (x2)
·P (x3 | x2) = P (x1 | x2) ·P (x3 | x2).

The same result holds for forks: if X2 is a common cause of X1 and X3, then condi-

tioning on X2 renders X1 and X3 independent. Intuitively, the “spurious” association

between X1 and X3 is entirely due to their shared cause X2; once we know X2, there

is no residual association.

4.4.2.3 Conditioning Opens Colliders

Colliders behave in exactly the opposite way. In the collider X1 → X2 ← X3, the

variables X1 and X3 are marginally independent :

P (x1, x3) =

∫︂
x2

P (x1) · P (x3) · P (x2 | x1, x3) dx2

= P (x1) · P (x3)
∫︂
x2

P (x2 | x1, x3) dx2 = P (x1) · P (x3). (4.4)

But conditioning on the collider X2 creates a dependence between X1 and X3:

P (x1, x3 | x2) ̸= P (x1 | x2) · P (x3 | x2) in general.

Collider Bias: The Bad Control Problem

Consider a simple example. Let X1 be “good-looking,” X3 be “kindness,” and X2

be “marital status.” Suppose being good-looking and being kind both indepen-

dently make someone more likely to be married (X1 → X2 ← X3).

Among unmarried people (conditioning on X2 = 0), you observe a negative corre-

lation between attractiveness and kindness: “Why are all the good-looking ones

so unkind?” This is pure selection bias. It arises because people who are both

good-looking and kind already get married. You are conditioning on a collider,
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or a post-determined outcome (marital status). There is no causal relationship

between attractiveness and kindness.

This is precisely the bad control problem in econometrics: controlling for a

variable that is itself affected by the treatment (or by the treatment’s causes) can

introduce bias rather than remove it.

Remark 4.4.1. The homework at the end of this chapter asks you to prove formally

that conditioning on the collider X2 creates a dependence between X1 and X3.

4.4.3 Blocked Paths and d-Separation

The three building blocks (chains, forks, and colliders) give us the vocabulary to de-

scribe when and how association flows through a DAG. The general concept is d-

separation.

Definition 4.4.1 (Blocked Path). A path between X and Y is blocked by a condi-

tioning set Z if either of the following is true:

1. Along the path, there is a chain (→ W →) or a fork (← W →) where W ∈ Z.

2. There is a collider W on the path such that neither W nor any descendant of W

is in Z.

The first condition says: conditioning on a non-collider blocks the path. The second

condition says: not conditioning on a collider (or its descendants) also blocks the path.

Association flows along unblocked paths and does not flow along blocked paths.

Definition 4.4.2 (d-Separation). Two sets of nodes X and Y are d-separated by a

set of nodes Z if all paths between any node in X and any node in Y are blocked by

Z.

d-Separation is the graphical criterion for conditional independence. When X and Y

are d-separated by Z, all association flows between X and Y are blocked by Z.

Theorem 4.4.1 (d-Separation and Statistical Independence, Theorems 1.2.4–1.2.5 in

Pearl, 2009; Theorem 3.1 in Neal, 2020). If X and Y are d-separated in a DAG G

conditional on Z, then X and Y are independent conditioned on Z in every distribution

compatible with G:

X ⊥G Y | Z ⇒ X ⊥P Y | Z, ∀P compatible with G.
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Conversely, if X and Y are independent conditional on Z in all P compatible with G,

then X and Y are d-separated in G conditional on Z:

(∀P compatible with G, X ⊥P Y | Z) ⇒ X ⊥G Y | Z.

This theorem is a bridge between graphs and probability. It tells us exactly how to

translate statistical independence statements into graphical statements, and vice versa.

The notion of d-separation leads directly to the question of causal identification. Recall:

• Associations flow along all unblocked paths.

• Causation flows along directed unblocked paths.

To isolate the causal effect of T on Y , we need to ensure that there is no non-causal

association between T and Y . Graphically, this means: in the manipulated graph GT

(the graph with all outgoing edges from T removed), T and Y should be d-separated by

the control set W . In other words, all non-causal (“backdoor”) paths must be blocked.

4.4.4 The do-Operator

The DAG framework formalizes causal interventions using the do-operator, introduced

by Pearl (2009). We define do(T = t) as an intervention that forces the entire popula-

tion to receive treatment level t.

In terms of potential outcomes, the do-operator corresponds to:

P (y | do(t)) = P (Y = y | do(T = t)) = P (Y (t) = y), (4.5)

where Y (t) is the potential outcome under treatment t, exactly as defined in Chapter 1.

The notation P (y | do(t)) is not the same as the conditional probability P (y | t). The
latter conditions on observing T = t, which may reflect both causation and selection.

The former represents what would happen if we intervened to set T = t, breaking all

arrows pointing into T .

Definition 4.4.3 (Identifiability via the do-Operator). A causal quantity Q is identifi-

able if we can reduce an expression involving do(·) to one that involves only standard

(do-free) probabilities of observed variables. This is precisely analogous to the PO

framework, where identification means reducing expressions involving potential out-
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comes Y (t) to expressions involving only observed data.

4.5 Causal Identification Method in Causal Graphs

4.5.1 Backdoor Adjustment

One of the most important identification results in the DAG framework is the backdoor

adjustment. Non-directed unblocked paths from T to Y , paths that go “through the

back” of T , are called backdoor paths. These paths create non-causal associations

between treatment and outcome.

Definition 4.5.1 (Backdoor Criterion). A set of variables W satisfies the backdoor

criterion relative to (T, Y ) if:

1. W blocks all backdoor paths from T to Y ; and

2. W does not contain any descendant of T .

T Y

W

Figure 4.6: A backdoor path T ←W → Y through the confounder W .

Theorem 4.5.1 (Backdoor Adjustment). If W satisfies the backdoor criterion relative

to (T, Y ), then:

P (y | do(t)) =
∫︂
w

P (y | t, w)P (w) dw. (4.6)

This should look familiar. The variable set W is exactly what we usually call “control

variables” in applied economics. The backdoor criterion is the graphical analogue of

the “selection on observables” (or “unconfoundedness”) assumption from the potential

outcome framework (Chapter 1, Section 1.5). The backdoor adjustment formula is just

the familiar formula for the average treatment effect under unconfoundedness:

ATE = E[Y (1)]−E[Y (0)] =

∫︂
{E[Y | T = 1,W = w]− E[Y | T = 0,W = w]} dFW (w).
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4.5.2 Frontdoor Adjustment

One of the most interesting identification strategies unique to the DAG framework is

the frontdoor adjustment. This idea has no direct analogue in the standard PO toolkit,

and it illustrates the creative power of graphical reasoning.

4.5.2.1 Setup

Consider the following DAG, where W is an unobserved confounder:

T M Y

W

Figure 4.7: Frontdoor structure: T affects Y only through the mediator M , with W an
unobserved confounder (dashed).

In this graph, T affects Y only through the mediator M . The confounder W creates a

backdoor path T ← W → Y , so we cannot simply regress Y on T . But we can identify

the causal effect in three steps:

1. Identify the effect of T on M : There is no backdoor path from T to M (the

only path is the direct arrow T →M), so P (m | do(t)) = P (m | t).

2. Identify the effect of M on Y : There is a backdoor path fromM to Y through

W , but it can be blocked by conditioning on T . So P (y | do(m)) =
∑︁

t′ P (y |
m, t′)P (t′).

3. Combine: Chain the two results together.

Definition 4.5.2 (Frontdoor Criterion). A set of variables M satisfies the frontdoor

criterion relative to (T, Y ) if:

1. M completely mediates the causal effect of T on Y (i.e., all directed paths from

T to Y go through M).

2. There is no unblocked backdoor path from T to M .

3. All backdoor paths from M to Y are blocked by T .

Theorem 4.5.2 (Frontdoor Adjustment). If T , M , Y satisfy the frontdoor criterion,
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then:

P (y | do(t)) =
∑︂
m

P (m | t)
∑︂
t′

P (y | m, t′)P (t′). (4.7)

This is a remarkable result: we can identify the causal effect of T on Y even though

there is an unobserved confounder, as long as we observe a complete mediator M .

4.5.2.2 Limitations

The frontdoor adjustment is intellectually beautiful, but its practical applicability is

limited. The requirement that M completely mediates the effect of T on Y is very

strong. In most economic settings:

• What if T affects Y through other channels besides M?

• What if some unobserved U affects both M and Y ?

• What if the confounder W also affects M directly?

Any of these violations breaks the frontdoor criterion. Finding a genuine complete

mediator in real economic applications is extremely difficult. How to apply this method

to economics remains an open question.

4.5.3 Non-parametric Identification: do-Calculus

The backdoor and frontdoor criteria are sufficient conditions for causal identification,

but they are not necessary. That is, there may be causal effects that are identifiable

even though neither criterion is satisfied. Can we find a complete set of rules that

determines whether any causal effect is identifiable in any DAG?

The answer is yes: the do-calculus, developed by Pearl (2009).

4.5.3.1 Notation

We need some notation for manipulated graphs:

• GX : take graph G and remove all incoming edges to X.

• GX : take graph G and remove all outgoing edges from X.

• Z(W ): the set of nodes of Z that are not ancestors of any node of W in GT .
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4.5.3.2 The Three Rules

Theorem 4.5.3 (Rules of do-Calculus, Pearl, 2009). 1. Rule 1 (Deletion of vari-

able):

P (y | do(t), z, w) = P (y | do(t), w) if Y ⊥GT
Z | T,W.

2. Rule 2 (do-variable exchange):

P (y | do(t), do(z), w) = P (y | do(t), z, w) if Y ⊥GTZ
Z | T,W.

3. Rule 3 (Deletion of action):

P (y | do(t), do(z), w) = P (y | do(t), w) if Y ⊥G
TZ(W )

Z | T,W.

4.5.3.3 Intuition Behind the Rules

What do these three rules mean intuitively?

Rule 1 is an extension of d-separation. If we erase the do-operator from do(t), the

condition becomes Y ⊥G Z | W , just standard conditional independence under the

Markov assumption. In words: if Z provides no additional information about Y once

we know T andW (in the manipulated graph), then we can drop Z from the expression.

Rule 2 is an extension of the backdoor adjustment. If we erase do(t), the condition

becomes: W blocks all non-causal paths between Z and Y in the graph where outgoing

edges from Z are removed. In other words, we can replace do(z) with simply observing

z, because W already controls for all confounding between Z and Y .

Rule 3 says that if, in the appropriate manipulated graph, Z and Y are d-separated,

then the intervention do(z) has no effect on Y and can be dropped entirely.

Theorem 4.5.4 (Completeness of do-Calculus, Pearl, 2009). A causal effect Q is

identifiable in a model characterized by a graph G if and only if there exists a finite

sequence of transformations, each conforming to one of Rules 1, 2, or 3, that reduces

Q into a standard (do-free) probability expression involving observed quantities.

The do-calculus is complete: these three rules are sufficient to identify every identifiable

causal effect. If a causal effect cannot be identified using these rules, then it is genuinely

not identifiable from observational data given the assumed graph.
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Non-parametric Only

An important caveat: the do-calculus concerns non-parametric identification only.

It asks whether the causal effect can be expressed in terms of the observed joint

distribution without any functional form assumptions. In many economic appli-

cations, parametric or semi-parametric assumptions (e.g., linearity, monotonicity)

provide additional identifying power that the do-calculus does not capture.

4.5.4 An Example: Returns to College

Let us consider a concrete example. Suppose we are interested in the causal effect of

college education (T ) on wages (Y ). A plausible DAG might include:

Ability

T Y

Family

Figure 4.8: A causal DAG for college education and wages, with Ability and Family as
background factors.

The question is: which variables do we need to control for? The DAG framework gives

us a systematic answer through the backdoor criterion. The backdoor paths from T to

Y are:

• T ← Ability→ Y

• T ← Family→ Ability→ Y

Controlling for Ability blocks both paths. Controlling for Family alone blocks only the

second path but not the first (since Ability remains an unblocked non-collider). The

DAG tells us precisely what we need to control for, and what we should not control

for.
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4.6 DAGs in Economics: Pros and Cons

Having introduced the DAG framework, we now turn to the central question of this

chapter: what can DAGs offer to applied economists, and where do they fall short?

We follow the structure of Imbens (2020), who provides a balanced and thoughtful

assessment.

4.6.1 Advantages of DAGs

Pro 1: Clarity of Illustration. DAGs make causal assumptions explicit and visual.

Consider two of the most common identification strategies in economics:

Unconfoundedness. The assumption that treatment is independent of potential

outcomes conditional on observables (Y (0), Y (1) ⊥ T | W ) can be illustrated by a

simple DAG: W → T , W → Y , T → Y . The backdoor path T ← W → Y is blocked

by conditioning on W . This is immediately transparent in the graph.

Instrumental variables. The IV assumptions, relevance (Z affects T ), exclusion (Z

does not directly affect Y ), and independence (Z is as good as randomly assigned),

correspond to a DAG: Z → T → Y , with no direct edge Z → Y and no common cause

of Z and Y . The exclusion restriction, which can be hard to state precisely in words,

becomes visually obvious: there is simply no arrow from Z to Y .

Pro 2: Tool for Analyzing Complicated Causal Models. When the causal model

involves many variables with complex interdependencies, DAGs provide systematic ma-

chinery (d-separation, do-calculus) for determining which causal effects are identifiable

and which control sets are valid. This is the setting where DAGs truly shine: with a

large number of variables, it becomes very difficult to track all the possible confounding

paths by hand, and the graphical approach provides an algorithmic solution.

Pro 3: Frontdoor Criterion. As discussed earlier, the frontdoor adjustment provides

an identification strategy that has no direct analogue in the PO framework. While its

practical applicability remains limited (complete mediators are rare in economics), it

demonstrates the creative power of graphical reasoning and remains an active area of

research.

Pro 4: Systematic Analysis of Mediation Effects. DAGs can shed light on the

identification of mediation (or mechanism) effects in a rigorous way. The standard
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“mediation effect test” (the Baron-Kenny approach) implicitly assumes a very simple

causal structure, one that rules out any unobserved confounders between the treatment

and the mediator, between the mediator and the outcome, or between the treatment

and the outcome.

The Mediation Test Is Often a Regression Monkey Exercise

The standard mediation test requires you to accept a very simple causal structure

just to implement an off-the-shelf test. But think about what this structure implies:

• What if there is an unobserved U affecting both T and Y ?

• What if there is an unobserved U affecting both M and T?

• What if there is an unobserved U affecting both M and Y ?

If you truly believe this simple structure (no confounders anywhere, full mediator),

then you can directly identify the effect of T on Y using OLS or the frontdoor

method! It means that when you use research design (DID, IV etc.) to rule out

endogeneity issues but at the same time want to implement a mediation test, you

are doing research in an inconsistent way. If you think there are confounders,

then you cannot run simple mediation test.

For most economists, the standard mediation test is, “a typical behavior of regres-

sion monkey.” It is a super-simplified reduced DAG with very strong assumptions.

Meanwhile, it leads to inconsistency when the authors use research designs to rule

out confounders. We should think about mediation in a more general DAG frame-

work.

The standard mediation test originates from psychology, where RCTs provide a

clean environment without confounders. However, this is not the case in economics

where we always struggle with observational data in real life. Therefore, in eco-

nomics, standard mediation test can only give us some suggestive evidence at best.

DO NOT put too much importance on the results of these tests.

Generally speaking, do not use off-the-shelf mediation test without thinking by

yourself!

Then how should we investigate mechanisms in empirical research? I suggest several

approaches:

1. Use heterogeneity analysis to provide indirect evidence of mechanisms.

2. Think from a general DAG framework: construct a causal graph based on
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your knowledge of the economics and test the implied relationships.

3. Construct a theoretical model, derive comparative statics, transform them into

testable regressions.

4. Construct a structural model, illustrate the mechanism through decomposition

and counterfactual analysis.

4.6.2 Disadvantages of DAGs

Con 1: DAGs Require Ex Ante Causal Structure. The DAG approach develops

powerful machinery for identification, but it requires the whole structure of the causal

model. Little is said about why we should believe a particular structure (the “before

model” question) or about estimation and inference (the “after model” question). As

Imbens (2020) notes, the DAG literature sometimes appears to offer “a set of solutions

in search of problems.”

For economists, both the before and after are crucial. We want to know where the

model comes from (economic theory? institutional knowledge?) and how to estimate

the causal effect with valid inference in finite samples.

Con 2: DAGs Do Not Fit IV Very Well. The instrumental variables setting

reveals several limitations of the DAG approach:

• Shape restrictions: The monotonicity assumption (central to the LATE theo-

rem of Imbens and Angrist, 1994) cannot be naturally expressed in a DAG. DAGs

encode conditional independence relations, not shape restrictions on functional

forms.

• Heterogeneity: The LATE theorem is not easily derived in a DAG framework.

The PO framework, with its explicit notation for heterogeneous potential out-

comes Yi(0), Yi(1), handles treatment effect heterogeneity much more naturally.

• RDD: Similarly, the regression discontinuity design does not gain much from the

DAG approach.

More generally, the inability to fit IV well reveals two deeper weaknesses: DAGs are

not convenient for expressing economic structural assumptions, and the PO framework

can deal with heterogeneity issues better.
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Con 3: DAGs Cannot Capture Simultaneity and Equilibrium. By definition,

a DAG is acyclic, so it cannot contain feedback loops. But many economic models

are built on equilibrium concepts that are inherently cyclical: supply determines price,

and price determines supply. DAGs cannot naturally express simultaneity.

Imbens (2020) attempts to represent a supply-and-demand equilibrium in a DAG, but

the result is “not so successful”: the time-indexed expansion required to avoid cycles

is awkward and loses the economic content of the simultaneity.

4.6.3 Why Is PO Still More Popular in Economics?

Summarizing Imbens (2020), there are five features of the PO framework that explain

its dominance in applied economics:

1. Some common economic assumptions (monotonicity, convexity) are easily cap-

tured in PO but not in DAGs.

2. Potential outcomes connect naturally to traditional economic models (supply and

demand, utility maximization).

3. Applied economics typically involves models with relatively few variables, where

the systematic machinery of d-separation adds less value.

4. PO handles treatment effect heterogeneity (ATE, ATT, LATE) more naturally.

5. PO connects closely to the implementation of the method and its inference: esti-

mation, standard errors, confidence intervals are integral parts of the framework.

A final, pragmatic point: the DAG literature has not provided substantive empirical

examples demonstrating clear advantages over the PO approach. Most examples from

Pearl (2009) are “toy models.” Until concrete applied examples emerge, adoption will

remain slow.

4.7 The Bad Control Problem through DAGs

Despite these limitations, there are areas where DAGs offer genuine insight that the

PO framework does not provide as easily.
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4.7.1 Clarity in the Bad Control Problem

The bad control problem is illustrated with remarkable clarity in the DAG framework.

Simpson’s Paradox, which we discussed in Chapter 1, is immediately transparent when

drawn as a graph: the “paradox” disappears once the DAG tells you whether the third

variable is a confounder, which must be conditioned on, or a collider, which must not

be.

In the PO framework, the standard advice for selecting control variables is Angrist’s

rule of thumb: “only control for variables determined before the treatment.” This is

useful, but it is actually wrong in general, as the concept of M-bias shows.

4.7.2 M-bias

U1

Z

U2

T Y

Figure 4.9: M-bias: Z is a pre-treatment variable, but it is a collider on the path T ← U1 →
Z ← U2 → Y .

In this graph, Z is a pre-treatment variable. Angrist’s rule of thumb would say: control

for Z, since it is determined before T . But Z is a collider on the path T ← U1 → Z ←
U2 → Y . Without conditioning on Z, this path is blocked (because Z is a collider).

Conditioning on Z opens this path, creating a spurious association between T and Y .

The Lesson of M-bias

We should not control for colliders, and colliders do not necessarily occur after

treatment. M-bias is the case where the collider is a pre-determined variable. The

DAG framework provides a powerful and general tool for selecting control variables,

given our assumptions about the causal structure. It forces us to state our causal

assumptions explicitly and transparently.
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4.8 Control Variable Issues: A Final Conclusion

Let us conclude this chapter by reviewing and discussing the issue of control variable

selection. In earlier periods of empirical economics, economists often paid limited

attention to the choice of control variables. Researchers frequently selected controls

pretty arbitrarily, leaving substantial room for cherry-picking. As applied econometric

methods have advanced, and as economists have increasingly incorporated insights from

fields such as computer science and statistics, the discipline has become much more

rigorous in its approach to control variable selection. Broadly speaking, there are two

perspectives on how to select control variables. These perspectives reflect two different

scientific philosophies and two broad approaches to empirical economic research: theory

or economic knowledge driven approaches versus data driven approaches.

First, control variables can be selected based on the underlying causal structure. The

key idea is to propose a causal graph that represents the data generating process we

believe to be true, and then determine which variables are confounders and which are

colliders. To identify the treatment effect of interest, we should control for confounders

while avoiding conditioning on colliders. The procedure is inherently more subjective

and relies heavily on economic theory and institutional knowledge. We include certain

control variables because we believe they play an important role within the causal

framework we have specified.

Second, control variables can be selected based on model fit. This relates closely to the

model selection problem discussed in Chapter 3. Once the basic identification assump-

tions implied by the causal structure are satisfied, researchers may seek to improve the

goodness of fit of the model, especially its out of sample predictive performance. This

is where machine learning methods become particularly useful. Such methods provide

automated procedures for selecting control variables that optimize predictive accuracy,

thereby reducing researcher discretion and limiting the scope for cherry-picking. This

approach is more objective and data driven, relying less on prior human judgment and

more on patterns revealed by the data.

One final point is particularly important. As economists, we have strong economic

theory foundations and our primary concern is causal identification. Therefore, control

variables should first be selected based on the causal structure we propose, and only

afterward should considerations of model fit be incorporated. For example, one should

always control for education in a wage equation, even if a LASSO procedure suggests
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otherwise.

4.9 Conclusion

The DAG approach to causality fully deserves the attention of all economists. It offers

several genuine advantages:

• Clarity: DAGs force researchers to state their causal assumptions explicitly,

making them transparent and debatable.

• Control selection: The backdoor criterion provides a principled, systematic

method for choosing control variables, one that avoids pitfalls like M-bias that

simpler rules of thumb miss.

• Complex models: For models with many variables, the do-calculus provides

algorithmic tools for determining identifiability.

• Novel strategies: The frontdoor criterion demonstrates that identification strate-

gies exist beyond what the PO framework naturally suggests.

However, the DAG approach also has significant limitations for economics:

• It requires an ex ante causal structure, with little guidance on where this structure

comes from.

• It cannot easily express shape restrictions (monotonicity, convexity) or handle

treatment effect heterogeneity.

• It cannot represent simultaneity and equilibrium, which are central to many

economic models.

• It lacks concrete empirical examples demonstrating its value over existing meth-

ods.

As Imbens (2020) concludes, the PO and DAG frameworks are complementary, with

different strengths for different questions. The honest assessment is that, for the kinds

of questions applied economists typically ask (with relatively few variables, strong

institutional knowledge, and a focus on heterogeneity and inference), the PO framework

remains the more natural choice. But understanding DAGs makes you a better applied

researcher: it sharpens your thinking about what you are controlling for and why.

How to bring the insights of DAGs more fully into applied economics remains a very
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open question. There are opportunities here for the next generation of researchers.

Homework Problems

1. Collider Bias Proof.

Consider the collider structure X1 → X2 ← X3.

(a) Show that X1 and X3 are marginally independent: P (x1, x3) = P (x1)·P (x3).

(b) Prove that conditioning on X2 generally creates a dependence between X1

and X3. That is, show that P (x1, x3 | x2) ̸= P (x1 | x2) · P (x3 | x2) in

general.

Hint: Replicate the proof strategy used for chains and forks in Section 4.4.2.

2. d-Separation Practice.

Consider the following DAG:

X1 X2 X3

X4 X5

Figure 4.10: DAG for the d-separation practice problem.

For each of the following, determine whether the two variables are d-separated

by the given conditioning set, and explain your reasoning:

(a) X1 and X3, conditioning on ∅.

(b) X1 and X3, conditioning on {X2}.

(c) X1 and X5, conditioning on {X3}.

(d) X1 and X5, conditioning on {X2, X3}.

3. Backdoor Criterion Application.

Consider the following DAG representing the effect of a job training program (T )

on wages (Y ):
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Educ Ability

T Y

Exp

Figure 4.11: DAG for the backdoor criterion application problem.

Here Educ = education level, Ability = innate ability, Exp = work experience

(post-training), T = training program, Y = wages.

(a) List all backdoor paths from T to Y .

(b) Does {Educ} satisfy the backdoor criterion? Why or why not?

(c) Does {Exp} satisfy the backdoor criterion? Why or why not?

(d) Find a minimal set that satisfies the backdoor criterion.

Practice Example: Backdoor Adjustment in a Simu-

lated DAG

In this practice example, we simulate data from a known DAG and verify that the

backdoor adjustment formula recovers the true causal effect, while a naive regression

does not.

Data Generating Process. Consider the following DAG:

W

T Y

Figure 4.12: DAG for the practice example: W is the confounder of T and Y .
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The structural equations are:

Wi ∼ N (0, 1),

Ti = 0.8Wi + εT,i, εT,i ∼ N (0, 1),

Yi = 2⏞⏟⏟⏞
true causal effect

·Ti + 1.5Wi + εY,i, εY,i ∼ N (0, 1).

The true causal effect of T on Y is β = 2. We generate N = 2000 observations.

Analysis. The Stata do-file (src/chapter 4/ch4 dag.do) performs the following

steps:

1. Simulate data from the structural equations above.

2. Naive regression: Regress Y on T only (ignoring W ). This produces a biased

estimate because the backdoor path T ← W → Y is open.

3. Backdoor adjustment: Regress Y on T and W , controlling for the confounder.

This blocks the backdoor path and recovers the true causal effect.

4. Compare the two estimates to the true value β = 2.

Expected results. The naive regression should overestimate the causal effect (be-

cause W positively affects both T and Y , creating upward omitted variable bias); the

population value of the naive slope is Cov(T, Y )/Var(T ) = 4.48/1.64, approximately

2.73. The controlled regression should produce an estimate close to 2.

Key lessons:

• The naive regression conflates the causal effect with the confounding association

through W .

• The backdoor adjustment (controlling for W ) isolates the causal channel T → Y .

• This example illustrates the core logic of the backdoor criterion: identify all

backdoor paths, find a valid conditioning set, and control for it.

The do-file is located at src/chapter 4/ch4 dag.do and the simulated dataset at

data/chapter 4/ch4 dag.dta.
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Chapter 5

Introduction to Instrumental

Variables and the Endogeneity

Problem

5.1 Introduction: The Endogeneity Problem

In Chapter 1, we introduced the potential outcomes framework and emphasized that

the central challenge of causal inference is the selection problem: individuals who

receive treatment may differ systematically from those who do not, even in the absence

of treatment. When we can run a randomized controlled trial (RCT), the treatment

assignment is independent of potential outcomes, and a simple comparison of means

identifies the average treatment effect. In practice, however, most economic variables

of interest are not randomly assigned. This chapter introduces the most important tool

economists have developed to address this problem: instrumental variables (IV).

Consider one of the oldest and most studied questions in labor economics: what is the

causal effect of schooling on wages? For individual i, suppose the relationship is linear

and homogeneous (constant treatment effect):

Yi = α+ ρsi + ηi, (5.1)

where Yi is wage, si is years of schooling, and ηi is an unobserved error term that

captures everything else affecting wages. If schooling were randomly assigned, then si

105
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would be independent of ηi, and the OLS estimator of ρ would consistently estimate

the average treatment effect (ATE). But schooling is usually an endogenous choice

made by the individual. People who attend college tend to have higher innate ability,

stronger motivation, or better family backgrounds, all of which independently affect

wages. This is selection bias.

To make the problem concrete, suppose that ability Ai is the key unobserved con-

founder. We can decompose the error as:

ηi = γAi + νi, (5.2)

where νi is independent of si. Plugging (5.2) into (5.1):

Yi = α+ ρsi + γAi + νi. (5.3)

If Ai is observed, we can simply control for it and OLS on (5.3) consistently estimates

ρ. But if Ai is unobserved, we have an omitted variable bias problem: OLS on

(5.1) conflates the causal effect of schooling with the correlation between schooling and

ability.

What can we do? This is where instrumental variables come in.

5.2 Simple IV: Definition and Identification

Let us begin with the simplest setting: a single endogenous variable, a single instrument,

and a constant treatment effect. We return to the model in (5.1):

Yi = α+ ρsi + ηi.

Definition 5.2.1 (Instrumental Variable). A variable zi is called an instrumental

variable for si if it satisfies two conditions:

1. Exogeneity (Exclusion Restriction): zi ⊥⊥ ηi. The instrument is independent

of the unobserved determinants of the outcome.

2. Relevance (Existence of First Stage): Cov(si, zi) ̸= 0. The instrument is

correlated with the endogenous variable.
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The exclusion restriction says that zi affects Yi only through si; there is no direct effect

of zi on Yi other than through its influence on the endogenous variable. The relevance

condition ensures that zi actually shifts si; without it, we have no “lever” to move the

endogenous variable.

5.2.1 Identification via Covariances

How does an instrument help us identify ρ? The key insight is to compute the covari-

ance of zi with both sides of (5.1):

Cov(zi, Yi) = Cov(zi, α+ ρsi + ηi) = ρCov(zi, si),

where the last equality uses the exogeneity condition: independence of zi and ηi implies

Cov(zi, ηi) = 0. Solving for ρ:

IV Identification Formula

ρ =
Cov(zi, Yi)

Cov(zi, si)
=

Cov(zi, Yi)/Var(zi)

Cov(zi, si)/Var(zi)
. (5.4)

The causal effect is identified by the ratio of two covariances or, equivalently, the

ratio of two regression coefficients.

When the instrument zi is binary, this formula simplifies to the Wald estimator:

ρ =
E[Yi | zi = 1]− E[Yi | zi = 0]

E[si | zi = 1]− E[si | zi = 0]
. (5.5)

The numerator is the effect of the instrument on the outcome (the “reduced form”),

and the denominator is the effect of the instrument on the endogenous variable (the

“first stage”). The ATE is the ratio of the two.

5.2.2 The Wald Estimator

To see the connection more formally, consider two regressions:

si = π10 + π1zi + ξ1i (First Stage), (5.6)

Yi = π20 + π2zi + ξ2i (Reduced Form). (5.7)
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Each of π1 and π2 is a simple regression coefficient, hence a ratio of covariance to

variance. From (5.4):

ρ =
π2
π1
.

The sample analogue, the Wald/IV estimator, is:

ρ̂wald =
π̂ols
2

π̂ols
1

. (5.8)

5.3 Two Stage Least Squares (2SLS)

A more general estimator for IV is Two Stage Least Squares (2SLS). It is simple

to implement and economically intuitive.

Consider the structural equation and first-stage equation:

Yi = X ′
iα + ρsi + ηi, (5.9)

si = X ′
iπ10 + π11zi + ξ1i, (5.10)

where Xi is a vector of exogenous control variables and zi is the instrument.

Substitute (5.10) into (5.9):

Yi = X ′
iα + ρ(X ′

iπ10 + π11zi + ξ1i) + ηi

= X ′
iα + ρ(X ′

iπ10 + π11zi) + ξ2i, (5.11)

where ξ2i = ρξ1i + ηi. The term (X ′
iπ10 + π11zi) is the population projection of si onto

zi and Xi. Because zi ⊥ ηi and Xi is exogenous, this projected part is uncorrelated

with ξ2i. The endogeneity of si came from the component ξ1i that is correlated with ηi;

by replacing si with its predicted value from the first stage, we purge that problematic

component.

The 2SLS procedure is exactly what its name suggests:

1. First Stage: Regress si on both zi and Xi to obtain the predicted value:

ŝi = X ′
iπ̂10 + π̂11zi.
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2. Second Stage: Regress Yi on the predicted value ŝi and Xi:

Yi = X ′
iα + ρŝi + ξ′2i.

The coefficient on ŝi is the 2SLS estimate of ρ.

Several important points deserve emphasis:

1. Include the same controls in both stages. The control variables Xi must

appear in both the first-stage and second-stage regressions.

2. Never compute 2SLS by hand. In Stata, use ivregress 2sls or ivreg2. If

you manually run two OLS regressions, the second-stage standard errors will be

wrong because they fail to account for the estimation uncertainty in ŝi.

3. The first stage need not have a causal interpretation. You can always

run a regression without claiming causality. What matters is that the instrument

predicts the endogenous variable. That said, in practice it is better if you have

a reason to believe that z actually affects s; a strong theoretical story makes the

first stage more credible.

There is a close connection between Wald and 2SLS estimators.

• The Wald estimator is only available when the number of endogenous variables

equals the number of instruments (exactly identified).

• When the model is just-identified, the 2SLS estimator is algebraically identical

to the Wald estimator.

• In general, 2SLS is more efficient, and it is the most efficient IV estimator under

homoskedasticity.

5.4 IV with Heterogeneous Treatment Effects:

LATE

So far, we have maintained the assumption of a constant treatment effect: every individ-

ual has the same causal effect ρ. In many applications, this is unrealistic. Some people

benefit more from schooling than others; some patients respond more to a drug than

others. What does the IV estimator identify when treatment effects are heterogeneous?
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This question was answered in a landmark paper by Imbens and Angrist (1994). The

answer is the Local Average Treatment Effect (LATE).

5.4.1 Setting: The Vietnam Draft Lottery

To motivate the framework, consider the classic study by Angrist (1990) on the effect

of military service on earnings. During the Vietnam War, young men in the United

States were drafted into the army based on a lottery: each birthday was assigned a

random draft lottery number, and men with numbers below a cutoff were likely to be

drafted. The key variables are:

• Yi: wage earnings,

• Di: whether individual i served in the military (treatment),

• zi: whether the draft lottery number is below the cutoff (instrument).

The draft number is a plausible instrument: it was randomly assigned (exogenous) and

it affected the probability of military service (relevant), but it should not affect wages

through any channel other than military service (exclusion restriction).

5.4.2 Potential Outcomes and Four Assumptions

We now define potential outcomes more carefully. Let Yi(d, z) denote the potential

outcome (wage) for individual i given treatment status d and instrument value z. Let

D1i and D0i denote the potential treatment status when the instrument takes value 1

and 0, respectively.

The LATE theorem requires four assumptions:

Assumption 5.4.1 (LATE). 1. Independence:

{Yi(D1i, 1), Yi(D0i, 0), D1i, D0i} ⊥⊥ zi.

The instrument is as good as randomly assigned: it is independent of both po-

tential outcomes and potential treatment status (agent types).

2. Exclusion Restriction:

Yi(d, 0) = Yi(d, 1) ≡ Ydi for d = 0, 1.
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The instrument can affect the outcome only through treatment. In the draft ex-

ample, the lottery number affects future wages only by changing military service,

not through any other channel (e.g., education decisions).

3. Existence of First Stage:

E[D1i −D0i] ̸= 0.

The instrument must shift the probability of treatment on average.

4. Monotonicity:

∀ i, D1i −D0i ≥ 0 (or vice versa).

The instrument moves treatment in the same direction for everyone (or has no

effect). There are no defiers, individuals who do the opposite of what the instru-

ment encourages.

5.4.3 Compliance Types

The monotonicity assumption partitions the population into three types based on how

individuals respond to the instrument:

• Compliers (D1i > D0i): People who change their treatment status because of

the instrument. In the draft example, these are men who served in the military

only because their lottery number was below the cutoff.

• Always-takers (D1i = D0i = 1): People who always take treatment regardless of

the instrument. These are men who would serve voluntarily even without being

drafted.

• Never-takers (D1i = D0i = 0): People who never take treatment regardless

of the instrument. These are men who would not serve even if drafted (e.g.,

obtained exemptions).

Monotonicity rules out a fourth type, defiers (D1i < D0i), individuals who would serve

when their number is above the cutoff but refuse when it is below. This assumption is

often plausible in practice.
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5.4.4 The LATE Theorem

Theorem 5.4.1 (LATE Theorem, Theorem 4.4.1 in Angrist and Pischke, 2009). Under

Assumptions 1–4, the IV (Wald) estimand identifies the average treatment effect for

the complier subpopulation:

E[Yi | zi = 1]− E[Yi | zi = 0]

E[Di | zi = 1]− E[Di | zi = 0]
= E[Y1i − Y0i | D1i > D0i]. (5.12)

Proof. By monotonicity there are no defiers, so the population is partitioned into

three types: always-takers (A), compliers (C), and never-takers (N). Decompose the

intention-to-treat (ITT) effect:

E[Yi | zi = 1]− E[Yi | zi = 0]

= P (Ai | zi = 1)E[Y1i | Ai, zi = 1] + P (Ci | zi = 1)E[Y1i | Ci, zi = 1]

+ P (Ni | zi = 1)E[Y0i | Ni, zi = 1]

−
[︁
P (Ai | zi = 0)E[Y1i | Ai, zi = 0] + P (Ci | zi = 0)E[Y0i | Ci, zi = 0]

+ P (Ni | zi = 0)E[Y0i | Ni, zi = 0]
]︁
.

By the independence assumption, zi is independent of compliance type and potential

outcomes. Therefore:

• P (Ai | zi = 1) = P (Ai | zi = 0) = P (Ai), and similarly for C and N.

• E[Ydi | type, zi = 1] = E[Ydi | type, zi = 0] for each type.

The always-taker terms cancel (both equal P (Ai)E[Y1i | Ai]). The never-taker terms

cancel (both equal P (Ni)E[Y0i | Ni]). Only the complier terms remain:

E[Yi | zi = 1]− E[Yi | zi = 0] = P (Ci)
(︁
E[Y1i | Ci]− E[Y0i | Ci]

)︁
.

Similarly, since only compliers change their treatment status with zi, the denominator

equals:

E[Di | zi = 1]− E[Di | zi = 0] = P (Ci).

Dividing:
E[Yi | zi = 1]− E[Yi | zi = 0]

E[Di | zi = 1]− E[Di | zi = 0]
= E[Y1i − Y0i | D1i > D0i].
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5.4.5 Interpreting LATE

LATE has several important properties:

• LATE is internally valid: it identifies a well-defined causal effect for a well-

defined subpopulation (compliers).

• LATE is policy-relevant: compliers are precisely those whose behavior can be

changed by the policy instrument. If a policymaker is considering expanding the

draft, the LATE tells them the average effect on the marginal group that would

be affected.

• Monotonicity is crucial: without it, the effects of compliers and defiers would

be mixed together, and the IV estimand would not have a clear causal interpre-

tation.

However, LATE also has important limitations:

• External validity: LATE is specific to the complier group induced by a par-

ticular instrument. If the policy changes, the complier group changes, and the

LATE may differ.

• Multi-valued instruments and treatments: When the instrument or treat-

ment is not binary, the number of compliance types grows exponentially, making

the traditional LATE framework difficult to apply. As Pinto (2015) discusses, we

need new approaches, such as combining IV with choice models, to handle these

cases. This will be the subject of Chapter 6.

5.5 Multiple IV and the GMM Framework

So far, we have considered settings with a single endogenous variable and a single

instrument. In practice, researchers often have multiple endogenous variables and

multiple instruments. The Generalized Method of Moments (GMM) provides a

unified framework for understanding all IV-related estimators.

5.5.1 Moment Equation Models

Let gi(β) be a known l × 1 function of a k × 1 parameter vector β.

Definition 5.5.1 (Moment Equation Model). A moment equation model is defined by
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the condition:

E[gi(β)] = 0. (5.13)

In this system, we have l known equations and k unknown parameters.

Example 5.5.1. The linear regression model is a moment equation model with l = k

and gi(β) = xi(Yi − x′iβ). The moment condition E[xi(Yi − x′iβ)] = 0 is just the

population orthogonality condition for OLS.

Given that these l equations are not linearly dependent, the relationship between l and

k determines the identification status:

• If l = k: the model is just-identified. There are exactly as many equations as

unknowns.

• If l > k: the model is over-identified. There are more equations than unknowns.

• If l < k: the model is under-identified. There are fewer equations than un-

knowns, and β cannot be uniquely recovered.

5.5.2 Method of Moments and GMM

When l = k (just-identified), we can solve the system of equations directly using the

Method of Moments Estimator (MME): set the sample analogue of the moment

conditions to zero and solve for β̂:

ḡn =
1

n

n∑︂
i=1

gi(β̂) = 0. (5.14)

OLS is a special case: ḡn = 1
n

∑︁n
i=1 xi(Yi − x′iβ̂) = 0 gives exactly the OLS normal

equations.

When l > k (over-identified), we have more equations than unknowns, so in finite

samples we generally cannot set all moment conditions to zero simultaneously. Here is

an important conceptual difference we need to clarify. Although we assume that the

moment conditions E[gi(β)] = 0 hold in the population, their sample analogue does

not hold exactly in finite samples because of sampling uncertainty.

Instead, we minimize the distance between the sample moment vector and zero:

J(β) = n ḡn(β)
′W ḡn(β), (5.15)
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where W is a positive-definite weighting matrix. The GMM estimator is:

β̂gmm = argmin
β

J(β). (5.16)

The function J measures the weighted Euclidean distance between ḡn and zero. The

MME (and thus OLS) is a special case of GMM when l = k.

5.5.3 Linear GMM

In the linear IV model, let Xi denote the (potentially endogenous) regressors and Zi

the instruments. The moment conditions are:

E[gi(β)] = E[Zi(Yi −X ′
iβ)] = 0. (5.17)

Stacking over the sample, the GMM estimator minimizes:

β̂gmm = argmin
β

1
n
(Z ′Y − Z ′Xβ)′W (Z ′Y − Z ′Xβ)⏞ ⏟⏟ ⏞

J(β)

.

Here the dimension for X is n× k, for Z is n× l, for Y is n× 1.

Theorem 5.5.1 (Linear GMM Estimator, Theorem 13.1 in Hansen, 2022). For the

linear IV model with k (possibly endogenous) regressors and l ≥ k instruments:

β̂gmm = (X ′ZWZ ′X)−1(X ′ZWZ ′Y ). (5.18)

This is a remarkably general formula. Many familiar estimators are special cases,

depending on the choice of W and the relationship between X and Z.

5.5.4 Special Cases of the Linear GMM Estimator

Case 1: OLS. When X = Z (no endogenous variables) and W = I:

β̂gmm = (X ′XIX ′X)−1(X ′XIX ′Y )

= (X ′X)−1(X ′X)−1(X ′X)(X ′Y )

= (X ′X)−1X ′Y = β̂ols.
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The second line follows because X ′X is a square matrix when X = Z (so l = k).

Case 2: Wald/IV Estimator. When l = k (just-identified) and W = I:

β̂gmm = (X ′ZIZ ′X)−1(X ′ZIZ ′Y )

= (Z ′X)−1(X ′Z)−1(X ′Z)(Z ′Y )

= (Z ′X)−1Z ′Y.

Since l = k, the matrix X ′Z is square and invertible. This is the Wald/IV estimator.

Case 3: 2SLS Estimator. Let Pz = Z(Z ′Z)−1Z ′ be the projection matrix onto

the column space of Z, so that the first-stage fitted values are X̂ = PzX. Projection

matrix P has an important property called idempotent, such that P · P = P .

When W = (Z ′Z)−1:

β̂gmm = (X ′Z(Z ′Z)−1Z ′X)−1(X ′Z(Z ′Z)−1Z ′Y )

= (X ′PzX)−1X ′PzY

= (X̂ ′X̂)−1X̂ ′Y.

This is exactly the 2SLS estimator: regress Y on X̂, where X̂ is the first-stage predic-

tion.

Remark 5.5.1. The fact that OLS, Wald, and 2SLS are all special cases of GMM

is not merely an algebraic curiosity. It means that the asymptotic theory for GMM

(consistency, asymptotic normality, efficient weighting) applies to all of these estimators

as special cases. Understanding GMM gives you a unified toolkit for inference in IV

models.

5.5.5 Over-identification Test

When we have more instruments than endogenous variables (l > k), we can test whether

the moment conditions hold, that is, whether the instruments are valid. The logic is

intuitive: if all instruments are valid, the minimized value of J should be close to zero.

The test result below builds on Hansen (2022).

Theorem 5.5.2 (Hansen’s J-Test, Theorem 13.14 in Hansen, 2022). Under the null hy-
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pothesis that all moment conditions are satisfied, when J is evaluated with the efficient

weight matrix W =
(︁
E[gig

′
i]
)︁−1

(or a consistent estimate of it), as n→∞:

J = J(β̂gmm)
d−→ χ2

l−k. (5.19)

For c satisfying α = 1−Gl−k(c), where Gl−k denotes the χ2
l−k distribution function, we

reject H0 if J > c. The test has asymptotic size α.

Caution with the Over-identification Test

The J-test has several important caveats:

1. You should hope for non-rejection. A valid IV strategy implies that J

should be small. Rejection means something is wrong with at least one of

the moment conditions.

2. Feasibility requires over-identification. The test can only be conducted

when l > k. In the just-identified case, J = 0 by construction, and there is

nothing to test.

3. Rejection has multiple interpretations. The J-test is a specification

test: rejection does not necessarily mean E[gi] ̸= 0. It could also reflect

non-linearity or other forms of model misspecification.

4. Non-rejection does not prove validity. The J-test has power against

specific alternatives, but it cannot detect all forms of instrument invalidity.

5. Finite-sample size distortion. The actual rejection rate in finite samples

tends to be too large (the test over-rejects).

5.6 Oster Bound: Endogeneity without IV

Finding a valid instrument is often extremely difficult. In many empirical settings, no

credible instrument is available. What can we do when we face an endogeneity problem

but cannot find an IV?

Oster (2019) proposes a method, Oster bound, that uses the pattern of coefficient

stability and changes in R2 across specifications to assess the robustness of OLS esti-

mates to omitted variable bias. It is important to be clear about what this method

does and does not do.
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5.6.1 Point Identification vs. Set Identification

Before presenting the method, it is useful to clarify two concepts:

Definition 5.6.1 (Point Identification). A parameter β is point-identified if there

is a unique mapping from the data distribution to the parameter value. No other

parameter value could generate the same data.

Definition 5.6.2 (Set Identification). A parameter β is set-identified if the data

restrict β to lie within a set, but do not uniquely pin it down. No parameter value

outside the identified set is consistent with the data.

IV provides point identification of ρ (under its assumptions). The Oster bound provides

only set identification: it gives a range within which the true effect plausibly lies. It is

not a method for point estimation. It provides suggestive evidence when nothing else

is available.

5.6.2 The Intuition

The core intuition of the Oster bound is simple and elegant: the relationship be-

tween the treatment variable and unobservable confounders can be partially

recovered from the relationship between the treatment variable and observ-

able controls.

Consider the following thought experiment. You run two regressions:

1. A “short” regression of Y on X alone (no controls), obtaining coefficient β̊ and

R-squared R̊.

2. An “intermediate” regression of Y on X and a set of observed controls ω, obtain-

ing β̃ and R̃.

If there is large omitted variable bias, then when we add informative controls, the

coefficient on X should change substantially and the R2 should increase a lot. The

Oster bound exploits this logic: if the coefficient is stable (changes only a little) when

we add a strong, informative control (one that substantially increases R2), this is

evidence that omitted variable bias is small.
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5.6.3 The Formal Setup

Suppose we are interested in the effect of X on Y . There are two sets of variables W1

and W2, both correlated with X and Y . The variable W1 can be represented by some

observed proxies ω, while W2 is unobservable. The model is:

Y = βX +Ψω +W2 + ϵ, (5.20)

W1 = Ψω,

where W1 and W2 are assumed to be orthogonal to each other.

Define the proportional selection relationship δ:

δ
σ1X
σ2
1

=
σ2X
σ2
2

, (5.21)

where σjX = Cov(Wj, X) and σ2
j = Var(Wj) for j = 1, 2. The parameter δ measures

the relative importance of the observed controlsW1 versus the unobserved confounders

W2 in their relationship with the treatment X:

• When δ is large, the unobserved variable W2 is relatively more important than

the observed control W1.

• When δ = 1, the unobservable and observable are equally related to the treat-

ment.

5.6.4 Three Regressions, Two Key Parameters

Denote the coefficient on X and the R-squared from three regressions:

1. Short regression: Y on X ⇒ β̊, R̊.

2. Intermediate regression: Y on X and ω ⇒ β̃, R̃.

3. Full regression: Y on X, ω, and W2 ⇒ Rmax.

We can compute β̊, R̊, β̃, and R̃ from the data. The two unknowns are δ (the propor-

tional selection parameter) and Rmax (the R-squared from the hypothetical regression

that includes all confounders). Given R̊ and R̃, we can infer how much variation is

explained by observed controls; Rmax tells us the share explained by the additional

unobserved control W2.
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5.6.5 Key Theoretical Results

Oster (2019) provides three propositions connecting δ, Rmax, and bias.

Proposition 5.6.1 (Proposition 1 in Oster (2019): Debiased Estimator under δ = 1).

When δ = 1 (observables and unobservables are equally important), the bias-adjusted

estimator is

β∗ = β̃ − [β̊ − β̃]Rmax − R̃
R̃− R̊⏞ ⏟⏟ ⏞

bias

, (5.22)

and this debiased estimator is asymptotically consistent: β∗ p−→ β.

The formula has an intuitive interpretation. The bias is positively related to the co-

efficient change β̊ − β̃ (how much the coefficient moves when controls are added) and

the ratio Rmax−R̃

R̃−R̊
(how much additional variation the unobservables explain, relative to

what the observables explained).

Proposition 5.6.2 (Proposition 2 in Oster (2019)). Given δ and Rmax, we can cal-

culate the bias and find a debiased estimator. In some cases, there may be multiple

solutions, requiring solution selection. In short: δ, Rmax → bias, β.

Proposition 5.6.3 (Proposition 3 in Oster (2019)). Given Rmax and any targeted value

of the treatment effect β, we can find the value of δ that makes the bias zero. In short:

Rmax, β, bias = 0→ δ.

Of course, we never observe δ or Rmax (since W2 is unobservable). But these proposi-

tions give us a powerful tool for bounding β under assumptions about these parameters.

5.6.6 Implementation in Practice

There are two practical methods for using the Oster bound:

Method 1: How robust is our result? Assume a value for Rmax and calculate

the value of δ for which β = 0 based on Proposition 5.6.3. This tells us how impor-

tant unobservables would need to be (relative to observables) to completely erase the

estimated effect.

1. As a rule of thumb, set Rmax = min{1, 1.3R̃}. The factor 1.3 is derived from

letting 90% of RCT studies in top journals pass this test.
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2. Set β = 0 and find the corresponding δ.

3. If δ > 1, our results are robust: unobservables would need to be more important

than observables to overturn the finding.

Method 2: What is a conservative bound? Assume conservative values for both

Rmax and δ, and calculate the debiased estimate β∗ based on Proposition 5.6.2.

1. Set Rmax = min{1, 1.3R̃} and δ = 1.

2. Calculate β∗ using (5.22).

3. The conservative bound on the treatment effect is [β̃, β∗].

4. If the interval does not contain zero, the result is robust.

Limitations of the Oster Bound

1. The Oster bound is a last resort: use it when no valid instrument or other

identification strategy is available.

2. The choice of Rmax and δ is inherently arbitrary. The bound provides a sense

of robustness, not a definitive answer.

3. It can also be used as a robustness check alongside other methods.

4. An application in economics: Clark et al. (2021) use the Oster bound to

assess the robustness of their estimates of the effect of online learning on

student performance during the COVID-19 pandemic.

5.7 Conclusion

This chapter introduced the instrumental variables framework as the primary tool for

addressing endogeneity in empirical economics. The key takeaways are:

1. IV requires two assumptions: the exclusion restriction (the instrument affects

the outcome only through the endogenous variable) and the existence of a first

stage (the instrument is correlated with the endogenous variable). Both must be

carefully justified in any application.

2. With heterogeneous treatment effects and a single binary endogenous

variable and instrument, the IV/Wald estimator identifies the Local Aver-

age Treatment Effect (LATE), the average effect for the complier subpopula-
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tion. LATE is internally valid and policy-relevant, but not necessarily externally

valid.

3. GMM is the general framework for IV estimation. OLS, the Wald estimator,

and 2SLS are all special cases of the linear GMM estimator, differing only in the

weighting matrix and the relationship between the number of regressors and the

number of instruments.

4. Over-identification tests (Hansen’s J-test) allow us to assess whether the mo-

ment conditions hold, but they should be interpreted cautiously.

5. When no valid IV is available, the Oster bound provides a way to assess

robustness to omitted variable bias. It is based on the idea that the relation-

ship between treatment and unobservables can be inferred from the relationship

between treatment and observables. However, it provides only set identification

and relies on somewhat arbitrary parameter choices.

In the next chapter, we will relax the remaining simplifying assumptions: we will move

beyond binary variables and binary instruments, and consider how to combine IV with

choice models to handle more complex settings.

5.8 Application of IV: Angrist (1990)

We have invoked the Vietnam draft lottery several times in this chapter as the canon-

ical motivating example for IV with heterogeneous treatment effects. The empirical

study that established this design as a textbook reference is Angrist (1990), “Lifetime

Earnings and the Vietnam Era Draft Lottery: Evidence from Social Security Adminis-

trative Records,” published in the American Economic Review. The research question

is simple but consequential: did military service in the Vietnam era cause a long term

reduction in civilian earnings? The naive answer, comparing earnings of veterans and

nonveterans, is contaminated by selection into the military: men who enlisted or were

drafted differ from those who did not in many ways that also affect earnings (educa-

tion, health, family background, expected labor market prospects). Without a credible

source of exogenous variation, the OLS comparison cannot be given a causal interpre-

tation.

The methodological contribution of the paper is to use the Vietnam era draft lottery

as an instrument for veteran status. From 1970 to 1972, the United States Selective
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Service assigned each draft age man a random sequence number based on his date

of birth. Men whose number fell below an administratively determined ceiling were

called for induction, while those above the ceiling were exempt. The lottery number is

plausibly random with respect to potential earnings and affects civilian earnings only

through its effect on the probability of military service, so it satisfies the relevance,

exclusion, and independence conditions discussed in Sections 5.2 and 5.4. Angrist

constructs draft eligibility as the binary instrument and uses it together with Social

Security administrative earnings records, computing Wald style estimates by birth

cohort and confirming the results with 2SLS that absorbs cohort fixed effects. Under

the heterogeneous treatment effects framework of Section 5.4, the estimand is a LATE:

the average earnings loss for compliers, that is, men who served because they were

draft eligible but would not have served otherwise.

The main empirical finding is that Vietnam era military service caused a sizable and

persistent decline in the earnings of white veterans, on the order of fifteen percent of

nonveteran earnings in the early 1980s, roughly a decade after discharge. For nonwhite

men the estimated effect is much smaller and statistically indistinguishable from zero.

Beyond the substantive finding, the paper has been hugely influential as a methodolog-

ical template: it shows in a single setting how to combine a randomized policy lever

with administrative data and the IV/LATE machinery to recover a credible causal ef-

fect. I strongly encourage students to read the original article to see how the formal

framework of this chapter plays out in a real empirical study.

Homework Problems

1. IV Identification with Covariates.

Consider the model

Yi = α+ β1Xi + β2Di + ϵi,

where Di is endogenous (Cov(Di, ϵi) ̸= 0) and Xi is exogenous. Suppose zi is a

valid instrument: Cov(zi, ϵi) = 0 and Cov(zi, Di) ̸= 0.

(a) Show that the IV estimator of β2 can be written as a ratio of covariances

involving the residuals from projecting Yi and Di on Xi.

(b) Explain intuitively why we need to “partial out” Xi before applying IV.
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2. LATE with Compliance Data.

Suppose 1000 individuals are randomly assigned to treatment (zi = 1, 500 people)

or control (zi = 0, 500 people). Among those assigned to treatment, 300 actually

take treatment (Di = 1) and 200 do not. Among those assigned to control, 50

take treatment and 450 do not. Average outcomes: Ȳ (z = 1) = 10, Ȳ (z = 0) = 8.

(a) Calculate the Wald/LATE estimator.

(b) What fraction of the population are compliers? Always-takers? Never-

takers?

(c) Under what assumption can we rule out defiers?

3. Oster Bound Calculation.

A researcher estimates the effect of class size on test scores. The short regression

(no controls) gives β̊ = −2.5 with R̊ = 0.04. Adding school-level controls gives

β̃ = −1.8 with R̃ = 0.22.

(a) Using Rmax = 1.3× R̃ and δ = 1, compute the bias-adjusted estimate β∗.

(b) Does the interval [β̃, β∗] contain zero? What does this tell us about robust-

ness?

(c) Using the same Rmax, find the value of δ that would make β∗ = 0. Is the

result robust?

Practice Example: Returns to Schooling

In this practice example, we simulate data to illustrate the endogeneity problem and

the IV solution. The setting mirrors the classic returns-to-schooling question.

Data Generating Process. We simulate N = 2,000 individuals. Each individual

has an unobserved ability Ai ∼ N(0, 1). A binary instrument zi (e.g., proximity to a

college) is randomly assigned with P (zi = 1) = 0.5, independent of ability. Schooling

is determined by:

si = 12 + 2zi + 1.5Ai + ui, ui ∼ N(0, 1),



CHAPTER 5. INTRODUCTION TO INSTRUMENTAL VARIABLES 125

so the instrument shifts schooling by 2 years on average. Wages are:

Yi = 20 + 3si + 2Ai + ϵi, ϵi ∼ N(0, 25),

so the true causal effect of one additional year of schooling is ρ = 3. Because ability

Ai enters both equations, OLS on the short regression will be upward biased.

Analysis. The Stata do-file (located at src/chapter 5/ch5 iv.do) performs the

following steps:

1. Simulate the data and save as data/chapter 5/ch5 iv.dta.

2. Run OLS of Y on s (biased estimate).

3. Run the first-stage regression of s on z.

4. Run the reduced-form regression of Y on z.

5. Compute the Wald estimator as the ratio of reduced-form to first-stage coeffi-

cients.

6. Run 2SLS using ivregress 2sls.

7. Run the manual two step procedure (OLS of Y on the first-stage fitted values ŝ)

and compare its standard error with the one reported by ivregress.

8. Compare OLS and IV estimates to the true effect ρ = 3.

Expected Results. The OLS estimate should be substantially above 3 (upward

biased due to ability). The IV/2SLS estimate should be close to 3. The first-stage

F -statistic should be large, confirming instrument relevance. The manual two step

procedure reproduces the 2SLS point estimate exactly but reports a different standard

error, which illustrates why 2SLS should never be computed by hand.



Chapter 6

IV beyond LATE

6.1 Introduction: The Limits of LATE

In the previous chapter we developed the Local Average Treatment Effect interpretation

of IV, following Imbens and Angrist (1994). LATE is elegant, transparent, and tightly

linked to a research design: if the instrument is randomly assigned, satisfies exclusion,

and induces a monotone change in treatment, then 2SLS recovers the average causal

effect for the subpopulation of compliers. Almost every modern IV paper in applied

economics is, implicitly or explicitly, an exercise in interpreting an estimate as a LATE.

This is a real achievement, but LATE has two important limitations that the original

framework cannot easily overcome (Heckman and Vytlacil, 2007a,b).

First, the standard LATE theorem assumes a single binary instrument and a single

binary treatment. In practice we often have multiple instruments, multivalued instru-

ments, or a multivalued treatment such as years of schooling. Once we leave the clean

2 × 2 world, the IV/2SLS estimand becomes a weighted average of treatment effects,

where the weights depend on the first stage, the structure of the instrument, and the

behavior of agents. Understanding what 2SLS is actually estimating in these settings

requires more work, and in some cases requires us to import economic theory into the

identification argument.

Second, LATE is internally valid but not externally valid. The complier subpopula-

tion is defined ex post, by the way agents respond to a particular instrument. If the

policy environment changes, the compliers change too. The Vietnam draft compliers

126
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of Angrist (1990) are not the same group as the Vietnam volunteers, and they are not

the same group as those induced to enlist by a future policy. We can use LATE to

evaluate the policy that produced our instrument, but we cannot generally use it to

forecast the effect of a new policy on a different group of marginal participants.

This chapter does two things to address these limitations.

Part one generalizes the LATE interpretation within its original design-based frame-

work. We work through three cases in turn: multiple binary instruments, a multivalued

(ordered) treatment with a binary instrument, and a multivalued instrument. The first

two have clean weighted-average interpretations that follow from imposing monotonic-

ity. The third reveals that monotonicity is not innocuous when the instrument takes

more than two values, and forces us to think more carefully about the choice problem

agents are solving. We introduce the weak and strong axioms of revealed preference

(WARP and SARP) and walk through the Pinto (2015) Moving to Opportunity (MTO)

example to see how economic theory regularizes IV identification when the design alone

is not enough.

Part two introduces the Marginal Treatment Effect (MTE) framework of Heckman

and Vytlacil (2005, 2007a,b). The MTE is the average treatment effect for agents who

are indifferent between taking and not taking treatment, indexed by their observable

covariates X and a one-dimensional unobserved resistance UD. It is a deep structural

parameter that does not depend on which instrument we use; LATE, ATE, ATT,

ATUT, and the IV and OLS estimands are all weighted averages of the MTE with

different weights. We define the MTE and show how to estimate it using the Local

Instrumental Variable (LIV) estimand.

We close the chapter with the Kline and Walters (2016) application to Head Start,

which illustrates how an IV strategy can be interpreted from a more general behavioral

model perspective and taken beyond any single LATE estimate.

The unifying theme of this chapter is that treatment selection is intrinsically part of

any IV problem. The pure design-based approach hides the selection problem inside

the monotonicity assumption. When we let the choice structure come back into the

open, IV becomes more powerful, more informative, and more transparently linked to

the economic primitives we usually care about.
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6.2 Choice Model Embedded in IV

Before we generalize anything, it is worth recognizing that the LATE framework already

contains a choice model. We just used it without naming it.

Recall the LATE theorem from Chapter 5. With binary IV Z ∈ {0, 1} and binary treat-

ment D ∈ {0, 1}, agents fall into four behavior types based on the pair (D(0), D(1)):

• Always-takers (A): D(0) = D(1) = 1.

• Never-takers (N): D(0) = D(1) = 0.

• Compliers (C): D(0) = 0, D(1) = 1.

• Defiers (Def): D(0) = 1, D(1) = 0.

The monotonicity assumption rules out defiers. Where does this assumption come

from? It is not a statistical convenience. It comes from a model of choice. If the

instrument Z shifts the cost of treatment, and treatment is a non-Giffen good, then a

lower cost can only weakly increase the probability of taking treatment. Formally: if

an agent chooses D = 1 when the price is high (Z = 0), then he or she will also choose

D = 1 when the price is lower (Z = 1). Defiers are ruled out by the law of demand.

This is more than a curiosity. It tells us that whenever we invoke monotonicity, we are

implicitly invoking an economic model of how agents respond to incentives. In the 2×2
case the model is so simple it disappears from view. When we move to multivalued

instruments and treatments, the underlying choice model has to do more work, and the

assumptions we need become richer and more substantive. The slogan of this chapter

is exactly that: when statistical tools run out, economics is what you have left.

With this perspective in mind, let us see what happens as we move to more general IV

settings.



CHAPTER 6. IV BEYOND LATE 129

6.3 Generalizing LATE: Three Cases

6.3.1 Recap: Binary Instrument, Binary Treatment

In the 2× 2 case there are four observed conditional expectations, one for each combi-

nation of Z and D:

E[Y | Z = 1, D = 1] = P (A | Z = 1, D = 1)E[Y1 | Z = 1, D = 1, A]

+ P (C | Z = 1, D = 1)E[Y1 | Z = 1, D = 1, C],

E[Y | Z = 1, D = 0] = E[Y0 | Z = 1, D = 0, N ],

E[Y | Z = 0, D = 1] = E[Y1 | Z = 0, D = 1, A],

E[Y | Z = 0, D = 0] = P (N | Z = 0, D = 0)E[Y0 | Z = 0, D = 0, N ]

+ P (C | Z = 0, D = 0)E[Y0 | Z = 0, D = 0, C].

The left hand side is observed; the right hand side mixes potential outcomes that we

cannot observe directly. Under monotonicity (no defiers) and the independence of Z,

this system of four equations can be inverted to identify LATE, the average treatment

effect for compliers. The tree of behavior types underlying the system is shown in

Figure 6.1.

Agent

Z = 0

Z = 1

D = 0

D = 1

D = 0

D = 1

Compliers & Never-takers

Always-takers

Never-takers

Always-takers & Compliers

Figure 6.1: Behavior types observed under each combination of (Z,D) in the binary case,
after monotonicity has ruled out defiers.
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Three behavior types and four observed expectations: the system is just identifiable

enough to recover the LATE for compliers. Once we leave this tight 2 × 2 world, the

number of behavior types grows quickly, and the identification arithmetic becomes

more interesting.

6.3.2 Multiple Binary Instruments

Suppose we have two binary instruments z1 and z2, both valid (each independent of

potential outcomes and inducing a first stage), and a binary treatment. The natu-

ral empirical move is to run 2SLS using both instruments. What does the resulting

coefficient represent?

Angrist and Pischke (2009), Section 4.5.1, show that if monotonicity holds separately

for each instrument, the 2SLS coefficient is a convex combination of the two instrument-

specific LATEs:

Proposition 6.3.1 (2SLS with Multiple Binary Instruments, Section 4.5.1 in Angrist

and Pischke, 2009). With two binary instruments z1, z2, both satisfying independence

and monotonicity, the 2SLS estimand is

ρ2SLS = ψ LATE1 + (1− ψ)LATE2, ψ ∈ (0, 1),

where LATEk is the LATE identified by instrument zk alone. To express the weight, let

the first stage fitted treatment be D̂i = π1z1i + π2z2i, where π1 and π2 are the first stage

coefficients. Then, following Angrist and Pischke (2009, p. 131),

ψ =
π1Cov(Di, z1i)

π1Cov(Di, z1i) + π2Cov(Di, z2i)
∈ (0, 1),

so 2SLS gives more weight to the instrument with the stronger first stage.

The intuition is that 2SLS gives more weight to the instrument that does more work in

the first stage. A strong instrument with a small LATE will pull the combined estimand

toward that small LATE; a weak instrument with a large LATE will contribute less.

This is reassuring and a little disquieting at the same time. Reassuring because 2SLS

is at least a sensible weighted average; disquieting because the weights are determined

by statistical first-stage strength, not by what we care about substantively. If LATE1

and LATE2 are similar in magnitude, the combination is informative. If they differ a
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lot, ρ2SLS can be hard to interpret as a single parameter.

There is also a deeper subtlety. With multiple instruments we have an overidentified

system, and we can run the Hansen J-test for overidentifying restrictions (Chapter

5). The test asks whether the two instruments give statistically consistent estimates.

Rejecting the test is often interpreted as evidence that at least one instrument is invalid.

But with heterogeneous treatment effects, it could equally well mean that the two

instruments are valid but identify different LATEs. The J-test cannot distinguish

these two stories. In an MTE framework, the second story turns out to be a feature

rather than a bug, because the two LATEs correspond to different windows of UD.

6.3.3 Multivalued Treatment: The Average Causal Response

Now keep the instrument binary but let the treatment take ordered integer values

s ∈ {0, 1, 2, . . . , s̄}. The canonical example is years of schooling. The instrument z

might be a compulsory schooling law: z = 1 if the law applies, z = 0 otherwise. The

treatment is the resulting years of schooling, which is naturally multivalued.

Angrist and Pischke (2009) state the relevant generalization, the Average Causal Re-

sponse (ACR). The assumptions parallel the binary LATE assumptions:

Assumption 6.3.1 (ACR). Assume that Ysi is the potential outcome of Y if treatment

is s, and szi is the potential outcome of s if the instrument is z.

1. Independence: {Y0i, Y1i, . . . , Ys̄,i; s0i, s1i} ⊥ zi. The instrument is as good as

randomly assigned with respect to all potential outcomes and all potential treat-

ments.

2. First stage: E[s1i − s0i] ̸= 0. The instrument shifts the average level of treat-

ment.

3. Monotonicity: s1i − s0i ≥ 0 for all i (or weakly the reverse for all i). The

instrument moves every agent’s treatment in the same direction.

The monotonicity assumption now has bite: it requires us to have an ordered list of

treatment values, so that the phrase “the instrument moves treatment in the same direc-

tion” is meaningful. For schooling this is natural; for unordered categorical treatments

it is not.

Under these assumptions, the IV estimand has a clean interpretation.
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Theorem 6.3.1 (Average Causal Response, Theorem 4.5.3 in Angrist and Pischke,

2009). Under independence, first stage, and monotonicity, the IV/Wald estimator with

a binary instrument and ordered multivalued treatment satisfies

E[Yi | zi = 1]− E[Yi | zi = 0]

E[si | zi = 1]− E[si | zi = 0]
=

s̄∑︂
s=1

ωsE[Ys,i − Ys−1,i | s1i ≥ s > s0i],

where the weights are

ωs =
P [s1i ≥ s > s0i]∑︁s̄
j=1 P [s1i ≥ j > s0i]

.

Unpack this slowly. The quantity Ys,i−Ys−1,i is the unit response, or stepwise treatment

effect, of moving from treatment level s − 1 to s for individual i. For each step, we

average over the compliers whose treatment span crosses that step: agents for whom

s0i is below s and s1i is at or above s. The weight ωs is the share of all step-crossings

that occur at step s. By construction the weights sum to one, so the estimand is a

proper convex combination of stepwise effects.

This is the ACR: a weighted average of the unit causal responses, over the steps and over

the compliers who cross each step. For schooling, an IV estimate using a compulsory

schooling law identifies an average return per year of schooling, but only over the

marginal years of schooling that the law actually shifts, and only for the compliers

who shift on those margins. It is not the population average return per year, and it is

not the return for any one fixed margin (say, the return to a four year college degree).

What it is, and where it lies in the distribution of returns, depends on which margins

the instrument moves.

If we have multiple binary instruments and multivalued treatment, the interpretation

combines this case with the previous one: a weighted average across instruments, each

of which contributes its own ACR. The weighting scheme becomes baroque quickly,

and the practical advice is to be very explicit about what compliers and what margins

your instrument is moving.

6.3.4 Multivalued Instrument and the Monotonicity Trap

Now consider the opposite case: binary treatment but multivalued instrument z ∈
{0, 1, 2, . . .}. An example is the MTO experiment of Pinto (2015), where three voucher

policies are randomly assigned. We will return to MTO in detail below. First, let us
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see why this case is genuinely harder.

A natural first instinct is to decompose the multivalued instrument into binary dummies

and run 2SLS. With z ∈ {0, 1, 2} we could define

z1 = 1[z = 1], z2 = 1[z = 2],

and use both as instruments. Each dummy looks binary, so we are tempted to treat

the resulting estimand as a weighted average of two LATEs, as in the multiple-IV case

above. Unfortunately monotonicity can fail for the dummies even when it holds for z.

To see this, consider the group with z1 = 0. These agents have either z = 0 or

z = 2. Suppose the original instrument z is monotonic in the natural ordering, so that

D(z = 0) ≤ D(z = 1) ≤ D(z = 2). When z1 flips from 0 to 1, agents starting from

z = 0 move up to z = 1 (treatment weakly increases), but agents starting from z = 2

move down to z = 1 (treatment weakly decreases). The same change in z1 pushes

different agents in opposite directions in D. Monotonicity for z1 is violated.

This is what we will call the monotonicity trap. It is not a small technical issue. It

means that the IV estimate using these naive dummies is a weighted combination

of effects that may have different signs, and the weights can even be negative. We

cannot interpret the resulting estimand as any single average treatment effect for a

clean subpopulation.

But is there a different dummy decomposition that could avoid the trap? The answer

is yes: instead of indicator dummies, use cumulative dummies z̃1 = 1[z ≥ 1] and

z̃2 = 1[z ≥ 2]. With the natural ordering and monotonicity of z, each cumulative

dummy is monotone inD, and the 2SLS estimand is a non-negative convex combination

of the LATEs for the marginal step shifts. We leave the verification as a homework

problem; it generalizes immediately to instruments with more than three values.

Even with cumulative dummies, however, monotonicity is no longer a free assumption.

In the binary case it is essentially harmless: it says the instrument has the same sign for

everyone. First, in the multivalued case, it must hold for each step of the instrument,

which leads to a set of much stronger assumptions. Second, in many cases instrument

values do not have a natural order, leading to difficulty in defining the steps. Third,

even if we could decompose the IV successfully, the weighted average of these LATEs is

hard to interpret, because for compliers responding to z ≥ 1, some are also responding
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to z ≥ 2, which leads to overlap of the complier groups for each sub-LATE before

taking the average. As a result, we have to step into the agent’s optimization problem

to illustrate what we are identifying here.

6.3.5 Revealed Preference and the Pinto MTO Example

6.3.5.1 Axioms of Revealed Preference

The natural framework for thinking about how budget shifts (from the instrument)

change choices (the treatment) is revealed preference. Two axioms from microeco-

nomics, the Weak Axiom of Revealed Preference (WARP) and the Strong Axiom of

Revealed Preference (SARP), turn out to be exactly the tools we need.

Definition 6.3.1 (WARP, Definition 2.F.1 in Mas-Colell, Whinston, and Green, 1995).

The demand function x(p, w) satisfies the Weak Axiom of Revealed Preference if, for

any two price-wealth situations (p, w) and (p′, w′):

p · x(p′, w′) ≤ w and x(p′, w′) ̸= x(p, w) =⇒ p′ · x(p, w) > w′.

In words: if some bundle is feasible at (p, w) but not chosen, and the agent chose

a different bundle there, then that chosen bundle must not be affordable in the new

situation. That is, x(p, w) is revealed preferred to x(p′, w′), written x(p, w) ≿R x(p
′, w′).

Definition 6.3.2 (SARP, Definition 3.J.1 in Mas-Colell, Whinston, and Green, 1995).

The demand function x(p, w) satisfies the Strong Axiom of Revealed Preference if,

for any sequence of price-wealth situations (p1, w1), . . . , (pN , wN) with x(pn+1, wn+1) ̸=
x(pn, wn) for all n ≤ N−1, we have pN ·x(p1, w1) > wN whenever pn·x(pn+1, wn+1) ≤ wn

for all n ≤ N − 1.

SARP is WARP plus transitivity. If x1 is revealed preferred to x2, which is revealed

preferred to x3, which is revealed preferred to . . ., which is revealed preferred to xN ,

then x1 is revealed preferred to xN . WARP rules out direct cycles between two bundles;

SARP rules out cycles of any length.

For the IV identification problem, the SARP machinery lets us carry preferences across

different policy environments (different instrument values). If we know an agent chose

t over t′ at one policy setting (with a corresponding budget), and the budget for t

weakly expands and the budget for t′ weakly shrinks under a new policy, then SARP
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says the agent will still choose t over t′ at the new budget set. This is exactly the kind

of cross-policy restriction we need to rule out implausible behavior types and reduce

the number of parameters we have to identify.

6.3.5.2 The MTO Setting

We illustrate this with the Moving to Opportunity experiment, analyzed by Pinto

(2015). MTO randomized vouchers among low income families in five US cities, with

the explicit goal of encouraging relocation to lower poverty neighborhoods. There are

three random assignments (three values of the instrument):

• Control (z1): no voucher.

• Experimental (z2): voucher usable only for housing in a low poverty neighbor-

hood.

• Section 8 (z3): voucher usable for any housing.

And three possible relocation choices (three values of the treatment):

• t = 1: do not relocate.

• t = 2: relocate to a low poverty neighborhood.

• t = 3: relocate to a high poverty neighborhood.

The realized compliance pattern in MTO is shown in Figure 6.2, reproducing Figure 1

of Pinto (2015). Most families in the control group did not move; in the experimental

group, voucher compliers all moved to low poverty neighborhoods (by construction);

and in the Section 8 group, most voucher compliers moved to high poverty neigh-

borhoods. Voucher non-compliers in the experimental and Section 8 groups behaved

similarly to the control group, mostly not moving.
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Randomization

(4248 families)

Control

(1310)

Experimental

(1729)

Section 8

(1209)

No Voucher

(1310)

No Voucher Use

(911)

Voucher Compliers

(818)

No Voucher Use

(493)

Voucher Compliers

(716)

Do not move (79%)

Low-poverty (4%)

High-poverty (17%)

Do not move (84%)

Low-poverty (1%)

High-poverty (15%)

Low-poverty (100%)

Do not move (80%)

Low-poverty (3%)

High-poverty (17%)

Low-poverty (14%)

High-poverty (86%)

Figure 6.2: Neighborhood relocation by voucher assignment and compliance in MTO.
Adapted from Figure 1 of Pinto (2015).

6.3.5.3 Why the Type Space Explodes

With three voucher values and three moving choices, an agent’s behavior type is de-

scribed by the triple

Sω = [Cω(z1), Cω(z2), Cω(z3)],

the choice the family would make under each voucher. There are 33 = 27 possible types.

We observe nine conditional expectations E[Y | z, t] for z ∈ {z1, z2, z3} and t ∈ {1, 2, 3}.
A system of 9 equations with 27 behavior types cannot identify the underlying causal

parameters without further structure. In general, with n choices and m instrument

values, the number of behavior types is nm and the number of observed expectations

is n×m. The behavior types grow exponentially in m; the observations grow linearly.

There is no hope of identification without ruling out behavior types.

Luckily, the MTO design itself, together with rational choice, lets us rule out most
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of them. Let uω(k, t) be the family’s utility over consumption k and moving choice

t ∈ {1, 2, 3}, and let Wω(z, t) be the budget set the family faces if it chooses t under

voucher z. The three policies translate into the following budget set restrictions.

Assumption 6.3.2 (A-1 and A-2 in Pinto, 2015). For every family ω:

Wω(z1, 2) ⊊ Wω(z2, 2) = Wω(z3, 2), (6.1)

Wω(z1, 3) = Wω(z2, 3) ⊊ Wω(z3, 3), (6.2)

Wω(z1, 1) = Wω(z1, 2) = Wω(z1, 3) = Wω(z2, 1) = Wω(z2, 3) = Wω(z3, 1). (6.3)

In words: (1) under the experimental or Section 8 vouchers, moving to a low poverty

neighborhood expands the budget set, because the voucher subsidizes it. (2) Under the

Section 8 voucher, moving to a high poverty neighborhood also expands the budget, but

the experimental voucher does not subsidize this choice. (3) For any other combination

(not moving, or moving to a place the voucher does not subsidize), the budget set is

the same as under no voucher.

Combining these with SARP and the standard assumption of rational preferences,

Pinto (2015) derives the following choice restrictions.

Lemma 6.3.1 (Lemma L-1 in Pinto, 2015). If preferences are rational, then under

Assumptions A-1 and A-2:

1. Cω(z1) = 2⇒ Cω(z2) = 2, Cω(z3) ̸= 1,

2. Cω(z1) = 3⇒ Cω(z2) ̸= 1, Cω(z3) ̸= 1,

3. Cω(z2) = 1⇒ Cω(z1) = 1, Cω(z3) ̸= 2,

4. Cω(z2) = 3⇒ Cω(z1) = 3, Cω(z3) = 3,

5. Cω(z3) = 1⇒ Cω(z1) = 1, Cω(z2) = 1,

6. Cω(z3) = 2⇒ Cω(z2) = 2.

The proof, which we omit, applies SARP repeatedly. The flavor is captured by case 1.

If a family chooses to move to a low poverty neighborhood under the control voucher

z1, when no moving option is subsidized, then under the experimental voucher z2 the

budget for moving to a low poverty neighborhood weakly expands while the budgets

for not moving and for moving to a high poverty neighborhood do not change. SARP
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says the family should still prefer moving to a low poverty neighborhood, so Cω(z2) = 2.

Under z3, the budgets for both kinds of moves expand, so the family will not choose

not to move; but the family might now prefer moving to a high poverty neighborhood,

so we cannot rule out Cω(z3) = 3. We can only conclude Cω(z3) ̸= 1.

To go further, Pinto (2015) adds the standard assumption that neighborhoods are

normal goods.

Assumption 6.3.3 (A-3 in Pinto, 2015). For every family ω, and for z, z′ ∈ {z1, z2, z3}:
if Cω(z) = t and Wω(z, t) ⊊ Wω(z

′, t), then Cω(z
′) = t.

If the family chose t at a smaller budget set and the budget for t strictly expands

under a different voucher, the family still chooses t. This rules out cases like Cω(z1) =

2, Cω(z2) = 2, Cω(z3) = 3: the family chose moving to low poverty under both z1 and

z2; relative to z1 the budget for moving to low poverty has strictly expanded, so A-3

with z = z1, z
′ = z3 forces Cω(z3) = 2.

Combining the rules from Lemma L-1 and Assumption A-3, the 27 a priori behavior

types collapse to just 7 admissible types. With 9 observed expectations and 7 unknowns,

the identification problem becomes manageable.

Lesson

We could not have collapsed 27 to 7 with statistical assumptions alone. Mono-

tonicity in the naive “dummy decomposition” sense was not enough. What did the

work was a sequence of economic assumptions: a budget set description of each

policy, SARP applied to the underlying preferences, and the normal good restric-

tion. When statistics runs out, microeconomics steps in. Do not throw away your

knowledge from the first year Ph.D. microeconomics course.

6.4 Marginal Treatment Effect (MTE) Framework

6.4.1 Why MTE? External Validity

We have so far been generalizing LATE inside its original design-based framework. The

other limitation we listed at the start of the chapter is external validity. LATE is the

average treatment effect for compliers, where compliers are defined by the way agents

respond to a specific instrument. If we change the policy, the complier subpopulation
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changes too. Vietnam draft compliers and Vietnam volunteers are different groups; a

hypothetical future draft lottery would identify yet another complier subpopulation.

The problem is that LATE is grouped by ex post behavior, not by ex ante character-

istics. We would much rather have a treatment effect indexed by something that the

agent brings to the policy, like ability, family background, or unobserved taste, because

such ex ante categories are stable across policy environments. The MTE framework,

developed by Heckman and Vytlacil (2005, 2007a,b), delivers exactly this. The trick

is to write down an explicit model of how the agent decides to take treatment, and to

use that model to translate ex post complier categories into ex ante categories indexed

by an unobserved resistance to treatment.

6.4.2 The Latent Index Choice Model

We work with a binary treatment D ∈ {0, 1} and a pair of potential outcomes

Y1 = µ1(X,U1), (6.4)

Y0 = µ0(X,U0), (6.5)

where X is a set of observed covariates and U0, U1 are unobserved factors that affect

the outcomes in the two treatment states. The treatment choice is governed by a latent

index model:

D∗ = µD(Z)− V, D = 1[D∗ ≥ 0]. (6.6)

Z is a vector of instruments, including any elements of X, plus at least one variable

that affects the choice but not the outcomes directly. V is the agent’s unobserved

resistance to treatment. The econometrician observes (X,Z,D, Y ) but not (U0, U1, V ).

The three unobservables can be arbitrarily correlated with each other, so selection into

treatment is allowed.

Assumption 6.4.1 (MTE Model).

(A-1) (U0, U1, V ) ⊥ Z | X. The instrument is independent of all unobservables condi-

tional on X.

(A-2) µD(Z) is nondegenerate conditional on X. There is at least one element of Z that

varies and is not contained in X, so the instrument actually moves the choice

probability.
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(A-3) The distribution of V is continuous.

(A-4) E[|Y1|] and E[|Y0|] are finite.

(A-5) 0 < Pr(D = 1 | X) < 1. Treatment status is not deterministically tied to X;

both treated and untreated agents exist at every value of X.

(A-1) and (A-2) are the existence of a valid instrument, written in terms of the latent

index. (A-3) gives us a continuous propensity score. (A-4) is a regularity condition for

taking expectations. (A-5) is the overlap (common support) condition.

6.4.3 A Roy-Style Example

The latent index model is more concrete than it first appears. Consider the canonical

Roy sorting model with two sectors: agriculture (D = 0) and a modern sector (D = 1).

Let Y be a labor market payoff and let Z1 be an observed relative cost of working in

the modern sector. Assume additive separability in the outcome equations:

Y1 = µ1(X) + U1,

Y0 = µ0(X) + U0.

The agent’s net utility from choosing the modern sector is the payoff differential minus

the relative cost, minus an unobserved utility cost VC :

D∗ = µ1(X) + U1 − [µ0(X) + U0]− Z1 − VC , D = 1[D∗ ≥ 0].

Rearranging,

D∗ = µ1(X)− µ0(X)− Z1⏞ ⏟⏟ ⏞
µD(Z)

+ [U1 − U0 − VC ]⏞ ⏟⏟ ⏞
−V

,

which matches the latent index form (6.6) with V = −[U1 − U0 − VC ]. Agents with

high µ1 − µ0 (high observable return to the modern sector) or with high U1 − U0

(high unobservable return) sort into modern. This is positive sorting on returns. The

instrument Z1, an observed cost shifter, only enters µD(Z) and not the outcomes, so

it satisfies the exclusion restriction.
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6.4.4 Propensity Score and the Threshold UD

The next step is to rewrite the choice equation in terms of the propensity score. Define

the propensity score

P (Z) ≡ Pr(D = 1 | Z,X) = Pr(µD(Z) > V | Z,X) = FV |X(µD(Z)),

where FV |X is the conditional CDF of V given X. The propensity score is just the

probability that an agent with instruments Z takes treatment.

Apply the same CDF to the unobserved resistance:

UD ≡ FV |X(V ) ∼ Uniform[0, 1].

UD is a uniform random variable that records the agent’s quantile in the conditional

distribution of V . It is also the threshold propensity score the agent has to pass to get

treated when he or she draws resistance V . An agent with UD = 0.2 has lower than

average resistance to treatment; an agent with UD = 0.9 has high resistance. Because

FV |X is strictly monotonic (under continuity), V and UD carry the same information,

but UD is normalized to lie in the unit interval.

Now compare the propensity score and the threshold:

µD(Z) > V ⇐⇒ FV |X(µD(Z))⏞ ⏟⏟ ⏞
P (Z)

> FV |X(V )⏞ ⏟⏟ ⏞
UD

.

The agent takes treatment if and only if the propensity score from Z exceeds the

agent’s quantile of resistance. We can therefore characterize each agent by the pair

(X,UD) rather than (X, V ). The unobservable is now bounded in [0, 1] and uniform

by construction. This re-parameterization is the technical move that makes the rest of

the framework work.

6.4.5 Vytlacil Equivalence

A central result is due to Vytlacil (2002): under assumptions (A-1) to (A-5), the addi-

tively separable latent index model is observationally equivalent to the LATE model of

Imbens and Angrist (1994). In particular, the latent index model automatically implies

monotonicity.
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The intuition is that the choice equation D∗ = µD(Z)− V is additively separable in Z

and V . Given any two instrument values z and z′,

D∗(z)−D∗(z′) = µD(z)− µD(z
′),

which has the same sign for every agent regardless of V . If µD(z) > µD(z
′), every

agent’s latent utility for treatment goes up when we move from z′ to z; nobody can go

in the opposite direction. That is exactly monotonicity.

The equivalence works in both directions: the latent index model with (A-1) to (A-5)

implies the LATE assumptions, and conversely the LATE assumptions can be repre-

sented by a latent index model. So MTE is not an alternative framework that replaces

LATE; it is a richer parameterization of the same identification setup. The benefit is

that the latent index gives us a continuous index UD along which we can disaggregate

the treatment effect.

6.4.6 Defining the Marginal Treatment Effect

Let ∆ = Y1 − Y0 denote the individual treatment effect. The conditional ATE is the

population mean

∆ATE(x) ≡ E[∆ | X = x].

The Marginal Treatment Effect localizes this by conditioning on the unobservable as

well.

Definition 6.4.1 (MTE, Heckman and Vytlacil, 2005). The Marginal Treatment Effect

at observable x and unobserved resistance uD is

∆MTE(x, uD) ≡ E[Y1 − Y0 | X = x, UD = uD].

This is the average treatment effect for agents who share covariates x and quantile uD

of unobserved resistance. Equivalently, it is the average effect for agents who would

be exactly indifferent between treatment and no treatment if they were assigned an

instrument value z with P (z) = uD. They are “marginal” in the textbook sense: at

the threshold.

A few features make MTE attractive.
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First, the MTE is indexed by ex ante characteristics. x describes the observable type

and uD describes the unobserved appetite for treatment. Neither depends on the

particular instrument used in any one study. If we change the policy, the same agent

has the same (x, uD), and the same MTE value.

Second, the MTE traces out treatment effect heterogeneity along uD. In a positive-

selection Roy model, agents with low uD are those most eager to be treated; they tend

to have high gains. Agents with high uD are reluctant to be treated and tend to have

low or negative gains. The MTE curve as a function of uD is typically decreasing in

such settings, and a flat MTE corresponds to homogeneous treatment effects.

Third, and most importantly for empirical work, the MTE is a deep structural object

that does not depend on the instrument. LATE, ATE, ATT, ATUT, and even the

OLS estimand can all be written as weighted averages of ∆MTE(x, uD) with different

weights. If we know the MTE, we know all of these.

6.4.7 MTE as a Unified Framework

The general representation is

TE(j) =

∫︂ 1

0

∆MTE(x, uD)ωj(x, uD) duD,

where j indexes the treatment parameter (ATE, ATT, LATE, etc.) and ωj is the

parameter-specific weight. Four leading cases:

ATE. ωATE(x, uD) = 1. The ATE simply integrates the MTE over the full range of

UD.

ATT (Treatment on the Treated). The weight ωATT puts more mass on agents

with low uD, who are over-represented among the treated under positive selection. The

ATT is typically larger than the ATE in a positive sorting model.

ATUT (Treatment on the Untreated). The weight ωATUT puts more mass on

agents with high uD, who are over-represented among the untreated. Under positive

selection, ATUT is below the ATE.

LATE. For an instrument that shifts the propensity score from u′D to uD > u′D, the
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LATE is the average of the MTE over the induced window:

LATE = E[Y1 − Y0 | X = x,D(z) = 1, D(z′) = 0]

= E[Y1 − Y0 | X = x, u′D < UD ≤ uD]

=
1

uD − u′D

∫︂ uD

u′
D

∆MTE(x, u) du. (6.7)

A LATE is the average of the MTE over the window of UD that the instrument actually

moves. Different instruments move different windows, which is exactly why different

instruments give different LATEs.

Figure 6.3 shows a stylized picture, recreating Figure 1 of Heckman and Vytlacil (2005),

of the MTE together with the ATE, the ATT weight, and the ATUT weight as functions

of uD in a positive-selection Roy model. The MTE declines in uD (high resistance

agents have low gains), the ATT weight is concentrated at low uD, the ATUT weight

is concentrated at high uD, and the ATE is the unweighted area under the MTE curve.

Figure 6.3: Stylized MTE curve with ATE reference line and ATT/ATUT weights in a
positive-selection Roy model. Recreated from Figure 1 of Heckman and Vytlacil (2005).

The picture makes clear that the various treatment parameters are not competitors

but views of the same object. They differ only in which part of the MTE curve they

emphasize, which is determined by the weight function. The MTE itself is policy
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invariant: the underlying schedule does not move as the instrument changes.

6.4.8 Estimation via the Local Instrumental Variable

How do we estimate the MTE from data? The key insight, again from Heckman and

Vytlacil (2005), is that the MTE can be recovered as the derivative of a conditional

mean function. Suppress the conditioning on X for clarity and write the propensity

score as P (Z). Define the Local Instrumental Variable (LIV) as

∆LIV(p) ≡ ∂E[Y | P (Z) = p]

∂p
.

LIV is the local response of the outcome to a small change in the propensity score.

Theorem 6.4.1 (MTE-LIV Equivalence, Heckman and Vytlacil, 2005). Under as-

sumptions (A-1) to (A-5),

∆MTE(p) = ∆LIV(p) =
∂E[Y | P (Z) = p]

∂p
.

The intuition is clean. A small policy nudge that raises the propensity score from p to

p+dp only changes the treatment status of marginal agents whose threshold is exactly

uD = p. Among those marginal agents, the change in Y is precisely their treatment

effect, which is ∆MTE(p). Aggregating, the derivative of E[Y | P ] at p delivers the

MTE at p.

In practice the estimation runs in three steps.

Step 1. Estimate a treatment choice model. A probit or logit regression of D on Z

delivers P̂ (Z), the estimated propensity score.

Step 2. Estimate E[Y | X,P (Z)] as a function of P̂ . This can be done flexibly: a series

expansion in P̂ , a kernel smoother, a local polynomial. With a linear specification one

obtains a constant MTE; with a flexible specification one obtains a nontrivial MTE

curve.

Step 3. Take the derivative with respect to P̂ . If the second stage uses a polynomial

of order K in P̂ , the MTE is given by the derivative polynomial. With non-parametric

smoothing, the derivative is read off the slope of the conditional mean function.

Alternatively, the entire model can be estimated parametrically. Kline and Walters
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(2016) write a fully parametric MTE model and estimate the joint distribution of

(U0, U1, V ) via maximum likelihood. The parametric approach is more efficient when

the assumptions hold and is the natural choice when the goal is policy simulation.

6.4.9 Implementation: The mtefe Stata Package

The MTE framework can be implemented in Stata using the user written package

mtefe by Martin Andresen. mtefe fits a parametric or semi-parametric MTE model

and returns a battery of treatment effect estimates: ATE, ATT, ATUT, LATE, and

Policy Relevant Treatment Effects (PRTE) for hypothetical policies. The package also

produces tests for observable and unobserved heterogeneity. Typical output for a wage

equation with experience controls and district fixed effects, with a district-level cost

shifter as the instrument, includes effect estimates of the form

• ATE around 0.33,

• ATT around 0.54 (treated agents have above average gains, consistent with pos-

itive sorting),

• ATUT around 0.12 (untreated agents have lower gains),

• LATE close to the ATE in this stylized example.

Figure 6.4 illustrates the typical mtefe output. The left panel shows the common

support of the propensity score for treated and untreated subsamples; the right panel

shows the estimated MTE as a function of uD together with a 95% confidence band

and the ATE reference line.
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Figure 6.4: Stylized mtefe output. Left: propensity score density by treatment status. Right:
estimated MTE curve with 95% confidence band and ATE reference line. The downward
sloping MTE indicates positive selection on unobserved gains.

6.5 Application: Kline and Walters (2016)

Kline and Walters (2016) apply the MTE framework to evaluate the Head Start pro-

gram, an early childhood education program for low income families in the United

States. Their study is an instructive illustration of how the MTE delivers what neither

a single LATE nor an observational comparison can deliver on its own.

Head Start enrollment looked very different in two kinds of studies. Observational

comparisons of Head Start participants to non-participants showed large positive effects

on later outcomes. The Head Start Impact Study (HSIS), a randomized control trial,

showed small and often statistically insignificant effects. The natural inference is that

observational studies suffered from selection bias and the RCT is closer to the truth.

Kline and Walters (2016) argue this inference misses the point.

The reason is that the treatment in Head Start is not really binary. Families have three

options: no preschool program at all, Head Start, or a close substitute (typically an-

other subsidized or private preschool). Observational comparisons effectively contrast

Head Start with the “no program” option. The RCT contrasts the assigned Head Start

option with whatever counterfactual the control group can find, which often includes

another preschool program. When close substitutes are available, the LATE identified

by the RCT is the effect of Head Start versus the average alternative, not the effect

of Head Start versus nothing. The two studies estimate different parameters and the
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apparent contradiction dissolves.

Kline and Walters (2016) formalize this with a three valued treatment (no program,

other program, Head Start) and use the MTO machinery from earlier in this chapter

to characterize the admissible behavior types under the HSIS lottery. They estimate a

parametric MTE model and report a rich set of causal parameters: ITT, LATE, and

several MTE based objects that are externally valid in the sense that their interpreta-

tion does not depend on the specific compliance pattern of the HSIS sample.

The headline policy result is that, once we account for substitution from other preschool

programs to Head Start, the program is far more cost effective than the small RCT

impact would suggest. From the government’s perspective, a family who switches

from a different subsidized program to Head Start carries with them a savings on the

alternative program. This savings, combined with the (modest) marginal benefit of

Head Start over the substitute, gives Head Start a positive net social return.

The methodological lesson is the one we have been building toward. A single LATE

estimate, no matter how cleanly identified, can be misleading when the treatment effect

is heterogeneous and policy environments change the composition of compliers. The

MTE framework lets us write down the policy question in terms of stable structural

parameters, estimate those parameters from one experiment, and use them to forecast

the effect of related but distinct policies.

6.6 Conclusion

LATE is internally valid and elegantly tied to a research design, but it leaves two

questions open. What does 2SLS identify when the instrument or the treatment is not

binary? And what does a LATE estimated under one policy tell us about a different

policy?

The first half of this chapter addressed the first question by working through three cases:

multiple binary instruments (a ψ-weighted average of instrument-specific LATEs), mul-

tivalued ordered treatment with a binary instrument (the Average Causal Response

of stepwise effects), and multivalued instrument (where naive dummy decomposition

breaks monotonicity). The multivalued instrument case forced us to import economic

theory through WARP and SARP, and the MTO example of Pinto (2015) showed con-

cretely how budget set restrictions plus rational choice cut the behavior type space
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down from 33 = 27 to a tractable 7.

The second half introduced the MTE framework of Heckman and Vytlacil (2005,

2007a,b). By writing down an explicit latent index choice model and re-parameterizing

the unobserved resistance to lie in the unit interval, we obtain a treatment effect

∆MTE(x, uD) that is indexed by ex ante observables and ex ante unobservables, and

that does not depend on which instrument we use. ATE, ATT, ATUT, LATE, IV,

and OLS estimands are all weighted averages of the MTE. We can estimate the MTE

through the Local Instrumental Variable, which is the derivative of E[Y | P (Z)] with
respect to the propensity score, using either non-parametric smoothing or fully para-

metric maximum likelihood. Kline and Walters (2016) illustrate the framework with

Head Start.

The thread running through both halves is the same: treatment selection is intrinsic

to any IV exercise, and ignoring it means leaving information on the table. Importing

economic theory back into IV regularizes identification in hard cases, generalizes inter-

pretation to richer policy settings, and makes the resulting estimates more useful for

forecasting future policies.

Homework Problems

1. Cumulative-Dummy Decomposition of a Multivalued Instrument.

Suppose the instrument z takes values in {0, 1, 2} and the treatment D is binary.

Assume the underlying instrument is monotonic, so D(z = 0) ≤ D(z = 1) ≤
D(z = 2) for every agent.

(a) Define the indicator dummies z1 = 1[z = 1] and z2 = 1[z = 2]. Show

that they do not jointly satisfy monotonicity for D, and identify a behavior

pattern that violates monotonicity for z1.

(b) Now define cumulative dummies z̃1 = 1[z ≥ 1] and z̃2 = 1[z ≥ 2]. Show

that each z̃k is monotonic in D.

(c) Argue that 2SLS using these cumulative dummies as instruments identifies

a non-negative weighted average of the two stepwise LATEs: the LATE for

the z = 0→ 1 shift and the LATE for the z = 1→ 2 shift.

(d) Generalize: describe the cumulative dummy decomposition for an instru-
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ment with K + 1 values.

2. Choice Restrictions in the Pinto MTO Example.

Verify two of the six implications in Lemma L-1 of Pinto (2015), restated in the

notes. You may pick any two of the six. For each, state the relevant budget set

comparisons under Assumptions A-1 and A-2, and explain how SARP delivers

the implication.

3. LATE as the Integral of the MTE.

Consider the latent index model in Section 6.4 with all of (A-1) to (A-5) satisfied.

Let z and z′ be two instrument values with P (z) > P (z′).

(a) Show that the LATE identified by the instrument moving from z′ to z equals

LATE =

∫︂ P (z)

P (z′)

∆MTE(u) du
/︂

[P (z)− P (z′)].

(Note the normalization by the width of the propensity-score window.)

(b) Suppose the MTE is constant at ∆MTE(u) = c for all u. Show that every

LATE equals c, and that the ATE, ATT, and ATUT also equal c.

Practice Example: Weighted LATE with Two Binary

Instruments

This practice example illustrates the multiple binary instruments case from Section

6.3.2. We simulate a population in which two binary instruments identify two distinct

LATEs, and we verify that the 2SLS coefficient is a convex combination of them,

weighted by the relative first stage strengths.

Data generating process. Consider N = 5000 agents, each with a binary treatment

D and a continuous outcome Y . Two binary instruments z1 and z2 are independently

assigned with Pr(zk = 1) = 0.5. Each instrument shifts a distinct subgroup of agents

from D = 0 to D = 1. Subgroup A consists of 30% of agents who respond only to z1

with true treatment effect βA = 1.0. Subgroup B consists of 30% of agents who respond

only to z2 with true treatment effect βB = 3.0. The remaining 40% are never-takers or

always-takers and do not respond to either instrument. The instruments z1 and z2 are
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independent of potential outcomes by construction.

Predicted behavior. The Wald estimator using z1 alone should recover LATE1 =

βA = 1.0; using z2 alone, LATE2 = βB = 3.0. The 2SLS estimator using both should

produce

ρ2SLS = ψ · 1.0 + (1− ψ) · 3.0,

with ψ determined by the first stage strengths. Because the two subgroups are the

same size, ψ should be close to 0.5 and the 2SLS estimate close to 2.0.

Analysis. The Stata do-file (src/chapter 6/ch6 iv beyond late.do) performs the

following steps:

1. Simulate the population with two distinct complier subgroups.

2. Compute the two Wald estimators using each instrument separately. Confirm

LATE1 ≈ 1 and LATE2 ≈ 3.

3. Run 2SLS using both instruments jointly. Verify the coefficient is a convex com-

bination of the two LATEs. Also compute Hansen’s J statistic for the overiden-

tifying restriction from a two step GMM fit, to see that the test can reject even

though both instruments are valid.

4. Recover the implied weight ψ̂ by inverting the convex combination formula, and

report it alongside the first stage F statistics.

5. Discuss interpretation: 2SLS gives more weight to the instrument with the stronger

first stage.

Key lessons.

• With heterogeneous treatment effects and multiple instruments, 2SLS does not

identify any one LATE: it identifies a convex combination.

• The combination weights are determined by first stage strength, not by what the

researcher cares about. This is reassuring and slightly disquieting at the same

time.

• In an MTE framework, the two LATEs correspond to different windows of UD.

The fact that they differ is not evidence of an invalid instrument; it is the hetero-

geneous structure of treatment effects.

The do file is located at src/chapter 6/ch6 iv beyond late.do and the simulated
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dataset at data/chapter 6/ch6 iv beyond late.dta.



Chapter 7

Bartik Instruments

7.1 Introduction

In the previous two chapters we developed the general theory of instrumental variables

and its extensions beyond the standard LATE framework. In this chapter we zoom

in on one particular instrument that is widely used in applied economics: the Bartik

instrument, also known as the shift-share instrument, or SSIV for short. The idea is

old but its formal econometric treatment is recent.

The construction is deceptively simple. To instrument a location level endogenous

variable such as local employment growth or a local migration inflow, we take a weighted

sum of national industry level (or origin country level) shocks, where the weights are

baseline shares of each industry or origin group in that location. The intuition is

that a location that specialized in a particular industry at some earlier date should be

disproportionately affected by a subsequent national shock to that industry, and this

differential exposure gives us variation that is arguably exogenous to unobserved local

factors.

Bartik instruments show up in a wide range of settings. In labor economics they are

used to instrument for local labor demand or for the local inflow of immigrants (Card,

2009). In trade they are used to measure the exposure of US commuting zones to

Chinese import growth (Autor et al., 2013). In urban and regional economics they are

the workhorse for any question that requires a source of exogenous variation in local

shocks.

153
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Two natural questions arise. How should we use this instrument correctly? And what

exactly is the identification assumption? The answer turns out to be more subtle than

one might expect from the simplicity of the construction. There are actually two coher-

ent frameworks that give a shift-share instrument a rigorous causal interpretation, and

they are not equivalent in general. Goldsmith-Pinkham et al. (2020), henceforth GPSS,

treat the shares as the identifying instrument and the shifts as weights. Borusyak et al.

(2022), henceforth BHJ, do the opposite: the shifts are the identifying instrument and

the shares are weights. Which framework applies to a given application depends on

where the exogeneity actually comes from, and reasonable people can and do disagree

about that in any particular setting. The good news is that a valid Bartik design can

be defended by verifying the assumptions of either framework.

This chapter walks through both frameworks in turn. Section 7.2 sets up two motivat-

ing examples that will accompany us through the chapter. Section 7.3 develops the

GPSS view, including the Bartik-GMM equivalence, the exposure design interpreta-

tion, the Rotemberg decomposition into single-industry instruments, and the empirical

suggestions that follow. Section 7.4 develops the BHJ view, including the shock level

equivalence, the quasi-random shock assumption, and the inference concerns that come

with a shift-share error structure. Section 7.5 compares the two frameworks and gives

guidance on which to use in different settings. Section 7.6 illustrates with the Autor

et al. (2013) China shock application, which both papers use as their running example.

Section 7.7 concludes.

7.2 Motivating Examples

7.2.1 Card (2009): Immigration and Inequality

Let us start with two motivating examples of the Bartik instrument. Card (2009)

studies the effect of the immigrant share of the local labor force on the native-immigrant

wage gap. The estimating equation is:

yl = β0 + β1 ln xl + β2Cl + ϵl, (7.1)

where l indexes location (metropolitan area), yl is the log wage gap between immigrants

and natives, xl is the ratio of immigrant labor to native labor, and Cl collects location

level controls.
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The immigrant ratio xl is endogenous. Any positive local productivity shock is likely

to raise both the wage gap (through skill sorting, occupational upgrading, and so on)

and the immigrant inflow (immigrants respond to labor demand). OLS is therefore

biased. Card constructs a shift-share instrument using data for 1980, 1990, and 2000:

Bl =
∑︂
k

Zlk,1980 · gk, (7.2)

Zlk,1980 =
(︁
Nlk,1980/Nk,1980

)︁
×
(︁
1/Pl,2000

)︁
, (7.3)

where k indexes home country, Nlk,1980 is the number of immigrants from country k

living in location l in 1980, Nk,1980 is the total US population of immigrants from k in

1980, Pl,2000 is the population of l in 2000, and gk is the total inflow of immigrants from

country k into the United States between 1990 and 2000. The share Zlk,1980 measures

the base year exposure of location l to origin country k; the shift gk measures the size

of the national wave from k.

The identification argument runs on two legs. Relevance holds because immigrants tend

to cluster by origin. Locations that hosted a large Chinese community in 1980 (San

Francisco, say) will receive a disproportionate share of the 1990 to 2000 Chinese inflow

because new arrivals move to established communities. Exclusion holds if the location

specific exposure to national origin country flows affects local wages only through the

resulting change in the immigrant share and not through other local channels. This

second leg is the substantive assumption and it deserves scrutiny.

The construction of Bl decomposes the local immigrant inflow into a location-origin

country combination, weighted by baseline local shares and multiplied by national

origin country flows. This is a local share times national shift object, hence the name

shift-share, or Bartik, instrument.

7.2.2 Autor, Dorn, and Hanson (2013): The China Shock

The other running example we use in this chapter is Autor et al. (2013), whose China

shock paper is one of the most cited applications of a shift-share instrument in the

past two decades. The question is: what is the effect of the surge in Chinese imports

on local labor markets in the United States? They construct a location level import
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exposure variable

∆IPWit =
∑︂
j

Lijt

Ljt · Lit

∆Mjt,

where i indexes commuting zone, j indexes manufacturing industry, and t indexes year.

Here Lijt is employment in region i and industry j, Ljt is total US employment in

industry j, Lit is total employment in region i, and ∆Mjt is the growth in US imports

from China in industry j.

The structure is again a share times a shift. The local industry employment share

Lijt/Lit is the local exposure to industry j; the national import growth per worker

∆Mjt/Ljt is the industry shift. Locations that specialized in industries that were

subsequently hit hard by Chinese import competition should have experienced larger

declines in local labor market outcomes, and this differential exposure is what the paper

exploits.

We will come back to the China shock in Section 7.6, after we have the two frameworks

in hand.

7.3 Goldsmith-Pinkham, Sorkin, and Swift (2020):

Share as Instrument

7.3.1 Setup and Two Identities

We now step away from the specific examples and set up a general framework. Following

Goldsmith-Pinkham et al. (2020), consider the following regression:

ylt = D′
ltρ+ xltβ0 + ϵlt, (7.4)

where l indexes location, t indexes time, Dlt is a vector of controls (which may include

location and time fixed effects), xlt is an endogenous variable, and β0 is the parameter

of interest. In many applications x and y are growth rates; when they are levels, the

researcher should control for location and time fixed effects so that identification works

off within-location changes rather than cross sectional levels.

Usually, xlt is correlated with ϵlt, so we need an instrument. The Bartik construction

comes from two algebraic identities. First, we can decompose the location-time level
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variable xlt into a sum over some finer categorization (industries in the Autor-Dorn-

Hanson example, origin countries in the Card example) of a share times a location-

category level growth:

Identity 1: Share-Growth Decomposition

xlt = ZltGlt =
K∑︂
k=1

zlkt glkt,

where zlkt is the share of category k in location l at time t, and glkt is the location-

category growth rate at t.

This is not an assumption. It is just how one writes a sum. The share zlkt sums to one

across k, and glkt is defined so that the identity holds.

Second, we can decompose the location-category growth into a national industry com-

ponent plus a residual local component:

Identity 2: National-Local Decomposition

glkt = gkt + g̃lkt,

where gkt is the national growth rate of category k at t and g̃lkt is the location-

category deviation from the national trend.

Combining the two identities, one gets

xlt =
∑︂
k

zlkt
(︁
gkt + g̃lkt

)︁
=
∑︂
k

zlktgkt +
∑︂
k

zlktg̃lkt.

Now here comes the substantive move: fix the shares at a baseline period 0 (drop

the time subscript on shares), and drop the local shock component g̃lkt from the sum.

What is left is the Bartik instrument:

Definition 7.3.1 (Bartik Instrument, Goldsmith-Pinkham et al., 2020).

Blt = Zl0Gt =
∑︂
k

zlk0⏞⏟⏟⏞
Share

gkt⏞⏟⏟⏞
Shift

.

The first factor is the baseline share of category k in location l; the second is the

national growth of category k at t.
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The virtue of this construction is that both factors are, at least on the surface, more

plausibly exogenous than xlt itself. The baseline share is fixed in the past and cannot

respond to future shocks. The national shift is an aggregate object that averages

out any single location’s contribution. In some cases, we can also use leave-one-out

growth rate to exclude location l when calculating the national growth. So it is close

to exogenous with respect to any one location’s unobservables. Whether this intuition

survives careful scrutiny is exactly what the identification analysis has to establish.

7.3.2 Two Special Cases

Before we state the general result, it helps to work through two tractable special cases

that already convey the main intuition.

7.3.2.1 Case 1: Two Industries, One Period

Suppose we have only two categories (K = 2) and one time period. Since shares sum

to one, zl2 = 1− zl1, so

Bl = zl1g1 + zl2g2 = g2 + (g1 − g2)zl1.

Now consider the first stage regression of xl on Bl:

xl = γ0 + γBl + ηl = (γ0 + γg2)⏞ ⏟⏟ ⏞
constant

+ γ(g1 − g2)⏞ ⏟⏟ ⏞
coefficient

zl1 + ηl.

Because g1 and g2 are constants across locations, using the Bartik instrument Bl in

2SLS is algebraically identical to using the single share zl1 as the instrument. All the

identifying variation is coming from the cross-location variation in zl1; the shifts g1 and

g2 just rescale the coefficient. This is important: in this simplest case, the identification

comes from the share.

7.3.2.2 Case 2: Two Industries, Two Periods

The next case adds time. With K = 2 and T = 2,

Blt = g1tzl10 + g2tzl20 = g2t + (g1t − g2t)zl10.
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Assume we control for time fixed effects. The first stage becomes

xlt = τt + γBlt + ηlt = (τt + g2tγ)⏞ ⏟⏟ ⏞
τ̃t

+zl10(g1t − g2t)γ + ηlt.

Now the coefficient g1t − g2t is not constant: it varies with t. So the single-share

reduction does not go through as cleanly. Using the indicator function 1(·), we can

write

g1t − g2t = 1(t = 1)(g11 − g21) + 1(t = 2)(g12 − g22),

and the first stage becomes

xlt = τ̃t + zl101(t = 1) (g11 − g21)γ⏞ ⏟⏟ ⏞
γ̃1

+zl101(t = 2) (g12 − g22)γ⏞ ⏟⏟ ⏞
γ̃2

+ηlt.

The regression now has time fixed effects and two interactions between the baseline

share zl10 and each time dummy. The identification exploits both the cross-section

variation in zl10 and the time variation in the industry growth differential g1t − g2t.

Here, the second special case has a policy exposure research design reading. The

growth rate difference g1t − g2t plays the role of a policy shock size at time t: it says

how differently industry 1 grew relative to industry 2 in period t. The baseline share

zl10 plays the role of exposure to that shock: locations with a high share of industry 1

are more exposed. The question the regression asks is whether locations with higher

exposure experience different changes in x following the shock.

In the limit case of a pre-shock period (t = 1) with no differential growth (g11−g21 = 0)

and a post-shock period (t = 2) with a positive differential growth, this is a DID

specification: γ̃1 = 0 is a parallel-trend condition, and γ̃2 > 0 measures the effect of

the shock.

So Bartik with a baseline share is really a diff-in-diff on differential exposure. Locations

differ in their exposure to a common industry shock, and we compare how outcomes

evolve for high-exposure and low-exposure locations. That is the identifying variation.

7.3.3 Bartik-GMM Equivalence

Now let us state the general result. Assume K industries and one period (the T > 1

case is a straightforward extension). Stack observations into matrix form: Y and X
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are L × 1, Z is L × K (with entry zlk0 in row l column k), and G is K × 1 (with gk

in row k). Let MD = I −D(D′D)−1D′ be the annihilator matrix that partials out D,

and write X⊥ = MDX, Y ⊥ = MDY , B⊥ = MDB where B = ZG is the L × 1 Bartik

instrument.

Tips: The annihilator matrix MD is used to partial out the impact of control variable D.

For any variable matrix X, MDX gives the OLS regression residual of X on D. Then

by Frisch–Waugh–Lovell Theorem, we can estimate the IV/OLS coefficient of interest

by running the regressions using residualized X and Y . For more details, please refer

to Hansen (2022).

Proposition 7.3.1 (Bartik-GMM Equivalence, Proposition 1 in Goldsmith-Pinkham

et al., 2020). Define the Bartik and GMM estimators

β̂Bartik =
B′Y ⊥

B′X⊥ , β̂GMM =
X⊥′

ZWZ ′Y ⊥

X⊥′ZWZ ′X⊥ .

If the GMM weight matrix is W = GG′, then β̂Bartik = β̂GMM.

The interpretation is clean. The Bartik instrument B = ZG is a linear combination

of the K share instruments Z1, . . . , ZK with weights given by the shifts g1, . . . , gK .

Running 2SLS with the single combined instrument B is exactly the same as running an

overidentified GMM with the K separate share instruments Z1, . . . , ZK , using a specific

weight matrix W = GG′. In the GPSS framework, therefore, the identifying

instruments are the shares, and the shifts serve as the weights that combine

them.

7.3.4 Consistency and What Exogeneity Really Requires

For the Bartik estimator to be consistent, we need the standard IV conditions to hold at

the level of the share instruments. Goldsmith-Pinkham et al. (2020) state the following.

Assumption 7.3.1 (Relevance). The instrument is correlated with the endogenous

regressor after partialling out controls.

Assumption 7.3.2 (Strict Exogeneity of Shares). For every category k with gk ̸= 0,

E[ϵltzlk0 | Dlt] = 0.
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Proposition 7.3.2 (Consistency, Proposition 2 in Goldsmith-Pinkham et al., 2020).

Under Assumptions 7.3.1 and 7.3.2, and asymptotics in the location dimension (L→∞
with T,K fixed),

plim β̂Bartik = β0.

The key assumption is exogeneity of the shares. When is it plausible? Suppose ylt is a

level rather than a growth rate. Then ϵlt absorbs all unobserved determinants of the

level, including any persistent unobserved characteristics of location l. The baseline

share zlk0 is almost certainly correlated with these persistent local characteristics. San

Francisco’s 1980 share of Chinese immigrants is not independent of San Francisco’s

unobserved 2000 amenities, culture, or productivity. In levels, Assumption 7.3.2 fails.

Levels vs Changes: A Practical Warning

Initial shares are typically not mean independent of unobserved outcome levels.

Persistent local characteristics that shape 1980 shares also shape 2000 outcomes.

Initial shares are more plausibly mean independent of unobserved outcome changes.

Once we difference out the level, we are left with idiosyncratic shocks over the

sample period that are less likely to be tied to the baseline industry mix.

When using a Bartik instrument, either use a growth variable as the outcome, or

control for location and time fixed effects. Never run a Bartik IV in cross-sectional

levels without location fixed effects.

Substantively, Assumption 7.3.2 is an exposure design assumption, close in spirit to

parallel trends in DID. Locations that were more exposed to an industry are more

affected by shocks to that industry, but the assumption says there is no systematic dif-

ference in other unobserved shocks between high-exposure and low-exposure locations.

Think of Shanghai and Hong Kong versus Shenyang and Wuhan. Shanghai and Hong

Kong specialize in finance, so a global financial crisis hits them harder. For the Bartik

instrument to be valid, we need to assume that in the absence of the crisis shock, the

outcome trends in the four cities would have been parallel. Any unobserved shocks

that hit finance-heavy cities differentially would invalidate the design.

7.3.5 The Rotemberg Decomposition

The GMM equivalence result tells us that a Bartik IV is really a combination of many

single-industry instruments. A natural question follows: which industry is doing the
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identification work? A Bartik point estimate could be driven by one dominant industry

that happens to have a large national shock, or it could be a genuine average across

many industries with comparable weights. This matters for interpretation and for

robustness. Goldsmith-Pinkham et al. (2020) give a clean decomposition.

Proposition 7.3.3 (Rotemberg Decomposition, Proposition 3 in Goldsmith-Pinkham

et al., 2020). The Bartik estimator can be written as

β̂Bartik =
∑︂
k

α̂kβ̂k,

where

β̂k = (Z ′
kX

⊥)−1Z ′
kY

⊥

is the just-identified IV estimator that uses only the share Zk of industry k as an

instrument, and the weights

α̂k =
gkZ

′
kX

⊥∑︁
k′ gk′Z

′
k′X

⊥

are the Rotemberg weights. The weights sum to one.

Each β̂k is what we would get if we used a single share instrument Zk (L×1 vector with

each row representing the share of industry k in one specific location) to instrument X.

The Rotemberg weight α̂k measures how much industry k’s single-instrument IV esti-

mate contributes to the combined Bartik estimate. An industry with a big Rotemberg

weight is one whose identification assumption is critical for the overall estimate: if that

industry’s share is not really exogenous, the Bartik estimate will be badly biased. An

industry with a small Rotemberg weight can be misspecified without much damage.

Practical Guidance

Report the industries with the highest Rotemberg weights. Discuss the plausibility

of Assumption 7.3.2 for those industries in particular. If the whole identification is

really riding on one or two shares, be honest about it and defend those assumptions

specifically.

A useful conceptual clarification: the Rotemberg decomposition is different from the

GMM equivalence in Proposition 7.3.1. The GMM equivalence says that Bartik in

2SLS with a single combined instrument B equals GMM with K share instruments

in a joint estimation, using W = GG′. The Rotemberg decomposition says that the
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Bartik estimator can be rewritten as a weighted average of K separately estimated

single-instrument IV estimators. Both statements are true and both use the same

object, but they describe different aspects of the estimator.

7.3.6 Heterogeneous Treatment Effects: No LATE for Bartik

In the LATE framework of Imbens and Angrist (1994), we saw that a single binary

IV with monotonicity identifies the average treatment effect for compliers. Does a

Bartik instrument have an analogous LATE interpretation? The answer, developed in

Goldsmith-Pinkham et al. (2020), is negative in general. Even in a restricted hetero-

geneous effect model, the Bartik IV does not have a LATE interpretation. This is not

surprising given what we have learned in Chapter 6.

First, for the single share instrument case, in a restricted heterogeneous effect model

with a set of monotonicity style assumptions, the Bartik IV can be written as a com-

bination of location level treatment effects with positive weights.

Second, however, for the combined Bartik instrument, monotonicity of each single share

instrument is not enough for us to have positive weights. The reason is that different

share instruments can push locations in different directions, and combining them can

produce non-monotone shifts. Therefore, the weights can be negative. Negative weights

make the estimator uninterpretable as any convex average of underlying effects.

You will see the same story unfold in later chapters when we discuss DID with staggered

treatment timing and heterogeneous effects. Simple regressions turn out to average

local treatment effects in ways that can be pathological when the underlying effects

are complicated (heterogeneous, dynamic, and so on), and this is not a coincidence: it

is an intrinsic feature of trying to summarize heterogeneous causal effects with a single

regression coefficient.

7.3.7 Empirical Suggestions

The GPSS framework leads to several concrete pieces of empirical advice.

Always include location and time fixed effects. As discussed above, initial shares

are plausible instruments for outcome changes, not levels. In a panel setting, location

and time fixed effects deliver the difference specification automatically. In a cross

section, use a growth outcome variable rather than a level.
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Focus on high Rotemberg weight industries. Report the top industries by weight

and defend the exogeneity assumption for each one. If most of the weight is on a single

industry, the paper is really identified off that industry, and the discussion should

reflect that.

Test 1: Balance on covariates. Suppose there is a location level control dl that

plausibly predicts changes in y through some channel other than x. Test whether the

baseline shares are correlated with dl. Because the shares are supposed to affect y

only through x, an economically or statistically significant correlation is a red flag.

Goldsmith-Pinkham et al. (2020) suggest also controlling for higher-level aggregate

shares (for instance, if industry is defined at the 4-digit level, control for 2-digit shares)

to soak up broad category composition.

Test 2: Pre-trends. If the data include a pre-shock period, the specification with

baseline shares interacted with pre-period dummies is a DID with growth rate as the

shock size. Under the exposure design interpretation, the pre-period coefficient γ̃1

should be zero. Test this for both the overall Bartik IV and for the single-industry

instruments with the highest weights.

Test 3: Overidentification. The Bartik-GMM equivalence says that Bartik is an

overidentified GMM with shares as instruments. Standard overidentification tests

(Hansen’s J) can be run at the level of the individual share instruments. As always,

a rejection has different potential interpretations: it could be at least one instrument

is invalid, or the treatment effect is heterogeneous across instruments, or some other

model misspecification. The test cannot distinguish them, so it should be interpreted

with care. Goldsmith-Pinkham et al. (2020) do not recommend this test.

7.4 Borusyak, Hull, and Jaravel (2022): Shift as

Instrument

The GPSS framework treats shares as the identifying instrument, with the shifts serving

as weights. Borusyak et al. (2022) propose the opposite reading: treat the shifts as the

identifying instrument, with the shares serving as weights. The identification argument

then rests on random assignment of the industry level shocks, not on exogeneity of the

location shares.
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This is a substantively different framework. It is not that one is right and the other

wrong; they capture different empirical situations. When exogeneity plausibly comes

from the shares, GPSS is the right framework. When exogeneity plausibly comes from

the shifts, BHJ is the right framework.

7.4.1 Setup

BHJ consider a location level regression

yl = βxl + w′
lγ + ϵl,

where wl is a vector of controls. The shift-share instrument has the general form

zl =
∑︂
k

slkgk, k = 1, 2, . . . , K,

with slk the share of category k in location l and gk the national shift for category k.

The moment condition that validates the instrument is

E
[︂∑︂

l

zlϵl

]︂
= 0.

The question is: what does this look like when we plug in the shift-share definition of

zl?

7.4.2 Shock-Level Equivalence

Substitute zl =
∑︁

k slkgk into the moment condition:

E
[︂∑︂

l

zlϵl

]︂
= E

[︂∑︂
l

∑︂
k

slkgkϵl

]︂
.
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Exchange the order of summation and factor out gk, which does not depend on l:

E
[︂∑︂

l

zlϵl

]︂
= E

[︂∑︂
k

∑︂
l

slkgkϵl

]︂
= E

[︂∑︂
k

gk
∑︂
l

slkϵl

]︂
= E

[︂∑︂
k

gk

(︂∑︁
l slkϵl∑︁
l slk

)︂(︂∑︂
l

slk

)︂]︂
= E

[︂∑︂
k

skgk ϵ̄k

]︂
,

where we have defined

sk =
∑︂
l

slk, ϵ̄k =

∑︁
l slkϵl∑︁
l slk

.

The quantity sk is the total exposure to category k summed across locations. The

quantity ϵ̄k is a share-weighted average of the location errors, aggregated up to the

shock (category) level; being a ratio, it is invariant to the normalization.

This algebraic manipulation delivers a remarkable observation. The location level mo-

ment condition is equivalent to the shock (industry) level moment condition

E
[︂∑︂

k

skgk ϵ̄k

]︂
= 0.

So even though we thought we were running an IV at the location level, the identifying

moment is really at the shock level, where the instrument gk is required to be uncor-

related with a share-weighted aggregate of the location errors. BHJ formalize this as

follows.

Proposition 7.4.1 (Shock-Level Equivalence, Proposition 1 in Borusyak et al., 2022).

The shift-share IV estimator β̂ equals the second stage coefficient of an sk weighted

shock-level IV regression using the shifts gk as the instrument in estimating

ȳk = α+ βx̄k + ϵ̄k,

where v̄k =
∑︁

l slkvl/
∑︁

l slk is the exposure-weighted average of a variable vl across

locations.

Remark 7.4.1 (Intercept versus residualized variables). Proposition 7.4.1 is stated with

an intercept and with exposure-weighted averages of the raw variables yl and xl.

Borusyak et al. (2022) state their Proposition 1 with the aggregates of the residu-
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alized variables y⊥l and x⊥l and no intercept. The two versions coincide under complete

shares,
∑︁

k slk = 1 for every location. In that case
∑︁

k skv̄k =
∑︁

l vl, so the sk weighted

mean of the aggregates v̄k is exactly the location mean of vl, and the intercept in the

shock-level regression removes precisely what demeaning at the location level removes.

When shares are incomplete, the sk weighted mean of v̄k is instead a
∑︁

k slk weighted

location mean, the two versions differ, and the residualized form (with the sum of

shares included as a control) is the one that holds in general. The practice example

at the end of this chapter draws shares from a Dirichlet distribution, so shares sum to

one within each location and the intercept version applies exactly.

This equivalence has two immediate uses. First, it identifies the true unit of identifica-

tion. Even though we have L location observations, the identifying variation is really

over K industries. If K is small, the effective sample size for the identifying moment

is small, regardless of how big L is. Second, it clarifies what exogeneity means. The

identifying assumption is that the shocks gk are as good as randomly assigned, in the

sense that they are uncorrelated with the industry level unobservable ϵ̄k.

7.4.3 Interpreting the Identification Assumption

Let us make the assumption concrete. Suppose we are estimating the effect of a US

tariff on employment in China. The tariff shocks gk vary by industry (steel, textiles,

semiconductors, etc.). The location aggregate ϵ̄k is a share-weighted average of local

unobserved supply shocks, aggregated across locations by how important industry k is

in each place.

For the BHJ identification to hold, we need gk ⊥ ϵ̄k: industries that experience a

rise in the US tariff should not systematically face different labor supply shocks in

the regions where they concentrate. If Chinese steel is intensively produced in Hebei,

then a US tariff on steel is a big shock to Hebei. We must assume that Hebei was

not simultaneously receiving some other unobserved shock, such as a change in the

Gaokao enrollment quota, that would independently affect Hebei’s labor market and

be correlated with the tariff.

This is a substantive assumption about the sources of variation in gk. It is often

defensible when the shocks are driven by conditions in some other country (US tariffs,

from the perspective of Chinese labor markets) or by aggregate technology, but the

researcher has to make the case.
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7.4.4 Consistency

BHJ establish consistency under two assumptions.

Assumption 7.4.1 (Quasi-random Shock Assignment, Assumption 1 in Borusyak et

al., 2022). Conditional on the shares s and the industry level unobservable ϵ̄, the shocks

have a common mean:

E[gk | ϵ̄, s] = µ.

Assumption 7.4.2 (Many Uncorrelated Shocks, Assumption 2 in Borusyak et al.,

2022). The industry-level Herfindahl index of normalized exposure goes to zero,

E
[︂∑︂

k

s̃2k

]︂
→ 0, s̃k =

sk∑︁
k′ sk′

,

and the shocks are pairwise uncorrelated given exposure,

Cov[gk, gk′ | ϵ̄, s] = 0 for k ̸= k′.

The first assumption says the shocks look randomly assigned conditional on the expo-

sures. The second says exposure should not be too concentrated in a few industries,

and that shocks are independent across industries. This second assumption is the

substantive analogue of L → ∞ in a standard IV setting: we need many effectively

independent draws for the LLN to work. In this framework the effective sample size is

at the shock (industry) level, not the location level.

Proposition 7.4.2 (Consistency, Proposition 3 in Borusyak et al., 2022). Under As-

sumptions 7.4.1 and 7.4.2 plus standard regularity conditions,

β̂
p−→ β.

7.4.5 Empirical Suggestions

Three important pieces of practical advice come out of the BHJ framework.

Inference: watch out for standard errors.

Adao et al. (2019) show that traditional (heteroskedasticity-robust or clustered-by-

location) standard errors for a shift-share IV are typically wrong. The reason is that
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the location level observations are not i.i.d.: the same national shock gk enters the

regression for every location that has any share in industry k, so the errors ϵl have

a common component and are mechanically correlated across locations with similar

industry mixes. Traditional standard errors ignore this correlation and understate

uncertainty, sometimes by a lot. BHJ show that the equivalent shock-level regression

(Proposition 7.4.1) does not have this problem: at the industry level, the standard

errors from the aggregated regression are valid. This gives a clean practical recipe:

run the shock level regression and read off the standard error. The Stata package

ssaggregate automates the aggregation.

Effective sample size and Herfindahl index.

When using the BHJ framework, we must validate Assumption 7.4.2 for consistency.

Intuitively, we must have a large number of industries with dispersed exposure, and

shocks should not concentrate on a few industries. In practice, we can directly calculate

the industry-level Herfindahl index of normalized exposure to make sure it is small

enough.

Balance tests.

Location-level balance. Regress a pre-determined location level control rl (GDP, popu-

lation, education) on the SSIV zl. A significant coefficient is a red flag. This can be

combined with an Oster-style bound to assess how much unobserved selection would

be needed to overturn the estimate. This is similar to the balance test proposed by

GPSS.

Location-level balance using an industry-level confounder. Take an industry level co-

variate rk, construct the location aggregate rl =
∑︁

k slkrk, and regress that on the

SSIV.

Shock-level balance. Aggregate a location level confounder rl to the industry level via

rk =
∑︁

l slkrl/
∑︁

l slk, and regress that on the shock gk. In the BHJ framework this is

arguably the most fundamental balance test, because it directly tests the shock-level

exogeneity assumption. If shocks gk are supposed to be quasi-randomly assigned across

industries, they should not correlate with any observable industry level characteristic

aggregated from location data.
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7.5 Comparison of the Two Frameworks

We now have two frameworks that give a shift-share IV a rigorous causal interpretation.

They are not competitors so much as different maps of the same territory. Which map

to use depends on the terrain of the specific application. Specifically, in one study,

there is no need for us to show both shares and shifts are exogenous. As long as the

identification assumptions for either of these two frameworks are validated, we are

safe.

Comparison of GPSS and BHJ

• GPSS (Goldsmith-Pinkham et al., 2020)

– Equivalence: joint GMM using shares as instruments, shifts as weights.

– Design: exposure DID with shares as differential exposure.

– Assumption: locations with different shares have parallel trends absent

the shock.

• BHJ (Borusyak et al., 2022)

– Equivalence: shock-level regression with shifts as instruments, shares as

weights.

– Design: random assignment of shifts across industries.

– Assumption: industry level shocks are uncorrelated with industry-

aggregated location unobservables.

Under what conditions should we favor one framework over the other?

Prefer GPSS when:

• The exogenous variation is coming from the shares (historical settlement patterns,

legacy industrial structure, or some other pre-determined local composition).

• The design is an exposure design in which differential exposure to a common

shock is the identifying variation.

• There is a small fixed number of industries, and the sampling is over locations

(K fixed, L→∞).

• The paper focuses on a few specific industries whose shares carry policy meaning.

Prefer BHJ when:
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• The exogenous variation is coming from the shifts (industry level shocks that

plausibly look random).

• There is a small fixed number of locations, and the sampling is over industries

(L fixed, K →∞).

• The second stage error has a shift-share structure that generates mechanical

correlation between the SSIV and the location error, so that inference needs the

shock-level correction.

7.6 Application: Autor et al. (2013)

The canonical modern application of Bartik instruments is the China shock paper of

Autor et al. (2013). Both Goldsmith-Pinkham et al. (2020) and Borusyak et al. (2022)

use it as their running empirical example, precisely because it is representative of how

the technique is used in trade and labor economics.

The research question is: what is the effect of the surge in Chinese imports on local

labor market outcomes in the United States? The independent variable is a location i

level import exposure measure at time t, ∆IPWit, constructed as

∆IPWit =
∑︂
j

Lijt

Ljt · Lit

∆Mjt.

where i is commuting zone in the U.S. and j refers to industry. Lijt is the number

of workers employed in industry j in commuting zone i. ∆Mjt is the change in U.S.

imports from China in industry j. The regression outcomes are commuting zone level

manufacturing employment, wages, and various welfare and public assistance measures.

The problem for OLS is the reverse causality: a US productivity shock could increase

Chinese imports (through demand for cheap inputs) while also affecting local labor

markets directly. Autor, Dorn, and Hanson address this with an instrumental variables

strategy: instrument ∆IPWit (US) with an analogous exposure variable that uses

Chinese imports to eight other high-income countries as the shift. The idea is that

Chinese import growth to Germany, Japan, and so on reflects supply-side factors in

China (productivity, exchange rates, WTO accession) rather than demand-side factors

in the United States. This is a typical Bartik IV.
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In the GPSS reading, the identifying instruments are the initial US industry employ-

ment shares Lijt/Lit, with the national import growth per worker ∆Mjt/Ljt as the shift:

commuting zones with more manufacturing employment in industries that will later

experience large Chinese import growth are more exposed to the shock. The parallel-

trend assumption is that, absent the China shock, commuting zones with different

industry compositions would have followed parallel trajectories.

In the BHJ reading, the identifying instruments are the industry level Chinese im-

port shocks ∆Mjt. The quasi-random assignment assumption is that the industry-

by-industry pattern of Chinese import growth (to other high-income countries) is not

systematically related to U.S. industry-level unobservables that also affect the aggre-

gated US local labor market outcomes.

Both readings are defensible for the China shock, and both papers show explicitly how

their frameworks apply. Students are strongly encouraged to read Autor et al. (2013)

together with the discussion sections of Goldsmith-Pinkham et al. (2020) and Borusyak

et al. (2022) to see how the same empirical setting is reinterpreted through the two

lenses.

7.7 Conclusion

The Bartik or shift-share instrument is a workhorse tool in applied economics, especially

in the trade and labor subfields. Its construction is simple: a weighted sum of national

industry shocks, with weights given by baseline local industry shares. Its identification,

however, requires care.

We have introduced two frameworks that give the shift-share design a rigorous causal

interpretation. The first, Goldsmith-Pinkham et al. (2020), treats shares as instruments

and shifts as weights. Bartik is equivalent to an over-identified GMM using the K

shares. The identifying assumption is exogeneity of the shares, which is plausible for

outcome changes but almost never for outcome levels, so specifications must include

location and time fixed effects or use a growth outcome. It is essentially one type

of exposure design. The Rotemberg decomposition tells us which industries drive the

identification and highlights where the exogeneity assumption most matters.

The second framework, Borusyak et al. (2022), treats shifts as instruments and shares

as weights. Bartik is equivalent to a shock-level regression using shifts. The identifying



CHAPTER 7. BARTIK INSTRUMENTS 173

assumption is quasi-random assignment of the industry shocks. Standard errors must

account for the shift-share error structure.

The two frameworks are not competitors but complements. A good Bartik paper argues

explicitly which framework applies and defends the corresponding assumptions. Appli-

cations where exogeneity flows from historical settlement or long-established industrial

composition fit the GPSS reading. Applications where the shocks are plausibly ran-

dom draws from an industry level distribution fit the BHJ reading. The China shock

of Autor et al. (2013) is a case in point: both papers use it and both frameworks can

be defended.

In the next chapter we turn from IV to difference-in-differences, which shares more

with the Bartik exposure design than the surface would suggest. We will see the

same themes recur: heterogeneous effects that a simple regression cannot summarize,

careful design-based reasoning about where identifying variation actually comes from,

and modern econometric tools that clean up the messiness.

Homework Problems

1. Verifying the Bartik-GMM Equivalence.

Consider the special case ofK = 2 industries and one time period with no controls

other than a constant, so X⊥ and Y ⊥ are the demeaned X and Y , with entries

xl− x̄ and yl− ȳ. Suppose there are L locations with observed data (yl, xl, zl1, zl2)

and national shifts (g1, g2). Let Bl = zl1g1 + zl2g2.

(a) Write out the Bartik estimator β̂Bartik = B′Y ⊥/B′X⊥ in summation notation

using the demeaned variables.

(b) Write out the GMM estimator with weight matrix W = GG′ where G =

(g1, g2)
′, using X⊥ and Y ⊥. Simplify.

(c) Show algebraically that the two coincide.

(d) Now substitute the constraint zl2 = 1− zl1. Show that the Bartik estimator

reduces to a just-identified IV estimator using zl1 alone.

2. Rotemberg Weights and Interpretation.

Consider a Bartik instrument with K = 3 industries. Suppose the single-industry
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IV estimates and unnormalized weights are:

Industry k β̂k Unnormalized weight gkZ
′
kX

⊥

1 2.0 0.6

2 1.0 0.3

3 −3.0 0.1

(a) Compute the normalized Rotemberg weights α̂k and verify they sum to one.

(b) Compute the combined Bartik estimator β̂Bartik =
∑︁

k α̂kβ̂k.

(c) Suppose the exogeneity assumption is violated for industry 1 but holds for

industries 2 and 3. Which industry’s misspecification would do the most

damage to the Bartik estimate, and why? Which industries could be mis-

specified with relatively little damage?

(d) Now suppose we relabel the industries so that industry 3 is called industry

1 (swap the labels). Do the Rotemberg weights and β̂Bartik change?

3. Deriving the Shock-Level Equivalence.

Consider the BHJ setup with one period, no controls, and a shift-share instrument

zl =
∑︁

k slkgk. Assume
∑︁

l slk = sk for each k.

(a) Show that the location-level moment condition E[
∑︁

l zlϵl] = 0 can be rewrit-

ten as the shock-level moment condition E[
∑︁

k skgk ϵ̄k] = 0, where ϵ̄k =∑︁
l slkϵl/

∑︁
l slk.

(b) Explain in words the difference between the location level exogeneity as-

sumption E[zlϵl] = 0 and the shock level exogeneity assumption E[gk ϵ̄k] = 0.

Which of the two is easier to defend in the context of the China shock?

(c) Suppose one industry accounts for 60% of total exposure, s̃1 = 0.6, while the

remaining K − 1 industries share the remaining 40% equally. Discuss what

this concentration does to Assumption 7.4.2 and to the effective sample size

for identification.
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Practice Example: Bartik IV with Simulated Shift-

Share Data

In this practice example we simulate a shift-share environment, verify that OLS is

biased, verify that the Bartik instrument recovers the true structural coefficient, and

compute the Rotemberg decomposition. The setup follows the GPSS framework, but

the equivalent shock-level regression from BHJ is computed at the end as a cross check.

Data generating process. Consider L = 300 locations and K = 6 industries. Base-

line shares zlk0 are drawn from a Dirichlet distribution so they sum to one for each

location. National industry shifts gk are measured in percentage points and fixed at

(g1, g2, g3, g4, g5, g6) = (15,−3, 2, 8,−5, 3),

so industry 1 has a large positive shock, industry 4 a moderate positive shock, and

the rest are small or negative. Measuring the shifts (and hence x and y) in percentage

points is not cosmetic: because Bl is a convex combination of the gk, writing the same

values as decimal fractions would put the variance of the instrument more than three

orders of magnitude below the noise variance in x, the first stage F statistic would fall

below one, and no IV method could work. A local unobserved shock ϵl ∼ N (0, 1) is

drawn independently of everything else. The endogenous variable is

xl =
∑︂
k

zlk0gk + λϵl + ηl,

where λ = 0.8 generates the endogeneity and ηl ∼ N (0, 0.5) is a pure first-stage shock.

The outcome is

yl = α+ β0xl + ϵl,

with β0 = 1.0 the true parameter.

Predicted results. OLS regresses yl on xl and picks up β0+λVar(ϵl)/Var(xl), which

for these parameters is roughly 1 + 0.8/4.6 ≈ 1.17. Bartik IV using Bl =
∑︁

k zlk0gk

should recover β0 ≈ 1. Rotemberg weights should be dominated by industry 1 (largest

positive shift), with moderate weights on industries 4 and 5 (industry 5 pairs a neg-

ative shift with a negative share covariance, which produces a positive weight) and

small weights, possibly negative, on the rest. The BHJ shock-level regression, with six
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observations, should give an identical point estimate to the location-level Bartik IV.

Analysis steps. The do-file (src/chapter 7/ch7 bartik.do) performs:

1. Simulate the shift-share DGP.

2. Descriptive statistics: verify shares sum to one, tabulate the fixed shifts, summa-

rize x and y.

3. OLS of y on x (biased).

4. Bartik IV: construct Bl, run 2SLS.

5. Single-industry IV: for each k, run IV using zlk0 alone; collect β̂k.

6. Rotemberg weights: compute α̂k and verify
∑︁

k α̂kβ̂k = β̂Bartik.

7. BHJ shock-level equivalence: aggregate y and x to the industry level via share-

weighted averages, run the shock-level IV using gk as the instrument, and verify

the coefficient equals the Bartik estimate.

8. Key lessons summary.

Key lessons.

• OLS is biased when the endogenous variable is correlated with the outcome error.

The direction and magnitude of the bias depend on the sign and size of λ.

• The Bartik instrument Bl is exogenous by construction, because both the baseline

shares and the national shifts are drawn independently of ϵl. Bartik IV recovers

β0.

• The Rotemberg decomposition reveals which industries drive the estimate. In-

dustries with large shifts and shares that are systematically correlated with x get

large weights; industries with small shifts or shares uncorrelated with x get small

weights.

• The BHJ shock-level equivalence gives the same point estimate as the location-

level Bartik IV, confirming Proposition 7.4.1. In real applications this equivalence

delivers valid standard errors via ssaggregate, which the location level regression

cannot.

The do-file is located at src/chapter 7/ch7 bartik.do and the simulated dataset at

data/chapter 7/ch7 bartik.dta.
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Chapter 8

Causal Inference with Panel Data I

8.1 Introduction

In the previous chapters we mostly worked with cross-sectional data (except for Chapter

7): one observation per unit, all measured at a single point in time. This chapter adds

a new dimension. When we observe the same units repeatedly over time, we have panel

data, and a whole new source of identifying variation opens up: variation across time

within the same individual, firm, city, or country. Panel data let us compare a unit to

itself, which eliminates every confounder that stays constant over time.

This chapter develops the panel data toolkit for causal inference in four steps. First,

we introduce the fixed effect model and its three equivalent or nearly equivalent estima-

tors: the fixed effect estimator, the dummy variable estimator, and the first difference

estimator. Second, we combine unit and time fixed effects into the two way fixed effect

(TWFE) model and study its most famous special case, the difference-in-differences

(DID) design, using the minimum wage study of Card and Krueger (1994) as the run-

ning example. The key identifying assumption is parallel trends, and we discuss the

traditional ways of assessing it: plotting raw trends and running event study regres-

sions. Along the way we emphasize a question that every applied researcher must be

able to answer: which variation in the data identifies the parameter?

Third, we present three modern extensions. The recent literature has taught us to be

much more careful about pre-trend testing: (1) Roth (2022) shows that conventional

event study pre-tests often have low power, and that pre-testing itself distorts inference.

178
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(2) When only a few units are treated with no clean control group, the synthetic control

method from Abadie et al. (2010) constructs an artificial control unit as a weighted

combination of untreated units. (3) When a second within-state comparison group is

available, triple differences (DDD) can difference out non-parallel trends.

Fourth, a preview: the next chapter continues with panel data and treats staggered

adoption designs, where treatment turns on at different times for different units and

the TWFE regression can behave badly. The tools of this chapter are the foundation

for that discussion.

8.2 Fixed Effects

8.2.1 Setup

Consider a classic question: what is the impact of military service on wages? Following

the fixed effects framework in Chapter 5 of Angrist and Pischke (2009), let i index

individuals and t index time. We observe wage Yit, military service status Dit, and

time varying covariates Xit. The worry is an unobserved individual attribute, ability

Ai, that affects both the decision to serve and later wages. Assume a constant treatment

effect and a linear CEF:

Yit = α+ ρDit + A′
iγ +X ′

itβ + ϵit, (8.1)

E[Yit | Ai, Xit, Dit] = α + ρDit + A′
iγ +X ′

itβ.

The unobserved confounder Ai has two crucial properties: it is unobserved, so we

cannot control for it directly, and it is time invariant, which is what panel data will let

us exploit. The identifying assumption is that selection into treatment is fully captured

by Ai and Xit:

ϵit ⊥⊥ Dit | Ai, Xit.

If we could observe Ai, we would simply control for it. We cannot, but with panel data

we do not need to. There are three simple ways to estimate ρ.
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8.2.2 Three Estimators

Method 1: The fixed effect (within) estimator. The FE estimator is a deviation

from means estimator. Take individual level time averages of both sides of (8.1):

Ȳi = α+ ρD̄i + A′
iγ + X̄ ′

iβ + ϵ̄i,

where Ȳi =
1
T

∑︁
t Yit and so on. Now subtract this from the original equation:

Yit − Ȳi = ρ (Dit − D̄i) + (A′
iγ − A′

iγ) + (Xit − X̄i)
′β + (ϵit − ϵ̄i)

= ρ (Dit − D̄i) + (Xit − X̄i)
′β + (ϵit − ϵ̄i). (8.2)

The unobserved time invariant term A′
iγ is identical in every period for individual i, so

it equals its own time average and cancels. Running OLS on the demeaned equation

(8.2) delivers ρ without ever observing Ai.

Method 2: The dummy variable estimator. Alternatively, saturate the individual

dimension with a full set of individual dummies. Collect the constant and the individual

specific term into one intercept per person:

Yit = αi + ρDit +X ′
itβ + ϵit, αi ≡ α+ A′

iγ. (8.3)

The unobserved Ai is absorbed into the estimated dummy coefficient αi. Running OLS

on (8.3) with N individual dummies again delivers ρ. Because OLS on group indicators

just fits the group mean, then By the Frisch–Waugh–Lovell logic, regressing on a full

set of individual dummies is numerically identical to demeaning within individuals.

Thus, the dummy estimator and the FE estimator produce exactly the same point

estimates, standard errors, and other main statistics. For this reason the two are used

interchangeably and jointly called the “FE model.”

Method 3: The first difference (FD) estimator. A third route removes Ai by

differencing across adjacent periods. Let ∆Yit = Yit − Yi,t−1. Subtracting the period

t− 1 equation from the period t equation:

∆Yit = ρ∆Dit +∆X ′
itβ +∆ϵit. (8.4)

Again the time invariant Ai drops out, this time through differencing rather than
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demeaning.

8.2.3 Comparing FE, Dummy, and FD

All three estimators exploit the same source of variation: changes over time within the

same person. But they are not always numerically identical, and the differences matter

in practice.

FE, Dummy, and FD: How They Relate

• FE and Dummy are always identical. Point estimates, standard errors,

and the main regression statistics coincide. We refer to both as the FE model.

• FE and FD are identical when T = 2. With two periods, the within

deviation and the first difference are the same transformation up to scale.

• FE and FD differ when T > 2, and the choice between them is an inference

question about the error process:

– If ϵit are serially uncorrelated shocks, FE is more efficient. First differ-

encing manufactures serial correlation in ∆ϵit (adjacent differences share

a common ϵ term), which FD then has to live with. Serial correlation

invalidates the usual statistical inference based on the i.i.d. assumption

and damages efficiency.

– If ϵit follows a random walk, that is, ϵit = ϵi,t−1 + uit with uit i.i.d.,

then FD is better, because the original errors are serially correlated but

∆ϵit = uit is not.

8.3 Difference-in-Differences and TWFE

8.3.1 The Two Way Fixed Effect Model

With panel data we can usually control for both individual and time fixed effects:

Yit = ρDit +X ′
itβ + λt + αi + ϵit. (8.5)

This is the two way fixed effect (TWFE) model. The individual effects αi absorb

everything constant within a unit, and the time effects λt absorb everything common

to all units in a period (macro shocks, seasonality, national policy).
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The difference-in-differences (DID) design is a special case of the TWFE model. In

a typical DID application, some policy is implemented at a higher level of aggregation

than the individual, such as a province or a city, and Dit is a binary indicator for

whether individual i at time t is covered by the policy. We control for unit (or province,

or city) fixed effects and time fixed effects, and read the policy effect off ρ.

8.3.2 The Card and Krueger Setting

The canonical DID example is Card and Krueger (1994) on the minimum wage. On

April 1, 1992, New Jersey raised its state minimum wage. In neighboring Pennsylva-

nia, nothing happened. Card and Krueger collected employment data from fast food

restaurants in New Jersey and Pennsylvania in February 1992 (before the change) and

November 1992 (after the change). The question is whether the minimum wage increase

reduced employment, as a simple competitive model of the labor market predicts.

For restaurant i in state s at time t, denote employment by Yist and the policy dummy

by Dst. In this two state, two period setting, Dst = NJs · dt, where NJs indicates New
Jersey and dt indicates the post policy period. Our target is the average treatment

effect on the treated,

E[Y1ist − Y0ist | Dst = 1].

The problem is the usual missing counterfactual: after the policy, we observe only the

treated outcome Y1ist for New Jersey restaurants. How would employment in New

Jersey have evolved without the policy?

8.3.3 The Parallel Trend Assumption

The DID answer: use the untreated state as the control group, and assume the treated

state would have followed the same time path as the control state in the absence of the

policy.

Assumption 8.3.1 (Parallel Trends). There are no differential trends across treated

and untreated states absent the policy change:

E[Y0ist | s, t] = γs + λt. (8.6)

The untreated potential outcome decomposes into a state component and a time com-

ponent, with no interaction: no term like ηst appears in E[Y0ist | s, t].
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Assumption 8.3.1 is additive separability of the untreated outcome in state and time.

States can differ in levels (γs), and time can shift all states together (λt), but there is

no state specific trend. This is what makes Pennsylvania an acceptable stand-in for

the New Jersey counterfactual.

8.3.4 Identification

Under parallel trends, the policy effect δ is identified by the regression

Yist = γs + λt + δDst + ϵist. (8.7)

To see why, take two differences. The first difference compares the same state across

time:

E[Yist | s = PA, t = Nov]− E[Yist | s = PA, t = Feb] = λNov − λFeb, (8.8)

E[Yist | s = NJ, t = Nov]− E[Yist | s = NJ, t = Feb] = λNov − λFeb + δ. (8.9)

Each within state change nets out the state level γs but still contains the common time

shift. The second difference compares the two state level changes:

(8.9)− (8.8) = δ. (8.10)

The common time trend cancels, and what remains is the policy effect. We difference

once over time and once over states, hence the name difference-in-differences. The

logic is drawn in Figure 8.1: the control group’s observed trend is used to construct

the treated group’s counterfactual, and the treatment effect is the gap between the

observed and counterfactual treated outcomes after the policy.
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Figure 8.1: The DID identification logic. The treated group’s counterfactual path (dashed)
is constructed by shifting the control group’s trend down to the treated group’s pre-period
level. The treatment effect is the post-period gap between the observed and counterfactual
treated outcomes.

8.3.5 Testing the Parallel Trend Assumption

After the policy is implemented at time t0, we can no longer observe Y0 for the treated

group, so the parallel trend assumption is intrinsically untestable in the post period.

What we can examine is the pre period: did the two groups trend in parallel before t0?

This is the pre-trend test, and there are two simple ways to do it.

Method 1: Draw the picture. Plot the average outcome for treated and control

groups over time and look at the pre-policy period. In the Card and Krueger follow-up

data (Card and Krueger, 2000), employment in New Jersey and Pennsylvania fast food

restaurants tracks each other reasonably well before the policy dates, which supports

the design. In other applications the picture can be damning: when the treated group

is already on a visibly different trajectory before the policy (rising while the control is

flat, say), the parallel trend assumption loses credibility no matter what the post period

shows. Always draw this picture first. It is the cheapest and most honest diagnostic

available.

Method 2: The event study regression. Suppose we have data from −T to T ′ in

event time, with the policy implemented at t = 0 for the treated group. Let Ds be the
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treated group dummy. Run

Yist = γs + λt +
∑︂
τ ̸=−1

1(t = τ) δτDs + ϵist. (8.11)

Each event time τ gets its own coefficient δτ , which measures the difference in trends

between treated and untreated groups at τ , relative to the omitted baseline. The

period just before the policy, τ = −1, is conventionally omitted as the baseline. Note

the contrast with the static DID: there we split time into just two bins, before and

after, with Dst = Dsdt switching on only for the treated group after implementation;

in the event study we give every time point its own parameter.

The estimated δτ are then plotted against event time with confidence intervals, as in

Figure 8.2. The reading is:

• Points before t = 0 insignificant and close to zero ⇒ the pre-trend is parallel.

• Points after t = 0 show the dynamic policy effect, period by period.

Figure 8.2: An event study coefficient plot from a simulated DID panel. Each point is δ̂τ with
a 95% confidence interval; the period τ = −1 is the omitted baseline (normalized to zero,
shown without an interval). Pre-period coefficients are small and insignificant, consistent
with parallel trends; post-period coefficients trace out a dynamic treatment effect.
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A Traditional DID Procedure

1. Draw the changes of Y over time for treated and control groups as descriptive

evidence.

2. Run the main DID regression.

3. Run the event study regression to check the pre-trend and to trace the dy-

namic effect.

4. Remember to cluster your standard errors. (More details on clustering in

Chapter 11.)

8.4 Identification Source: Which Variation Are You

Using?

When you are doing causal research, a central question is: what kind of variation is

used to identify the causal effect? This question is very, very important. It determines

how you can interpret your results, it determines which assumption you are actually

invoking, and it therefore determines how you should defend your research design.

With cross-sectional data the answer is usually easy. With panel data it becomes

complicated, because there are more dimensions along which variation lives. Applied

papers control for many fixed effects at different levels, sometimes combined with IV,

RD, or other designs. Whatever the combination, you should always be able to state

precisely where the identifying variation comes from.

Consider a simple example: the effect of working experience on wages, for individual i

from family j at time t:

wageijt = β0 + β1expijt + ϵijt. (8.12)

The fixed effects you include determine the comparison the regression makes.

Fixed Effects and the Variation They Leave

For regression (8.12):

• Time FE only: you are using variation across individuals and families (i, j

level) within the same year.
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• Individual FE only: you are using variation across time (t level) for the

same person.

• Family FE and time FE: you are using variation across individuals within

the same family in the same year (i | j level).

• Individual FE and time FE: you are using variation in time trends across

different people (i× t level).

Each row of the box corresponds to a different comparison, a different exogeneity

requirement, and a different economic interpretation. Two researchers running “the

same” regression with different fixed effects are, in identification terms, running differ-

ent research designs.

8.5 Pre-Trend Testing Reconsidered

We now turn to the first of three modern extensions of DID: a more careful look at

pre-trend testing. Is the event study a perfect tool for testing parallel trends? It is

good, but far from perfect. The key reference is Roth (2022), which examines what

event study pre-tests actually deliver in practice.

8.5.1 Problem 1: Low Statistical Power

The first problem is that pre-trend tests frequently have low power: they are likely

to commit type II errors, failing to detect violations that are large enough to matter.

Pre-existing trends that produce meaningful bias in the DID estimate may simply not

be detected by the test.

To make this concrete, suppose parallel trends is violated linearly: the differential

trend between treated and control groups is δ1t − δ0t = γt for some slope γ. Roth

(2022) runs Monte Carlo simulations calibrated to data from a large set of published

papers and asks: how big must the violation be before the standard pre-test detects

it reliably? The answer is sobering. For the test to detect the violation 80% of the

time, the implied bias in the treatment effect estimate has to be roughly as large as

the estimated treatment effect itself. In other words, a pre-existing trend big enough

to explain the entire headline result can still slip past the test most of the time. The

bias has to be very large for you to detect it.
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Why does this happen? It goes back to the nature of statistical testing. Recall the two

error types:

• Type I error: H0 is true but we reject it. Its probability is the significance level

α.

• Type II error: H0 is false but we fail to reject it. Its probability is β.

• Power: the probability of rejecting H0 when it is false, 1− β.

The four possible outcomes of a hypothesis test are summarized in Figure 8.3.

Null hypothesis is . . . True False

Rejected

Not rejected

Type I error

False positive

Probability = α

Correct decision

True positive

Probability = 1− β

Correct decision

True negative

Probability = 1− α

Type II error

False negative

Probability = β

Figure 8.3: Type I and type II errors: the four possible outcomes of a hypothesis test, with
the probability of each outcome.

There is an unavoidable trade-off. When you choose a critical value, moving it in one

direction raises α, and moving it in the other raises β. You can decrease the type I

error rate only by increasing the type II error rate, and vice versa. If you want H0 to

be rejected less easily, you must tolerate a larger probability of a false negative.

Figure 8.4 visualizes the trade-off. The critical value splits the horizontal axis between

the two sampling distributions: the right tail of the null distribution beyond the critical

value is the type I error rate α, and the left tail of the alternative distribution below it

is the type II error rate β. Pushing the critical value to the right means you are setting

a higher bar to reject the null hypothesis. It shrinks α but inflates β. Pulling it to the

left does the reverse. There is no choice that shrinks both.
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Figure 8.4: The probability of making type I and type II errors. The null sampling distribu-
tion (blue) and the alternative (green) overlap; at the critical value, the shaded right tail of
the null is α and the shaded left tail of the alternative is β. Moving the critical value trades
one error rate against the other.

Here is the catch. Traditional hypothesis testing is deliberately conservative about

rejecting H0: we cap α at 10%, 5%, or 1%, and accept whatever β results. That

convention is designed for situations where a false rejection is the costly mistake. But

in pre-trend testing the roles are reversed. The null hypothesis is “trends are parallel,”

and the researcher is hoping not to reject it. What we should be conservative about

is failing to reject a false null, that is, we care about power. A testing convention that

makes rejection very hard mechanically makes it very likely that your design passes

the pre-test, whether or not parallel trends actually holds.

8.5.2 Problem 2: Pre-Testing Distorts Inference

The second problem is subtler. In practice, researchers run the pre-test and proceed

only if the design passes. This turns the pre-test into a sample selection device operat-

ing across research designs, and conditioning on passing has consequences:

2a. Variance understatement. Conditional on having passed a pre-test, the usual

standard errors understate the true sampling variability of the estimator.

2b. Bias exacerbation. If parallel trends is in fact violated, conditioning on pass-

ing the event study test can make the bias of the point estimate worse, not
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better. The draws in which the violation happens to look small in the pre-period,

which are exactly the draws that pass, are systematically unrepresentative. Roth

(2022) shows the bias is certainly exacerbated in common configurations, such as

monotone trend violations with homoskedastic errors.

The overall effect of pre-trend testing is therefore ambiguous: it screens out some non-

parallel designs, which is good, but among designs with a real violation that survive

the screen, it makes the surviving estimates more biased, which is bad.

8.5.3 Practical Suggestions

Practical Suggestions Following Roth (2022)

• Most important: always use your economic knowledge to assess the

parallel trend assumption. The pre-test is a diagnostic, not a substitute

for thinking about why the treated and control groups should trend together.

• Do not conclude you are safe just because the event study does not detect

any non-parallel pre-trend.

• Do power calculations against economically relevant violations of parallel

trends.

• If you know the functional form of the differential trend, control for it directly.

• Conduct sensitivity analysis using Rambachan and Roth (2023): compute

bounds on your estimates under a specified amount of parallel trend violation,

and report how large a violation would be needed to overturn the conclusion.

8.6 Synthetic Control

8.6.1 Main Idea

In the previous analysis we considered micro-level units like individuals and restaurants.

In a large micro-level dataset, it is not hard to find comparable treated and control

groups. However, what if the treated unit is only one country or one province? It may

be hard to find another proper untreated country or province that is similar enough.

What should we do? Just create one synthetic control unit. This is the synthetic control

method, developed in Abadie et al. (2010, 2015) and reviewed in Abadie (2021). At

heart it is a matching method applied to aggregate units.
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When the units of observation are a small number of aggregate entities, such as states

or countries, a combination of unaffected units often provides a more appropriate com-

parison than any single unaffected unit alone. Rather than picking one control state,

we construct a weighted average of many control states that mimics the treated state

as closely as possible before the treatment.

The canonical application is Abadie et al. (2010) on California’s Proposition 99, a large

scale tobacco control program implemented in 1988 that combined a 25 cent per pack

excise tax with restrictions such as a ban on cigarette vending machines in public areas

accessible to juveniles. The empirical problem is that California’s cigarette sales were

not trending in parallel with other states before 1988, and even the average of all other

states tracks California poorly. No single state, and not the national average, is a

credible control. The solution: combine the other states into a man-made “synthetic

California” whose pre-1988 sales path matches the real California almost exactly. After

1988, the gap that opens between real and synthetic California estimates the effect of

Proposition 99.

8.6.2 Formal Setting

Suppose we have units j = 1, 2, . . . , J + 1 (provinces, states, countries) observed over

T periods. Periods 1, . . . , T0 are pre-treatment and treatment starts in period T0 + 1;

j = 1 is the treated unit. The remaining units j = 2, . . . , J + 1 are called the donor

pool: the synthetic control will be built from them. For each unit we observe a vector

of characteristics Xkj, which may include pre-treatment values of the outcome itself.

The Predictors Must Be Unaffected by Treatment

The characteristics Xkj used to construct the synthetic control must be unaffected

by the treatment. Pre-treatment outcomes can be included; post-treatment out-

comes must never be.

Define potential outcomes Y I
jt (with intervention) and Y N

jt (without intervention). The

treatment effect of interest for the treated unit is

τ1t = Y I
1t − Y N

1t for t > T0,

which can vary across time.
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Definition 8.6.1 (Synthetic Control Estimator). A synthetic control is a weighted

average of the units in the donor pool. Given weights wj ≥ 0 for j = 2, . . . , J + 1 with∑︁J+1
j=2 wj = 1, the synthetic control estimate of the treated unit’s untreated outcome is

Ŷ N
1t =

J+1∑︂
j=2

wjYjt,

and the estimated treatment effect is

τ̂1t = Y1t − Ŷ N
1t .

8.6.3 Choosing the Weights

How are the weights determined? Stack the characteristics of the treated unit into X1

and those of the donors into X0, with the predictor variables indexed by h = 1, . . . , k.

The unit weights W = (w2, . . . , wJ+1)
′ are chosen to minimize the weighted Euclidean

distance

∥X1 −X0W∥ =
(︂ k∑︂
h=1

vh (Xh1 − w2Xh2 − · · · − wJ+1Xh,J+1)
2
)︂1/2

. (8.13)

We are searching for the combination of donors that mimics our treated unit the best,

predictor by predictor. Watch out for the two different sets of weights in (8.13):

• wj is the weight assigned to each unit (state) in forming the synthetic control.

• vh is the weight assigned to each characteristic (predictor) when we compute the

distance that determines w. It encodes how important each predictor is for the

match.

A concrete illustration comes from the German reunification application of Abadie et

al. (2015): how would West German GDP have evolved without the 1990 reunification?

The treated unit is West Germany; the donor pool is a set of other OECD countries.

The predictor weights v are attached to economic growth predictors such as GDP

per capita, trade openness, inflation, industry share, population education level, and

the investment rate. The resulting synthetic West Germany matches the real West

Germany’s pre-1990 predictor means far better than the OECD average or any single

country. The country weights w turn out to concentrate on a handful of donors (in
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the published application: Austria, the United States, Japan, Switzerland, and the

Netherlands, with all other weights at zero), and the synthetic Germany tracks real

West German GDP per capita almost perfectly for three decades before reunification.

8.6.4 Choosing v by Cross-Validation

The predictor weights v are a tuning parameter, and they are chosen by a training and

validation split of the pre-treatment data:

1. Divide the pre-treatment sample into two parts: a training period t = 1, . . . , t0

and a validation period t = t0 + 1, . . . , T0.

2. For every candidate V , compute the unit weights w̃(V ) by minimizing (8.13)

on the training data.

3. Select V ∗ as the candidate that minimizes the mean squared prediction error on

the validation data:

1

T0 − t0

T0∑︂
t=t0+1

(︂
Y1t − w̃2(V )Y2t − · · · − w̃J+1(V )YJ+1,t

)︂2
.

4. Recompute the final unit weights W ∗ = w̃(V ∗) on the validation period data.

This is exactly the logic of model selection by cross-validation from Chapter 3, trans-

planted into the comparative case study world: fit on one part of the data, evaluate

predictive performance on another, and pick the tuning parameter that predicts best

out of sample.

Figure 8.5 illustrates the method on a simulated example: the synthetic control tracks

the treated unit closely through the pre-period, then a gap opens after the treatment

date, and that gap is the estimated effect.
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Figure 8.5: Synthetic control in a simulated example. Left: outcome paths of the treated unit
and its synthetic control, with the treatment date marked by the dotted vertical line. The
synthetic control matches the treated unit closely before treatment. Right: the gap between
treated and synthetic outcomes, which estimates the (here negative and widening) treatment
effect.

Things to Remember for Synthetic Control

• Post-treatment outcomes cannot be used in X. Pre-treatment outcomes can.

• There can be bias if there are unobserved endogenous characteristics that

cannot be matched.

• When the distance ∥X1 − X0W
∗∥ is large, the pre-treatment fit is bad: do

not use synthetic control in that case.

• If the donor pool is too large, there can be over-fitting. Choose the donor

pool judiciously.

• All unit weights must be nonnegative and sum to one, so each wj lies within

[0, 1].

8.7 Triple Differences (DDD)

8.7.1 Main Idea

Another method to extend DID is triple differences (DDD). Return to Card and

Krueger (1994) and suppose we worry that Pennsylvania and New Jersey have gen-

uinely different time trends in average wages, driven by some common shock that hits

the two states differently. Then the simple two state DID is contaminated.
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But notice what the minimum wage does and does not touch. A minimum wage

increase affects the cashier at McDonald’s, whose wage sits at the minimum, but it

does not affect teachers, whose wages are far above it. If whatever differential state

level shock we worry about moves cashiers and teachers alike, then the gap between

cashier and teacher wages has the same trend in Pennsylvania and New Jersey absent

the policy. The only genuinely treated group is cashiers in New Jersey after the policy.

8.7.2 The Three Way Fixed Effect Model

Denote i as the individual, g as the occupation group (g = 1 for cashiers), s as the

state (s = 1 for New Jersey), and t as time (t = 1 for November, the post period).

Extend the TWFE model to

Yit = ρDit + λg,t + δs,t + αi + ϵit. (8.14)

This is a three way fixed effect (3WFE) model. We control for individual level

fixed effects αi (which absorb group and state levels, since occupation and state are

fixed within individual), occupation by time effects λg,t, and state by time effects δs,t.

The treatment dummy switches on only for the triple intersection: Dit = 1 only if

t = 1, g = 1, and s = 1.

The state by time effects δs,t are exactly what the two state DID could not control:

they allow New Jersey and Pennsylvania to follow different aggregate trends. The oc-

cupation by time effects λg,t allow cashiers and teachers nationwide to trend differently.

What must be excluded is a shock specific to the triple cell (cashiers in New Jersey

after the policy) other than the policy itself.

8.7.3 Identification

The extended parallel trend assumption is that the error is orthogonal to the treatment

given the fixed effects, E[ϵit | λg,t, δs,t, αi, Dit] = 0. Under this assumption, the policy

effect ρ is recovered by three nested differences. Write E[Yist | s, g, t] for the cell means

implied by (8.14).

First difference (same state, same occupation, across time; the individual effect αi
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cancels):

E[Y | s=0, g=0, t=1]− E[Y | s=0, g=0, t=0] = λ0,1 − λ0,0 + δ0,1 − δ0,0, (8.15)

E[Y | s=0, g=1, t=1]− E[Y | s=0, g=1, t=0] = λ1,1 − λ1,0 + δ0,1 − δ0,0, (8.16)

E[Y | s=1, g=0, t=1]− E[Y | s=1, g=0, t=0] = λ0,1 − λ0,0 + δ1,1 − δ1,0, (8.17)

E[Y | s=1, g=1, t=1]− E[Y | s=1, g=1, t=0] = λ1,1 − λ1,0 + δ1,1 − δ1,0 + ρ. (8.18)

Second difference (same state, across occupations; the state by time trend cancels):

(8.16)− (8.15) = λ1,1 − λ1,0 − (λ0,1 − λ0,0), (8.19)

(8.18)− (8.17) = λ1,1 − λ1,0 − (λ0,1 − λ0,0) + ρ. (8.20)

Each second difference is itself a DID: the cashier versus teacher gap change within a

state. The occupation by time trend survives, but it is the same in both states.

Third difference (across states):

(8.20)− (8.19) = ρ. (8.21)

The occupation trend cancels, and only the policy effect remains. DDD is easily under-

stood as a difference between two DIDs: the cashier-minus-teacher DID in New Jersey

minus the cashier-minus-teacher DID in Pennsylvania.

8.8 Conclusion

When we observe the same units across time, we have panel data, and the fixed effect

toolkit lets us cancel out all time invariant confounders. The FE, dummy, and FD

regressions all do this; FE and dummy regressions are numerically identical, FE and

FD coincide with two periods but differ beyond that, and the choice between FE and

FD depends on the serial correlation structure of the errors.

The main assumption for DID is parallel trends. Traditionally we assess it in two steps:

draw the picture, and run the event study. But a statistical pre-test that minimizes the

type I error rate mechanically inflates the type II error rate, and Roth (2022) shows

that in realistic settings the power of pre-trend tests is low, while conditioning on

passing them distorts both variance and bias. Be careful using them: check the power,
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do sensitivity analysis, and above all validate the assumption with economic knowledge

of the setting.

When it is hard to find any control group, you can create one with the synthetic control

method: two sets of weights, one over characteristics (v) and one over donor units (w),

combine the donor pool into an artificial control that mimics the treated unit’s pre-

treatment behavior. Alternatively, if there is a further layer of difference that gives

you exogeneity, such as an occupation group untouched by the policy, triple differences

absorbs state specific trends with state by time fixed effects and identifies the effect

from the triple interaction.

Throughout, keep asking the identification source question: which variation in the

data is identifying the parameter? The answer determines the assumption you need,

the interpretation you may claim, and the defense you must give. In the next chapter

we stay with panel data and confront the staggered adoption case, where treatment

starts at different times for different units and the TWFE regression turns out to hide

serious problems.

Homework Problems

1. FE, Dummy, and FD Estimators.

Consider the fixed effect model Yit = α+ ρDit+A′
iγ+ ϵit with T = 2 periods (no

additional covariates).

(a) Write down the within (FE) transformation of the model and the first dif-

ference (FD) transformation of the model.

(b) Show that with T = 2 the two transformations are identical up to a constant

scaling, so the FE and FD estimators of ρ coincide.

(c) Now suppose T > 2. Suppose the errors ϵit are i.i.d. across t. Show

that the first differenced errors ∆ϵit are serially correlated, and compute

Corr(∆ϵit,∆ϵi,t−1).

(d) Suppose instead that ϵit follows a random walk, ϵit = ϵi,t−1 + uit with uit

i.i.d. Which estimator, FE or FD, would you prefer now, and why?

2. Triple Differences Identification.
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Consider the 3WFE model (8.14) with two states (s ∈ {0, 1}), two occupation

groups (g ∈ {0, 1}), and two periods (t ∈ {0, 1}), where Dit = 1 only if s = 1,

g = 1, t = 1.

(a) Derive the four within-cell time differences (8.15)–(8.18) from the model,

explaining why the individual effect αi cancels in each.

(b) Form the two second differences and explain, in words, what each one holds

fixed and what remains.

(c) Show that the third difference recovers ρ, and state precisely which shocks

the DDD design allows for that the simple two state DID does not.

(d) Give one example of a shock that would still bias the DDD estimate.

3. Data Splitting in Synthetic Control.

The cross-validation procedure of the synthetic control method divides the pre-

treatment sample into two parts: a training period and a validation period. Ex-

plain the reason why we split the data into these two parts. No math!

Practice Example: A DID Simulation with Event

Study

In this practice example we simulate a panel with a policy that satisfies parallel trends,

estimate the policy effect by TWFE DID, and then run the event study regression to

verify the flat pre-trend and trace the dynamic effect.

Data generating process. Consider J = 40 states observed over T = 12 years.

States 1, . . . , 20 are treated: a policy takes effect in year 8 and stays on. The outcome

is

Yit = αi + λt + δτ(t)Di · 1(t ≥ 8) + ϵit, ϵit ∼ N (0, 1),

where αi ∼ N (0, 4) are state effects, λt is a common trend, Di indicates the treated

group, and the dynamic effects at event time τ = t− 8 are

(δ0, δ1, δ2, δ3, δ4) = (2.0, 3.0, 3.5, 4.0, 4.0),

with δτ = 0 for τ < 0 (parallel trends holds by construction). The static DID target is
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the average post-period effect, δ̄ = 3.3.

Analysis steps. The do-file (src/chapter 8/ch8 did.do) performs:

1. Simulate the panel and save the dataset.

2. Descriptive step: compute and list group-by-year mean outcomes, the raw ingre-

dients of the trends plot.

3. Static DID: regress Y on the treatment dummy with state and year fixed effects;

compare ρ̂ to δ̄ = 3.3.

4. Manual double difference: compute the four cell means (treated/control, pre/post)

and verify that the double difference matches the regression estimate.

5. Event study: regress Y on event time dummies interacted with the treated in-

dicator, omitting τ = −1; verify the pre-period coefficients are near zero and

the post-period coefficients track the true (δ0, . . . , δ4). The do-file also exports

the coefficient plot to src/chapter 8/ch8 event study.png; it reproduces the

design of Figure 8.2 with its own random draw.

6. Cluster standard errors at the state level and compare with unclustered ones.

In the baseline panel the errors are i.i.d., so the two standard errors come out

similar. The do-file then re-simulates the same panel with AR(1) errors within

state (ρ = 0.8) and repeats the comparison: the unclustered standard error falls

to about half of the clustered one.

7. Key lessons summary.

Key lessons.

• Under parallel trends, TWFE DID recovers the (average) policy effect; the man-

ual double difference and the regression coefficient agree exactly in the two-by-two

collapse.

• The event study shows both halves of the design’s credibility: flat, insignificant

pre-period coefficients, and interpretable dynamic effects afterward.

• Clustering matters: with i.i.d. errors the clustered and unclustered standard

errors are similar, but once errors are serially correlated within state, the un-

clustered standard error becomes misleadingly small (about half of the clustered

one in the AR(1) re-simulation). Cluster at the level of the treatment variation.
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Chapter 11 returns to this at length.

The do-file is located at src/chapter 8/ch8 did.do and the simulated dataset at

data/chapter 8/ch8 did.dta.



Chapter 9

Causal Inference with Panel Data II

9.1 Introduction

In the previous chapter we developed the panel data toolkit around a plain vanilla

DID setting: some policy is implemented at time t0 in one set of units, the treated

group, but not in the other set, the untreated group. Two groups, one switch date, one

comparison. The world is rarely this tidy. Minimum wages rise in different states in

different years. Broadband arrives in different counties in different months. A health

insurance reform rolls out province by province. When a policy can be rolled out in

different places at different times, we are in the world of staggered DID, and the natural

reflex of every applied economist is to run the same two way fixed effect regression as

before and read the policy effect off the treatment coefficient.

This chapter is about why that reflex can fail, and what to do about it. The recent

econometrics literature has shown that when treatment effects are heterogeneous across

groups or over time, the TWFE estimator is a weighted average of group and period

level treatment effects in which some weights can be negative. A negative weight is

not a technical curiosity: it means the regression can return a negative coefficient even

when the policy helped every group in every period. The first half of the chapter follows

de Chaisemartin and D’Haultfœuille (2020) and develops this result step by step: the

exact weight formula, a two group example in which the weights can be computed

by hand, the notion of a forbidden comparison that explains where negative weights

come from, a diagnostic for how vulnerable your estimate is, and a corrected estimator,

DIDM , that never compares a switching group to an already treated one.

201
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The second half of the chapter turns to a different generalization of DID: what if

the treatment is not a binary switch but a continuous dose? The effect of the US

China trade war tariffs on Chinese employment is a leading example: regions were not

simply treated or untreated, they were exposed to different tariff increases. Following

Callaway et al. (2021), we will see that continuous treatments force us to distinguish

two kinds of causal effects, level effects and slope effects, and that the familiar parallel

trend assumption identifies only the former. Identifying the latter requires a genuinely

stronger assumption, strong parallel trends, and even then the TWFE regression in a

staggered setting commits the same forbidden comparisons as in the binary case.

The message of the chapter is not that DID is broken. It is that the TWFE regression

needs to be used with caution. Linear regression is a parametric tool, and when treat-

ment effects are heterogeneous, dynamic, or continuous, the regression may aggregate

the underlying effects in ways no researcher would choose deliberately. For students

who want a broader map of this fast moving literature, Roth et al. (2023) provide an

excellent synthesis.

9.2 Staggered DID and the TWFE Regression

Assume the policy is implemented at the level of a group g (a state, a city, a cohort),

rolling out in different periods for different groups. For individual i in group g at time

t, we run the same TWFE regression as in the previous chapter:

Yigt = γg + λt + βDgt + ϵigt, (9.1)

where Dgt = 1 if group g is treated at time t.

What does β estimate? In the homogeneous treatment effect case, where the policy

moves every treated cell by the same amount, β is that treatment effect, and nothing in

this chapter changes the conclusion of the previous one. In the heterogeneous treatment

effect case, β is a weighted sum of the average treatment effects in each group and

period. That sounds harmless: a weighted average of effects is still some kind of

summary of the effects. But is this in general a good estimator? The answer is no,

and the reason is that the weights are not what you think they are.
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9.3 Negative Weights in the TWFE Estimator

The key reference for this section is de Chaisemartin and D’Haultfœuille (2020), abbre-

viated as CD (2020) below. Their main message: when treatment effects are heteroge-

neous, the TWFE estimator identifies a weighted average of cell level treatment effects,

but some of the weights can be negative. As a consequence, the weighted average may

be negative even if every single cell level effect is positive. This section unpacks why,

and the derivation deserves careful attention. I strongly encourage all readers to read

the original paper.

9.3.1 Setting and Assumptions

The data have three levels: individual i, group g, and period t. Let Ng,t be the number

of observations in cell (g, t) and N the total number of observations. Treatment Di,g,t

is binary, with potential outcomes Yi,g,t(0) and Yi,g,t(1). Averaging within a (g, t) cell

gives the cell level variables

Dg,t =
1

Ng,t

∑︂
i∈(g,t)

Di,g,t, Yg,t(0) =
1

Ng,t

∑︂
i∈(g,t)

Yi,g,t(0),

Yg,t(1) =
1

Ng,t

∑︂
i∈(g,t)

Yi,g,t(1), Yg,t =
1

Ng,t

∑︂
i∈(g,t)

Yi,g,t.

Five assumptions set up the result.

Assumption 9.3.1 (Full Support, Assumption 1 in CD 2020). For all (g, t), Ng,t > 0:

every group is observed in every period.

Assumption 9.3.2 (Sharp Design, Assumption 2 in CD 2020). For all (g, t) and all

i in cell (g, t), Di,g,t = Dg,t: treatment is identical for everyone in the same group and

time cell.

Assumption 9.3.3 (Independent Groups, Assumption 3 in CD 2020). The vectors

(Yg,t(0), Yg,t(1), Dg,t)1≤t≤T are mutually independent across groups.

Assumption 9.3.3 rules out correlation across groups but allows arbitrary correlation

within a group across time. It is a weaker version of the usual i.i.d. sampling assumption,

adapted to grouped panel data.
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Assumption 9.3.4 (Strong Exogeneity, Assumption 4 in CD 2020). For all (g, t),

E
(︁
Yg,t(0)− Yg,t−1(0) | Dg,1, . . . , Dg,T

)︁
= E

(︁
Yg,t(0)− Yg,t−1(0)

)︁
.

Strong exogeneity says that the whole treatment path of a group carries no information

about the evolution of its untreated outcome. Treatment cannot be assigned to a group

because that group just experienced a negative or positive shock. This is the panel

analogue of ruling out an Ashenfelter dip (a transitory pre treatment drop in outcomes

among those selected into treatment): both the assignment of groups to treatment and

the timing of that treatment must be exogenous.

One more piece of generality before the last assumption. In a staggered adoption design,

once a group is treated it stays treated. de Chaisemartin and D’Haultfœuille (2020)

allow a more general case in which exit is also possible: some group can cancel the

policy after some periods, so that Dg,t = 1 and Dg,t+1 = 0. Everything below covers

both cases.

Assumption 9.3.5 (Common Trends, Assumption 5 in CD 2020). For t ≥ 2, E
(︁
Yg,t(0)−

Yg,t−1(0)
)︁
does not vary across g.

This is the familiar parallel trend assumption from the previous chapter, written at

the group level: potential outcomes without treatment evolve identically across groups.

It is important to distinguish between Assumptions 9.3.4 and 9.3.5. Assumption 9.3.4

claims the exogeneity/randomness of the treatment across both time and group; As-

sumption 9.3.5 states the equality of untreated outcome growth across groups.

9.3.2 What Does the TWFE Coefficient Estimate?

The natural target parameter is the ATT, the average treatment effect across all treated

observations. Define the cell level average treatment effect

∆g,t =
1

Ng,t

∑︂
i∈(g,t)

[︁
Yi,g,t(1)− Yi,g,t(0)

]︁
,
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and let N1 be the total number of treated observations. Then the ATT is an expected

weighted average of the treated cells’ effects,

δTR = E
[︁
Yi,g,t(1)− Yi,g,t(0) | Dg,t = 1

]︁
= E

[︂ ∑︂
(g,t):Dg,t=1

Ng,t

N1

∆g,t

]︂
, (9.2)

where every treated cell receives a weight proportional to its size. All weights in (9.2)

are positive. This is the benchmark against which the regression will be judged.

Now let β̂fe be the OLS estimator of β in regression (9.1) and βfe = E(β̂fe). The

characterization of βfe runs through an auxiliary regression: regress the treatment

indicator itself on group and period fixed effects,

Dg,t = α+ γg + λt + εg,t, (9.3)

and let εg,t denote the residual of this regression. (Do not confuse εg,t, the residual

of the treatment regression at the cell level, with ϵigt, the error term of the outcome

regression; the notation follows de Chaisemartin and D’Haultfœuille, 2020.)

Theorem 9.3.1 (Theorem 1 in de Chaisemartin and D’Haultfœuille, 2020). Under

Assumptions 9.3.1 to 9.3.5,

βfe = E
[︂ ∑︂
(g,t):Dg,t=1

Ng,t

N1

wg,t∆g,t

]︂
, wg,t =

εg,t∑︂
(g,t):Dg,t=1

Ng,t

N1

εg,t

.

The TWFE estimator is a weighted average of cell level average treatment effects, with

weights wg,t that sum to one but need not be positive.

Compare Theorem 9.3.1 with the ATT in (9.2). Both are weighted averages of the same

objects ∆g,t. The ATT weights every treated cell by its share of treated observations.

The regression weights every treated cell by its share times wg,t, and wg,t is driven by

the residual εg,t: how much the cell’s treatment status deviates from what its group

average and period average would predict.

How should we interpret this weight? The regression assigns more weight to treated

cells (g, t) that deviate from the average treatment level of all cells in group g and of

all cells at time t. If everyone else in your group, or everyone else in your period, is

not treated, but you are treated, then you are assigned a large weight: you are the
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surprising cell, and OLS loves surprising variation. That may seem acceptable so far.

The big issue is that εg,t, being a regression residual, can be negative for a treated cell,

and then the cell’s treatment effect enters βfe with a negative weight.

9.3.3 A Two Group, Three Period Example

To see negative weights appear in the smallest possible setting, assume Ng,t/Ng,t−1 does

not vary across g (a balanced panel), and consider two groups of equal size observed

for three periods. Group 1 gets treated at period 3; group 2 gets treated at periods 2

and 3. Figure 9.1 shows the rollout.

t = 1 t = 2 t = 3

Group 1

Group 2

0 0 1

0 1 1

treated (Dg,t = 1)

untreated (Dg,t = 0)

Figure 9.1: Treatment rollout in the two group, three period example. Group 2 adopts the
policy at period 2, group 1 at period 3. There are three treated cells: (1, 3), (2, 2), and (2, 3).

With equal cell sizes, the residual of the treatment regression (9.3) has a closed form.

Let

Dg,. =
∑︂
t

Ng,t

Ng

Dg,t, D.,t =
∑︂
g

Ng,t

Nt

Dg,t, D.,. =
∑︂
(g,t)

Ng,t

N
Dg,t

be the group average, period average, and grand average of treatment. Then, one can

show that

εg,t = Dg,t −Dg,. −D.,t +D.,.. (9.4)

Equation (9.4) comes from the fact that in OLS regression, group dummies lead to

group means as linear predictions. In the example, group 1 is treated in one of three

periods (D1,. = 1/3), group 2 in two of three (D2,. = 2/3), period 2 has one of two

groups treated (D.,2 = 1/2), period 3 has both (D.,3 = 1), and half of all cells are
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treated (D.,. = 1/2). Plugging into (9.4) for the three treated cells:

ε1,3 = 1− 1

3
− 1 +

1

2
=

1

6
,

ε2,2 = 1− 2

3
− 1

2
+

1

2
=

1

3
,

ε2,3 = 1− 2

3
− 1 +

1

2
= −1

6
.

The residual for cell (2, 3) is negative. Applying Theorem 9.3.1 (each treated cell has

Ng,t/N1 = 1/3, and the denominator of the weights is 1
3
(1
6
+ 1

3
− 1

6
) = 1

9
), the TWFE

estimand in this special case is

βfe =
1

2
E[∆1,3] + E[∆2,2]−

1

2
E[∆2,3]. (9.5)

We assign a negative weight to ∆2,3, the treatment effect of the early adopting group

in the late period. Negative weights can make results weird. Suppose all three effects

are positive: E[∆1,3] = E[∆2,2] = 1 and E[∆2,3] = 4. Then

βfe =
1

2
× 1 + 1− 1

2
× 4 = −1

2
.

The policy helps every group in every period, and the regression reports a negative

effect. The problem is in what the coefficient is, not in how precisely it is estimated.

9.3.4 Forbidden Comparisons

Where does the negative weight come from? Let us look at the same example through

the lens of DID comparisons. In this design there are two switches: group 2 switches on

at period 2, and group 1 switches on at period 3. Each switch invites a DID comparison

of the switcher against the other group:

DID1 = E(Y2,2)− E(Y2,1)−
[︁
E(Y1,2)− E(Y1,1)

]︁
, (9.6)

DID2 = E(Y1,3)− E(Y1,2)−
[︁
E(Y2,3)− E(Y2,2)

]︁
. (9.7)

DID1 compares group 2’s change from period 1 to 2 against group 1’s change over the

same window, when group 1 is still untreated. DID2 compares group 1’s change from

period 2 to 3 against group 2’s change over the same window, when group 2 is already

treated in both periods. It can be proved that the TWFE estimand is the simple average
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of these two comparisons:

βfe =
1

2

(︁
DID1 +DID2

)︁
.

The first comparison is the familiar, clean one. The second is not, and this is the heart

of the chapter. One might hope that DID2 = E[∆1,3]: the switcher’s treatment effect,

with group 2’s change differencing out the common trend. Let us check, writing each

observed outcome in potential outcome notation (Y1,3 = Y1,3(1), Y1,2 = Y1,2(0), while

Y2,3 = Y2,3(1) and Y2,2 = Y2,2(1) since group 2 is treated in both periods):

DID2 = E
(︁
Y1,3(1)

)︁
− E

(︁
Y1,2(0)

)︁
−
[︁
E
(︁
Y2,3(1)

)︁
− E

(︁
Y2,2(1)

)︁]︁
= E

(︁
Y1,3(1)

)︁
− E

(︁
Y1,3(0)

)︁⏞ ⏟⏟ ⏞
E[∆1,3]

+E
(︁
Y1,3(0)

)︁
− E

(︁
Y1,2(0)

)︁
−
[︁
E
(︁
Y2,3(1)

)︁
− E

(︁
Y2,2(1)

)︁]︁
= E[∆1,3] + E

(︁
Y1,3(0)

)︁
− E

(︁
Y1,2(0)

)︁
−
[︁
E
(︁
Y2,3(0)

)︁
− E

(︁
Y2,2(0)

)︁]︁⏞ ⏟⏟ ⏞
=0 by common trends

−
[︁
E
(︁
Y2,3(1)

)︁
− E

(︁
Y2,3(0)

)︁]︁
+
[︁
E
(︁
Y2,2(1)

)︁
− E

(︁
Y2,2(0)

)︁]︁
= E[∆1,3]−

(︁
E[∆2,3]− E[∆2,2]

)︁
. (9.8)

The common trend assumption cancels the untreated outcome changes, as always. But

group 2’s observed change is a change in Y (1), not in Y (0), which means we cannot

cancel out E
(︁
Y1,3(0)

)︁
−E

(︁
Y1,2(0)

)︁
and E

(︁
Y2,3(1)

)︁
−E

(︁
Y2,2(1)

)︁
. Converting it into an

untreated change leaves behind the difference of group 2’s treatment effects across the

two periods. The result is:

DID2 = E[∆1,3]−
(︁
E[∆2,3]− E[∆2,2]

)︁⏞ ⏟⏟ ⏞
bias term

.

What does this equation mean? This DID comparison is the ATT of group 1 in period

3, minus a bias term: the change in group 2’s treatment effect between periods 2 and

3. You are using treated cells as the control group. For this already treated group,

although there is no change in treatment status from period 2 to 3, the change in its

outcome is a change in Y (1), and that is not comparable to a change in Y (0): changes

in Y (1) additionally contain changes in the treatment effect across time. If group 2’s

effect is growing, the growth is subtracted from group 1’s estimated effect, and E[∆2,3]
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enters βfe with a negative sign. That is exactly the −1
2
E[∆2,3] in (9.5). Figure 9.2

contrasts the two comparisons.

(a) DID1: a clean comparison

t = 1 t = 2

G1

G2

0 0

0 1

switcher

control: Y (0) change

(b) DID2: a forbidden comparison

t = 2 t = 3

G1

G2

0 1

1 1

switcher

“control”: Y (1) change

contains TE dynamics!

Figure 9.2: The two DID comparisons hidden inside the TWFE estimator. In panel (a), the
control group is untreated in both periods, so its change identifies the common trend in Y (0).
In panel (b), the “control” group is treated in both periods; its observed change mixes the
common trend with the change in its own treatment effect, which then enters the estimate
with a negative sign.

Forbidden Comparisons

Do not use continuously treated groups as control groups. An already treated

group’s outcome change is a change in Y (1): it contains the evolution of that

group’s treatment effect on top of the common trend. A DID comparison against

such a group subtracts another cell’s treatment effect dynamics from the switcher’s

effect. This is called a forbidden comparison, and it is the mechanism that produces

negative weights in TWFE.

In general, which kinds of cells are more likely to receive negative weights? Go back to

the residual formula (9.4): εg,t turns negative for a treated cell when the group average

Dg,. and the period average D.,t are large. A treated cell is therefore more likely to

have a negative weight if

1. it sits at a period when many groups are treated, and

2. it sits in a group that is treated for many periods.

This is the exact opposite of who gets a large positive weight: if everyone else in your

group and everyone else in your year is treated, you are assigned a negative weight, just

like group 2 in period 3 of the example. The intuition is that these cells are the ones

most often used as “controls” in the regression’s implicit comparisons: many chances



CHAPTER 9. CAUSAL INFERENCE WITH PANEL DATA II 210

for forbidden comparisons. In a staggered adoption design, the dangerous cells are

the early adopting groups in late periods, which is unfortunate, because in applications

those are often exactly the cells where the policy has had time to develop its full effect.

9.3.5 What Should We Do

So, what should we do to deal with this negative weight issue? The first step is

diagnostic: check how sensitive your result is to treatment effect heterogeneity. The

second step is to develop a new estimator free from forbidden comparisons.

9.3.5.1 Step 1: Check How Sensitive Your Estimate Is

Sensitivity Diagnostic for TWFE

1. Compute the weights wg,t from Theorem 9.3.1 and see whether some of them

are negative.

2. Divide |β̂fe| by the standard deviation of the weights. This ratio is the min-

imal value of the standard deviation of the cell level ATEs across (g, t) cells

under which the true ATT could have the opposite sign from your estimate.

3. If there are many negative weights, or if |β̂fe|/sd(w) is small, do not use

TWFE: the estimator is too vulnerable to treatment effect heterogeneity in

your design.

In practice, the Stata package twowayfeweights computes the weights and the

threshold for you. TheDIDM estimator and its placebo test are implemented in the

Stata packages did multiplegt and fuzzydid; the package did multiplegt dyn

is the current successor of did multiplegt and covers dynamic effects as well.

The logic of the ratio in step 2 is worth spelling out. If the cell level effects were

homogeneous, the weights would not matter: any weights summing to one deliver

the common effect. Heterogeneity is what lets negative weights do damage, and the

more the effects vary across cells, the less negativity is needed to flip the sign of

the weighted average. The ratio answers: how much heterogeneity, measured by the

standard deviation of the cell effects, would be enough? If a modest amount suffices,

your headline sign is fragile.
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9.3.5.2 Step 2: The DIDM Estimator

If you have many negative weights, or the threshold value for flipping the sign is small,

use a different estimator. de Chaisemartin and D’Haultfœuille (2020) construct a new

estimator, called DIDM , that only compares switching cells to stable ones. The target

parameter changes accordingly: instead of the ATT over all treated cells, DIDM targets

the ATE of switching cells,

δs = E
[︂ 1

Ns

∑︂
(i,g,t): t≥2, Dg,t ̸=Dg,t−1

[︁
Yi,g,t(1)− Yi,g,t(0)

]︁]︂
, (9.9)

where Ns =
∑︁

(g,t): t≥2, Dg,t ̸=Dg,t−1
Ng,t is the number of observations changing treatment

status between t− 1 and t. Switching cells include joiners (from untreated to treated)

and leavers (from treated to untreated).

Four additional assumptions are needed.

Assumption 9.3.6 (Strong Exogeneity for Y (1), Assumption 9 in CD 2020). For all

(g, t), E
(︁
Yg,t(1)− Yg,t−1(1) | Dg,1, . . . , Dg,T

)︁
= E

(︁
Yg,t(1)− Yg,t−1(1)

)︁
.

Assumption 9.3.7 (Common Trends for Y (1), Assumption 10 in CD 2020). For t ≥ 2,

E
(︁
Yg,t(1)− Yg,t−1(1)

)︁
does not vary across g.

Assumptions 9.3.6 and 9.3.7 mirror strong exogeneity and common trends, but for

the treated potential outcome. Assumption 9.3.7 imposes some homogeneity on how

treatment effects evolve. These two assumptions allow one to reconstruct the missing

potential outcome of leavers, and they are needed only when the design has exits. In a

staggered adoption design with no leavers, they are not necessary.

Assumption 9.3.8 (Existence of Stable Groups, Assumption 11 in CD 2020). (i)

If there is a group g with Dg,t−1 = 0 and Dg,t = 1, there exists a group g′ with

Dg′,t−1 = Dg′,t = 0. (ii) If there is a group g with Dg,t−1 = 1 and Dg,t = 0, there exists

a group g′ with Dg′,t−1 = Dg′,t = 1.

Assumption 9.3.9 (No Spillover, Assumption 12 in CD 2020). For all (g, t), E
(︁
Yg,t(0) |

D
)︁
= E

(︁
Yg,t(0) | Dg

)︁
and E

(︁
Yg,t(1) | D

)︁
= E

(︁
Yg,t(1) | Dg

)︁
: a group’s outcome de-

pends only on its own treatment path, not on other groups’ treatments.

Assumption 9.3.8 guarantees that every switch has a valid comparison group avail-

able: whenever someone joins, some group stays untreated; whenever someone leaves,
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some group stays treated. The estimator is built from exactly these comparisons. Let

Nd,d′,t =
∑︁

g:Dg,t=d,Dg,t−1=d′ Ng,t count the observations with treatment d at t and d′ at

t− 1, and define two families of DID comparisons:

DID+,t =
∑︂

g:Dg,t=1, Dg,t−1=0

Ng,t

N1,0,t

(︁
Yg,t − Yg,t−1

)︁
−

∑︂
g:Dg,t=Dg,t−1=0

Ng,t

N0,0,t

(︁
Yg,t − Yg,t−1

)︁
,

(9.10)

DID−,t =
∑︂

g:Dg,t=Dg,t−1=1

Ng,t

N1,1,t

(︁
Yg,t − Yg,t−1

)︁
−

∑︂
g:Dg,t=0, Dg,t−1=1

Ng,t

N0,1,t

(︁
Yg,t − Yg,t−1

)︁
.

(9.11)

DID+,t is the DID of joiners against stable untreated groups: the standard comparison,

with a genuinely untreated control. DID−,t is the DID of stable treated groups against

leavers: it recovers the leavers’ effect by comparing their change to that of groups that

remain treated, which is where Assumptions 9.3.6 and 9.3.7 come in. The estimator

aggregates all switches:

DIDM =
T∑︂
t=2

(︂N1,0,t

Ns

DID+,t +
N0,1,t

Ns

DID−,t

)︂
. (9.12)

Be careful: under additional Assumptions 9.3.6 and 9.3.7, DID−,t will not cause a

forbidden comparison even if we seem to use already treated cells, because in forbidden

comparisons we compare a newly treated group whose counterfactual state is untreated,

to an incorrect “control” group whose state is being continuously treated. However,

here for leavers, we compare a leaver whose counterfactual state is being continuously

treated, to a correct control group whose state is also being continuously treated. The

key is to have the counterfactual of the targeted group match the control group.

Theorem 9.3.2 (Theorem 3 in de Chaisemartin and D’Haultfœuille, 2020). Under

Assumptions 9.3.1, 9.3.2, 9.3.4, 9.3.5, and 9.3.6 to 9.3.9,

E[DIDM ] = δs.

The DIDM estimator is a weighted average of joiners’ and leavers’ treatment effects,

and it is an unbiased estimator of δs, the ATE of all switching cells.

Three remarks on the properties of DIDM . First, it is consistent and asymptotically
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normal, so inference proceeds as usual. Second, it is non-parametric: it uses only cell

means and never fits a global linear model, and it is therefore less efficient than TWFE

when TWFE is valid. This is the bias and variance tradeoff from Chapter 3 again,

now between estimators rather than tuning parameters: TWFE buys precision with

a parametric structure that fails under heterogeneity, while DIDM pays variance for

robustness. Third, a placebo test of the common trend assumption comes almost for

free. The basic idea is to compare the outcome’s evolution from t− 2 to t− 1 between

the groups that change and do not change their treatment status from t − 1 to t:

compute DID+,t and DID−,t after replacing Yg,t with Yg,t−1 and Yg,t−1 with Yg,t−2. If

common trends holds, the switch at time t should have no echo in the earlier window,

so you should expect zeros in this placebo. This is the pre-trend logic of the previous

chapter adapted to staggered designs, and the warnings of Roth (2022) about pre-test

power apply here as well.

The basic idea of this DIDM estimator is to open the black box of the traditional

TWFE estimator. Rather than giving it a functional form (linearity) restriction, the

DIDM estimator starts from the non-parametric definition of the target treatment ef-

fect and manually excludes all forbidden comparisons, which are incorrectly contained

in the TWFE estimator. There are many other new estimators proposed by econome-

tricians to deal with the staggered DID issue, such as Callaway and Sant’Anna (2021);

Borusyak et al. (2024); Sun and Abraham (2021). They are partly different for various

DID settings, but all share a similar idea about estimator construction as in DIDM .

We do not have space to introduce them one by one, so for interested readers, please

refer to the original papers for details.

9.3.6 Takeaways

Main Takeaways of de Chaisemartin and D’Haultfœuille (2020)

• In general, TWFE is not a good estimator in settings with heterogeneous

treatment effects: it may assign negative weights to some group and period

ATEs.

• If your design has periods when many groups are treated, or groups treated

for many periods, be careful: those cells are the negative weight candidates.

• In practice: (i) calculate the weights and the threshold value for flipping

the sign; (ii) if there are many negative weights or the threshold is small,
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use DIDM (Stata: did multiplegt) or other new estimators rather than

TWFE; (iii) if you use new estimators, implement the new placebo test to

validate the parallel trend assumption.

• The argument is not specific to binary treatments: it applies to any ordered

treatment D.

Roth et al. (2023) give a very clear and comprehensive literature review on the new

development of DID method these days. They also prepare a table with different new

estimators and their corresponding Stata packages, which would be extremely useful

for empirical research.

9.4 DID with a Continuous Treatment

So far the treatment was a switch: on or off. Many treatments of first order interest

are instead doses. What is the effect of the US China trade war tariff on China’s

employment? Regions differ in how much tariff exposure they received, not merely

in whether they received any. Import competition, minimum wage levels, pollution

regulations, transfer amounts: continuous treatments are everywhere.

In general, we will see that TWFE with a continuous treatment is much more com-

plicated than the binary case. This is not surprising as we have shown the growing

complexity for multivalued/continuous IV in Chapter 6. In TWFE settings, we also

need additional assumptions to identify meaningful causal effects, and the staggered

version suffers from the same forbidden comparison problem we just diagnosed. More

fundamentally, the continuous case forces us to think about what “the effect” even

means in the potential outcome framework, and the answer is usually complicated.

The key reference is Callaway et al. (2021). They define two types of causal effects, a

level effect (dose d versus 0) and a slope effect (dose d versus d′), work out the assump-

tions needed to identify each non-parametrically in a simple two period case, analyze

what the TWFE estimator delivers, and extend the results to multiple periods and

staggered designs.
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9.4.1 Setting: Two Periods, One Dose

Consider first the cleanest case: two periods and a one time treatment. We have

periods t−1 and t; units receive a treatment dose Di in period t and nothing in period

t− 1. The potential outcome of unit i at time s under dose d is Yis(d).

Assumption 9.4.1 (Random Sampling, Assumption 1 in Callaway et al., 2021). We

observe i.i.d. samples.

Assumption 9.4.2 (Continuous Treatment, Assumption 2-Cont in Callaway et al.,

2021). The support of the dose is D = {0}∪D+ with D+ = [dL, dU ], 0 < dL < dU <∞,

P (D = 0) > 0, and fD(d) > 0 for all d ∈ D+.

Assumption 9.4.3 (No Anticipation, Assumption 3 in Callaway et al., 2021). Yit−1 =

Yit−1(0) and Yit = Yit(Di).

There is a group of genuinely untreated units (dose zero) and a continuum of treated

doses between a lowest dose dL and a highest dose dU . The untreated group will play

the role Pennsylvania played in the previous chapter; the new difficulty lives entirely

inside the treated continuum.

9.4.2 Level Effects and Slope Effects

With a binary treatment there is one comparison: treated versus untreated. With a

continuous treatment, the definition of a causal effect becomes much richer, because

you can compare dose d not only with 0 but also with a nearby dose d′. Callaway et

al. (2021) organize the possibilities into two families.

Definition 9.4.1 (Level Effects). The causal effect of dose d relative to no treatment

is Yt(d)− Yt(0). Its averages are

ATT (a | b) = E
[︁
Yt(a)− Yt(0) | D = b

]︁
, ATE(d) = E

[︁
Yt(d)− Yt(0)

]︁
.

ATT (a | b) is the average effect of potential dose a for the units that actually experi-

enced dose b; ATE(d) is the average effect of dose d over the whole population.

Definition 9.4.2 (Slope Effects: Average Causal Response). The causal response to

a marginal increase in the dose is the derivative of the potential outcome function. Its
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averages are

ACRT (d | d) = ∂ E[Yt(l) | D = d]

∂l

⃓⃓⃓
l=d
, ACR(d) =

∂ E[Yt(d)]

∂d
.

ACRT (d | d) is the average causal response for the group that actually experienced

dose d: what is the impact for people who got dose d of getting a little bit more?

ACR(d) is the same object averaged over everyone. The pair is analogous to ATT and

ATE.

Applied papers routinely target slope effects, because the policy question is usually

“what happens if we increase the dose,” not “what happens relative to abolishing the

program entirely.” However, usually regression coefficients represent a weighted average

of these two effects under strong assumptions. Keep the two families separate in your

mind; their identification requirements turn out to be very different.

9.4.3 What Does Parallel Trends Identify?

We start with the natural generalization of the parallel trend assumption and examine

what it could identify non-parametrically.

Assumption 9.4.4 (Parallel Trends, in Callaway et al., 2021). For all d, E
[︁
Yt(0) −

Yt−1(0) | D = d
]︁
= E

[︁
Yt(0)− Yt−1(0) | D = 0

]︁
.

The path of untreated potential outcomes would have been the same for the untreated

group and for the treated group at any dose level. This is exactly the assumption of

the previous chapter, restated dose by dose. Under it, level effects are identified by the

familiar double difference, where ∆Yt = Yt − Yt−1.

Theorem 9.4.1 (Theorem 1 in Callaway et al., 2021). Under Assumptions 9.4.1 to

9.4.4, ATT (d | d) is identified for all d ∈ D:

ATT (d | d) = E
[︁
∆Yt | D = d

]︁
− E

[︁
∆Yt | D = 0

]︁
.

We can non-parametrically identify the level effect under the parallel trend assumption,

in a DID fashion: compare the outcome change of the dose d group with the outcome

change of the untreated group. So far, the continuous case looks like a family of binary

DIDs, one per dose. The trouble starts with slope effects.
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Proposition 9.4.1 (Proposition 3(a) in Callaway et al., 2021). Under Assumptions

9.4.1 to 9.4.4, in general ACRT (d | d) is not identified:

∂ E[∆Yt | D = d]

∂d
= ACRT (d | d) + ∂ ATT (d | l)

∂l

⃓⃓⃓
l=d⏞ ⏟⏟ ⏞

selection bias

.

The local comparison of outcome paths across nearby doses mixes the causal response

with a selection bias term: the marginal change in the treatment effect of dose d across

the groups that received different doses. Why does parallel trends not help here?

Because for ACRT (d | d) you are comparing dose d with a nearby dose l, not with

zero. Parallel trends disciplines the untreated potential outcomes of the two groups,

Yt(0) − Yt−1(0), and says nothing about whether the dose d group and the dose l

group would respond identically if both were given dose d. To see the bias term as a

difference, note that for d′ close to d the bias term ∂ ATT (d | l)/∂l
⃓⃓
l=d

is proportional

to the difference

E
[︁
Yt(d)− Yt−1(0) | D = d

]︁
− E

[︁
Yt(d)− Yt−1(0) | D = d′

]︁
,

with the proportionality factor 1/(d − d′) coming from the definition of a derivative:

when we subtract the observed path of the dose d′ group from that of the dose d

group, we get both the causal response and the difference in how the two groups would

have responded to the same dose. Here we have Yt(d) but not Yt(0), which cannot be

canceled out by parallel trend assumption.

Take the effect of U.S. tariff exposure on the employment rate in different Chinese

provinces as an example. Assume that Shanghai is hit by 1%, and Beijing by 0.99%.

When we want to estimate ACRT for Shanghai, we subtract employment rate growth

in Beijing from that in Shanghai, and divide it by 1% − 0.99%. This is the sample

analogue of ∂ E[∆Yt|D=d]
∂d

. The assumption we really need is that Shanghai and Beijing

would have grown at the same rate if they were both hit by 1% as Shanghai does in

the real world. However, the parallel trend assumption only says that Shanghai and

Beijing would have grown at the same rate if they were not hit by the U.S. tariff. The

discrepancy between these two arguments leads to our selection bias, that is, Beijing

and Shanghai may have different policy impact even if they were both hit by 1% tariff.

This bias can be large if the Roy selection mechanism (see Chapter 6) is at play.
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Therefore, to identify ACRT or ACR, we need some additional exogeneity or homo-

geneity in how doses were assigned. That is what the next assumption imposes.

Assumption 9.4.5 (Strong Parallel Trends, Assumption 5 in Callaway et al., 2021).

For all d′,

E
[︁
Yt(d

′)− Yt−1(0)
]︁
= E

[︁
Yt(d

′)− Yt−1(0) | D = d′
]︁
.

Strong parallel trends says: for every dose d′, the average change in outcomes that

the whole population would experience if assigned dose d′ equals the average change

actually experienced by the group that received dose d′. It imposes homogeneity of

treatment effect paths across dose groups, which ordinary parallel trends never did.

Note the exact strength of the statement: it is not as strong as demanding parallel

trends between group D = d′ and every other group at dose d′; it demands parallel

trends between group D = d′ and the average of all groups at dose d′. Under it, the

slope effect for everyone becomes identified. But here, we identify ACR, the average

of all units, but not ACRT.

Proposition 9.4.2 (Proposition 3(b) in Callaway et al., 2021). Under Assumptions

9.4.1 to 9.4.3 and 9.4.5, ACR(d) is identified:

∂ E[∆Yt | D = d]

∂d
= ACR(d).

Strong Parallel Trends Is Not Testable by Pre-Trends

The strong parallel trend assumption restricts treated potential outcomes: how dif-

ferent dose groups would have responded to the same dose. Pre-treatment periods

contain no doses at all, so no pre-trend plot or placebo regression can ever speak

to it. You need not only quasi random assignment of whether a unit is treated, but

quasi random assignment of how much. Defending this assumption is an economic

argument about how doses were assigned, not a statistical test.

9.4.4 The TWFE Estimator with a Continuous Treatment

Now we consider the causal interpretation of the traditional TWFE estimator, which

in the two period case is simply the OLS regression of ∆Yt on the dose. Callaway et

al. (2021) show that its estimand is an integral over doses.
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Theorem 9.4.2 (Theorem 3(a) in Callaway et al., 2021). Under Assumptions 9.4.1 to

9.4.4,

βtwfe =

∫︂ dU

dL

w1(l)
[︂
ACRT (l | l) + ∂ ATT (l | h)

∂h

⃓⃓⃓
h=l⏞ ⏟⏟ ⏞

selection bias

]︂
dl + w0

ATT (dL | dL)
dL

,

where (i) w1(l) ≥ 0 and w0 > 0, and (ii)
∫︁ dU
dL

w1(l) dl + w0 = 1.

Read the three ingredients. The first term inside the integral is the average causal

response for the treated, accumulated across the dose distribution from dL to dU . The

third term is the level effect of having the lowest dose, dL versus 0, scaled by the dose.

And the second term is the selection bias from Proposition 9.4.1, which contaminates

the estimand whenever strong parallel trends fails. Under ordinary parallel trends

alone, the TWFE coefficient is a mixture of causal responses and selection biases, with

positive weights. Imposing strong parallel trends cleans out the bias.

Theorem 9.4.3 (Theorem 3(b) in Callaway et al., 2021). Under Assumptions 9.4.1

to 9.4.3 and 9.4.5,

βtwfe =

∫︂ dU

dL

w1(l)ACR(l) dl + w0
ATE(dL)

dL
.

Under strong parallel trends, the selection bias is eliminated, and TWFE delivers a

positively weighted average of average causal responses plus a lowest dose level term.

Even this best case deserves two caveats. The weights w1(l) are driven by the dose

distribution, not by policy relevance, so the regression summarizes the dose response

curve in a way you did not choose. And remember, the result is for the clean two

period design.

What if we extend to multiple periods and staggered adoption of doses? Under strong

parallel trends, Callaway et al. (2021) show that the TWFE coefficient is composed of

four kinds of comparisons:

1. paths of outcomes for units treated at the same time but with different doses;

2. paths of outcomes in early treated groups relative to later treated groups, in

periods before the later group is treated;

3. paths of outcomes between later treated groups and already treated groups, in
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the post treatment period of the later group;

4. paths of outcomes between early treated and later treated groups in their common

post treatment periods, relative to their common pre periods.

The first two are fine. Comparisons (iii) and (iv) are forbidden comparisons: the “con-

trol” group’s change is not Yt(0)−Yt−1(0) but a change in treated outcomes, exactly the

disease diagnosed in the binary staggered case. The same issue as in de Chaisemartin

and D’Haultfœuille (2020) reappears, now with a continuous dose on top.

9.4.5 What Should We Do?

The overall conclusion of Callaway et al. (2021) is mixed. In general, it is hard to

identify meaningful causal effects in a DID fashion with a continuous treatment. Causal

level effects on the treated are non-parametrically identified under the common parallel

trend assumption, but causal slope effects are identified only under strong parallel

trends, an assumption about treated potential outcomes that no pre-trend test can

probe. You need not only random assignment of treatment, but random assignment

of the dose amount. In the two period case, TWFE delivers a weighted average of

causal responses only under strong parallel trends; in the staggered case, TWFE suffers

from negative weights and forbidden comparisons even under strong parallel trends.

Callaway et al. (2021) provide a new non-parametric estimator to avoid the negative

weight issue. This can be used as an important robustness check. For interested readers,

please refer to the original paper.

Practical Guidance for Continuous DID

• Be explicit about which estimand you target: a level effect (d versus 0) or a

slope effect (d versus d′). They require different assumptions.

• For slope effects, state the strong parallel trend assumption openly and defend

the dose assignment economically. Remember that no pre-trend test can

validate it.

• Consider estimating the dose response curve non-parametrically using the

new estimator proposed by Callaway et al. (2021) rather than reading a single

coefficient off a TWFE regression. Callaway et al. (2021) do not provide a

Stata package, so this requires some hand work.

• Alternatively, use a structural or theoretical model to interpret the estimates.
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When the design cannot deliver assumption free identification, theory is what

disciplines the estimation and interpretation.

9.5 Conclusion

This chapter delivered two warnings about the workhorse TWFE regression, and one

broader lesson.

The first warning concerns staggered adoption with a binary treatment. When treat-

ment effects are heterogeneous, the TWFE coefficient is a weighted average of cell level

effects in which early adopters in late periods can receive negative weights, because

the regression implicitly uses already treated groups as controls. Those forbidden com-

parisons subtract treatment effect dynamics from the estimate, and can flip its sign

outright. The remedy is to diagnose first, compute the weights and the sign flipping

threshold, and to switch to new non-parametric estimators proposed by recent papers

when the diagnosis is bad, validating common trends with its placebo test.

The second warning concerns continuous treatments. Level effects behave like a family

of binary DIDs and are identified under ordinary parallel trends. Slope effects, the

objects most policy questions actually ask about, are identified only under strong

parallel trends, which restricts treated potential outcomes and cannot be tested with

pre-trends. And in staggered dose designs, the forbidden comparison problem returns

on top of everything else.

The broader lesson closes the arc that began in Chapter 2. Linear regression is, after

all, a parametric method that imposes strong functional form assumptions. It is a

simple and elegant statistical tool, and for clean designs it is exactly the right one. But

when things become more and more complicated, heterogeneous, dynamic, continuous,

regression may not be capable of capturing the data patterns, and it can give weird

results while looking perfectly healthy. There are two fundamental ways out. The

first is non-parametric tools, which give you enough flexibility to capture complicated

patterns; that is the toolkit of Chapters 2 and 3, and it is exactly what DIDM and the

non-parametric dose response methods do. The second is structural modeling, which

uses economic theory to regulate and rationalize the data; we will meet it when we

study discrete choice models in Chapters 12 and 13.
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Homework Problems

1. The Clean Comparison.

In the two group, three period example of Section 9.3.3, the TWFE estimand is

the average βfe = 1
2
(DID1 + DID2), and we derived in the text that DID2 =

E[∆1,3]− (E[∆2,3]− E[∆2,2]).

Show what DID1 is: starting from its definition (9.6), express it in terms of

the E[∆g,t], using the common trend assumption. Explain what the difference

is between the derivation of DID1 and that of DID2: why can some terms be

canceled out in the derivation of DID1 but not in the derivation of DID2? This

exercise should give you a deeper understanding of why using treated cells as

controls is dangerous.

2. Plain Vanilla DID.

Will a plain vanilla DID design, like Card and Krueger (1994) with one treated

state, one control state, and one adoption date, suffer from the same negative

weight issue when we use the TWFE estimator? Explain your answer in words.

Do not use math.

3. Computing the Weights in a Two Group, Four Period Design.

Two equal sized groups are observed for four periods with balanced cells. Group

1 is treated only in period 4; group 2 is treated in periods 3 and 4.

(a) Compute Dg,., D.,t, and D.,., and use (9.4) to compute the residuals εg,t for

the three treated cells (1, 4), (2, 3), (2, 4).

(b) Compute the weights wg,t of Theorem 9.3.1 and show that the TWFE esti-

mand is

βfe =
1
3
E[∆1,4] + E[∆2,3]− 1

3
E[∆2,4].

Verify that the weights sum to one.

(c) Find strictly positive values of E[∆1,4], E[∆2,3], E[∆2,4] such that βfe < 0.

(d) Which cell receives the negative weight, and how does this fit the general

intuition about which cells are dangerous (groups treated for many periods,

periods with many treated groups)?
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Practice Example: Negative Weights and DIDM in a

Staggered Simulation

In this practice example we bring the chapter’s central calculation to data. We simulate

the two group, three period design of Section 9.3.3 at the individual level, watch the

TWFE regression return a negative estimate when every true effect is positive, verify

the CD weight formula by hand, and then compute theDIDM estimator in an extended

design where it is feasible.

Data generating process, scenario A. Two groups are observed for 3 periods, with

500 observations per group and period cell. Group 1 is treated in period 3; group 2 is

treated in periods 2 and 3. The outcome is

Yigt = γg + λt +∆g,tDgt + ϵigt, ϵigt ∼ N (0, 1),

with group effects (γ1, γ2) = (0, 2), a common trend λt = 0.5 t, and cell treatment

effects

∆1,3 = 1, ∆2,2 = 1, ∆2,3 = 4.

All treatment effects are positive, and common trends holds by construction. By (9.5)

the TWFE estimand is 1
2
(1) + 1− 1

2
(4) = −0.5.

Data generating process, scenario B. Identical, except a third, never treated group

with 500 observations per period (γ3 = −1) is added. The never treated group makes

the stable group assumption hold at every switch date, so DIDM becomes computable

at both switches. The switching cells are group 2 at period 2 and group 1 at period 3,

both with effect 1, so δs = 1.

Analysis steps. The do-file (src/chapter 9/ch9 staggered did.do) performs:

1. Simulate scenario A and save the dataset.

2. Run the TWFE regression (9.1); verify β̂fe ≈ −0.5 despite all cell effects being

positive.

3. Verify Theorem 9.3.1 by hand: regress Dgt on group and period dummies at the

cell level, recover the residuals (1
6
, 1
3
,−1

6
), form the weights, and reconstruct the

TWFE estimate as 1
2
∆̂1,3 + ∆̂2,2 − 1

2
∆̂2,3 from estimated cell effects.

4. Decompose the estimate into the two DID comparisons: compute DID1 and
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DID2 from the six cell means, verify β̂fe = 1
2
(DID1 + DID2), and verify the

forbidden comparison formula DID2 ≈ ∆1,3 − (∆2,3 −∆2,2).

5. Simulate scenario B; compute DID+,2 (group 2 against the stable untreated

groups 1 and 3) and DID+,3 (group 1 against the stable untreated group 3) and

aggregate to DIDM ≈ 1 = δs. Note why scenario A cannot deliver DIDM at the

second switch: with only two groups, no stable untreated group exists at t = 3

(Assumption 9.3.8 fails there).

6. Run the DIDM placebo comparison in scenario B as a common trend check.

7. Key lessons summary.

Key lessons.

• A correctly specified TWFE regression on a valid DID design can return a signif-

icantly negative estimate when every true effect is positive: negative weights are

not a small sample quirk but a property of the estimand.

• The CD weights are computable from the treatment layout alone, before ever

touching the outcome: the diagnosis costs nothing.

• DIDM repairs the problem by only comparing switchers to stable groups, at the

price of estimating a different, honestly labeled estimand, the switchers’ ATE.

The do-file is located at src/chapter 9/ch9 staggered did.do and the simulated

datasets at data/chapter 9/.



Chapter 10

Regression Discontinuity Design

10.1 Introduction

Suppose we want to examine the education quality of Peking University (PKU) and

Fudan University (FDU). We collect wage data for their graduates and find that the

average wage for PKU graduates is 200,000 RMB per year, while the average wage

for FDU graduates is 150,000 RMB per year. Does this mean that studying at PKU

results in higher human capital than studying at FDU?

The answer is no, and by now the reason should be second nature: better students

select into PKU. The wage gap mixes two things, the value added of the school and

the initial quality of the students it admits. Self selection is always a problem in

economic research. Whenever we ask whether school A is more efficient than school

B, we must confront the possibility that school A simply admits students with better

initial quality. How do we deal with this issue?

One route is to construct a selection model structurally. But there is another, design-

based approach: the Regression Discontinuity Design (RDD). The intuition for RDD

is simple. Admission to PKU is determined by the college entrance exam score and

a sharp admission line. Consider PKU students who scored just above the PKU ad-

mission line, and FDU students who scored just below it. These two sets of students

enrolled in PKU or FDU essentially by chance: a lucky guess on one multiple choice

question separates them. They are therefore similar in ability, and comparing their

later outcomes isolates the effect of attending PKU.

225
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This chapter develops the RDD toolkit in four steps. Section 10.2 introduces the sharp

design, where treatment is a deterministic function of a running variable, together with

the practical questions of how to model the outcome away from the cutoff. Section

10.3 introduces the fuzzy design, where crossing the cutoff shifts only the probability

of treatment, and shows that fuzzy RD is naturally implemented as an IV estimator.

Section 10.4 steps back and asks the deeper questions: what causal effect does RD

identify, and under exactly what assumptions? The answers come from the classic

paper of Hahn et al. (2001). Section 10.5 presents an extension, the Regression Kink

Design (RKD), where identification comes from a change in slope rather than a jump

in level. Section 10.6 presents an RDD application, He et al. (2020), which uses a

spatial RD built into China’s water quality monitoring system.

10.2 Sharp RD

10.2.1 The Treatment Rule

Let us first consider the simple case: Sharp RD. In a sharp design, the treatment rule

is deterministic. You are definitely treated if you surpass the threshold, and definitely

not treated otherwise. There is no uncertainty in treatment assignment.

Formally, suppose that treatment Di is determined by some variable xi:

Di = 1(xi ≥ x0) =

⎧⎨⎩1, if xi ≥ x0,

0, if xi < x0.
(10.1)

Three pieces of terminology:

• xi is called the running variable (the exam score, the vote share, the birth date);

• x0 is a known threshold or cutoff (the admission line);

• Di is a deterministic function of xi.

The estimation idea is to compare samples just above x0 and just below x0. This is

best understood as a special case of matching. In conventional matching, we compare

samples with identical covariates: for each treated unit we find untreated units that

look the same on observables. In RD, we compare samples within a small neighborhood

of the treatment threshold: units just above and just below the cutoff are “matched”
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on the running variable itself, and, if nothing else changes discontinuously at the cutoff,

on everything that matters.

10.2.2 A Regression Model

We can write a simple model for this RD:

Yi = f0(xi)1(xi < x0) + f1(xi)1(xi ≥ x0) + ρDi + ϵi. (10.2)

Here f0(xi) is the smoothing function below the threshold and f1(xi) is the smoothing

function above the threshold. Their job is to fit the trend of the outcome in the

running variable away from the cutoff. Di is the treatment indicator, jumping from 0

to 1 exactly at xi = x0. The coefficient ρ is the treatment effect: the part of the change

in Y at the cutoff that cannot be explained by the smooth trend.

The simplest choices for the smoothing functions are linear and quadratic functions.

Figure 10.1 shows the model at work, with two simulated examples. In Panel A, the

conditional mean of the outcome is linear on each side of the cutoff, so linear f0 and

f1 are the right choice: the two fitted lines recover the treatment jump at x0 = 0.5

cleanly. In Panel B, the data are generated from model (10.2) with strongly non-linear

branches: below the cutoff the outcome is almost flat at first and then rises steeply, a

convex shape, while above the cutoff it climbs to an interior peak and then turns down,

a concave shape. Fitting a quadratic smoothing function separately on each side bends

with the data, and the gap between the two fitted branches at the cutoff again recovers

the true jump ρ.

Panel B also carries a warning. Notice what a straight line would do there: it cannot

bend with the data, so part of the curvature would be loaded into the estimated

discontinuity, and ρ̂ would be biased. The treatment effect and the smoothing functions

are identified together: ρ̂ is only as credible as the fit of f0 and f1 near the cutoff, and

the functional form of the smoothing function is not an innocent choice. We return to

this choice in the next subsection.

Remark 10.2.1 (Normalization at the cutoff). For ρ to capture the whole jump at the

cutoff, the two smooth branches must be anchored to agree at x0, that is, f0(x0) =

f1(x0). In practice this is imposed automatically by the standard estimating equation:
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Figure 10.1: The sharp RD model (10.2) with linear and quadratic smoothing functions,
following the example of Angrist and Pischke (2009, p. 255). In Panel A the conditional
mean is linear on each side and the linear fits recover the true jump at x0 = 0.5. In Panel B
the conditional mean is strongly non-linear on each side, convex below the cutoff and concave
above it, with a true jump at the threshold; the solid curves are quadratic fits estimated
separately on each side, which track the curvature and recover the jump.

center the running variable at the cutoff, x̃i = xi − x0, and run

Yi = α+ β0x̃i +Di (ρ+ β1x̃i) + ϵi,

possibly with higher order terms in x̃i on both sides. At x̃i = 0 the two branches share

the intercept α, and ρ is exactly the jump.

10.2.3 Choosing the Smoothing Functions

Beyond simple linear and quadratic functions, we can also use the non-parametric and

semi-parametric methods introduced in Chapter 2, which are more flexible. The most

recommended and commonly used one is the Local Linear or Local Quadratic



CHAPTER 10. REGRESSION DISCONTINUITY DESIGN 229

Regression: fit a linear or quadratic function using only observations within a band-

width h of the cutoff, separately on each side, and read the treatment effect off the gap

between the two fitted values at x0.

As we discussed in Chapter 2, there is a bias variance tradeoff behind this choice. If you

choose a complicated smoothing function, you may lose accuracy: many parameters

spread over limited data produce noisy estimates. If you choose too simple a smoothing

function, you may get bias: fitting straight lines to the data of Panel B in Figure 10.1

would mix the curvature into the estimated jump.

But remember one asymmetry that is specific to RD: the effective sample size is usually

limited. Even if the full dataset is large, identification comes from observations in a

small neighborhood around the cutoff, and only those observations carry real informa-

tion about the jump. This pushes strongly in one direction: do not use too complicated

smoothing models to avoid overfitting.

Do Not Use High Order Global Polynomials (Gelman and Imbens, 2019)

Gelman and Imbens (2019) argue that estimating RD with high order global poly-

nomials (above third order) should be avoided, for three reasons:

• It leads to noisy estimates. High order polynomial fits assign huge and erratic

effective weights to observations far from the cutoff (Runge’s phenomenon):

the fitted value at the boundary is driven by data noise that has nothing to

do with the discontinuity.

• The RD estimate becomes very sensitive to the degree of the polynomial.

Moving from a fourth to a fifth order fit can flip the sign of the estimate,

with no principled way to choose between them.

• The coverage of the resulting confidence intervals is smaller than nominal: a

“95 percent” interval misses the truth far more than 5 percent of the time.

The recommended choice is local linear or local quadratic regression within a band-

width around the cutoff.

10.2.4 An Example: Lee (2008) on Incumbency Advantage

An interesting example of sharp RD is Lee (2008). The question: what is the advan-

tage of party incumbency for reelection to the US House of Representatives? If the

Democratic party holds a seat, does holding it by itself make the party more likely to
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win the seat in the next election?

This is hard to identify, because a party may have a larger group of supporters in a

district for many reasons other than incumbency. Different parties are advantaged in

different regions due to ideology, history, religion, and many other factors: think of

reliably blue states, reliably red states, and swing states in US presidential elections.

Districts where Democrats win are simply different from districts where they lose, so

a raw comparison of “held seats” and “not held seats” is contaminated by selection,

exactly like the PKU and FDU comparison.

But for elections with very close results, winners and losers are similar. Whether

the Democratic candidate wins a district by 0.1 percent or loses it by 0.1 percent is

essentially a coin flip, and the two kinds of districts should be comparable in every

other respect. Lee (2008) therefore considers the probability of a Democratic win in

election t in districts where the Democratic candidate won or lost by small vote share

margins in the previous election t − 1. The running variable is the Democratic vote

share margin of victory at t − 1, and the cutoff is zero: the design is sharp because

winning at t− 1 is a deterministic function of the vote margin.

Figure 10.2: Sharp RD in Lee (2008), replicated on simulated data. Dots are local averages of
the Democratic winning probability in election t, computed in narrow bins of the Democratic
vote share margin at election t − 1; solid curves are the logistic conditional probabilities on
each side of the cutoff. The jump at zero is the incumbency effect.
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Figure 10.2 shows the pattern. Away from zero the winning probability rises smoothly

with the previous margin, reflecting persistent district preferences. At zero there is a

large jump: barely winning a seat at t − 1 raises the probability of winning at t by a

large amount relative to barely losing it. That jump cannot be explained by district

characteristics, which are effectively identical on the two sides of a razor thin margin.

It is the causal effect of incumbency itself.

10.3 Fuzzy RD

10.3.1 Discontinuity in the Treatment Probability

A more complicated case is Fuzzy RD. In a fuzzy design, treatment assignment is no

longer deterministic: there is uncertainty in being treated or not, and passing the

threshold gives you a larger probability of getting treated. Perhaps scoring above the

line makes admission likely but not certain; perhaps some students below the line are

admitted through a special channel.

Formally, there is a discontinuity in the treatment probability, but not in treatment

itself:

P (Di = 1 | xi) =

⎧⎨⎩g1(xi), if xi ≥ x0,

g0(xi), if xi < x0,
where g1(x0) ̸= g0(x0). (10.3)

Let us assume that g1(x0) > g0(x0) without loss of generality. Thus, surpassing the

cutoff makes treatment more likely. Figure 10.3 illustrates: the treatment probability

is strictly between zero and one on both sides, and jumps up at the cutoff. The sharp

design is the special case g0 = 0, g1 = 1.
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Figure 10.3: The first stage of a fuzzy RD. Dots are local averages of the treatment indicator
in bins of the running variable. The treatment probability jumps from g0(x0) to g1(x0) at
the cutoff, but treatment is not deterministic on either side.

10.3.2 Fuzzy RD as 2SLS

Denote Ti = 1(xi ≥ x0) as the indicator of whether observation i passes the cutoff.

Then we can naturally write fuzzy RD as a two stage least squares problem. The

treatment Di is the endogenous variable, and the cutoff indicator Ti is the instrument:

• First stage: regress the treatment Di on the cutoff indicator Ti (and the smooth-

ing function);

• Second stage: regress the outcome Yi on the first stage fitted value D̂i (and the

smoothing function).

The smoothing function f in the running variable should be included in both stages: the

exclusion restriction for Ti is only credible after controlling smoothly for xi. Intuitively,

the reduced form jump in Y at the cutoff is scaled up by the first stage jump in D:

the fuzzy RD estimand is the ratio of the outcome discontinuity to the treatment

discontinuity, a Wald estimator localized at x0. We will make this precise in Section

10.4.
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Implementation in Stata

It is very simple to implement RD in Stata. Packages such as rdrobust auto-

mate the whole pipeline: they implement bias corrected confidence intervals with

the optimal bandwidth of Calonico et al. (2014), and you can also try the opti-

mal bandwidth of Imbens and Kalyanaraman (2012). The package chooses the

bandwidth h by minimizing an asymptotic mean squared error criterion, fits local

polynomials on each side, and corrects the confidence interval for the smoothing

bias. In this course’s practice example we will also build the estimator by hand

with regress and ivregress to see the mechanics.

10.4 Non-Parametric Identification of RD

We have already introduced how to implement the RD method, and intuitively dis-

cussed its identification source. But what kind of causal effect are we identifying? And

what exactly are its identification assumptions? Let us go to a classic study in RDD:

Hahn et al. (2001), henceforth HTV. Do not say that you understand RDD if you never

read this paper.

10.4.1 Setup and Notation

Notation change in this section

To stay close to HTV, this section switches notation: the treatment is now denoted

xi (binary), and the running variable is denoted zi with cutoff z0. Do not confuse

this with Sections 10.2 and 10.3, where xi was the running variable.

Denote y1i, y0i as the potential outcomes and xi ∈ {0, 1} as the treatment. Write the

observed outcome as

yi = αi + xiβi, (10.4)

so that αi ≡ y0i is the untreated potential outcome and βi ≡ y1i − y0i is the individual
treatment effect. Both are allowed to vary freely across individuals.

Assume that we have a running variable zi. In a sharp design, xi = f(zi) is a deter-

ministic function of zi, discontinuous at z0. In a fuzzy design, P (xi = 1 | zi) = f(zi)

is discontinuous at z0. The basic requirement, covering both cases, is that treatment
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take up actually jumps at the cutoff.

Assumption 10.4.1 (RD, in HTV). (i) The limits x+ ≡ limz→z+0
E[xi | zi = z] and x− ≡

limz→z−0
E[xi | zi = z] exist. (ii) x+ ̸= x−.

In the sharp design x+ = 1 and x− = 0; in the fuzzy design x+ = g1(z0) and x
− = g0(z0).

Assumption 10.4.1 plays the role of the first stage relevance condition in IV. Define the

corresponding outcome limits

y+ ≡ lim
z→z+0

E[yi | zi = z], y− ≡ lim
z→z−0

E[yi | zi = z].

10.4.2 Constant Treatment Effects

First, consider the simple case of constant treatment effects: βi = β across individuals.

What do we need beyond Assumption 10.4.1? We need the mean untreated potential

outcome to be continuous at the cutoff. That is, the mean of all other confounders

must be continuous at the cutoff: nothing except the treatment probability jumps at

z0.

Assumption 10.4.2 (A1 in HTV). E[αi | zi = z] is continuous in z at z0.

We can then prove that β is non-parametrically identified.

Theorem 10.4.1 (Theorem 1 in HTV). Suppose that βi is fixed at β. Further suppose

that Assumptions 10.4.1 and 10.4.2 hold. We then have

β =
y+ − y−

x+ − x−
.

Using an IV style method, we can pin down the treatment effect: the estimand is the

jump in the outcome divided by the jump in the treatment probability, exactly the

localized Wald ratio anticipated in Section 10.3. In the sharp case the denominator is

1 and the estimand reduces to the outcome jump y+ − y− itself. You will derive this

theorem step by step in Homework Problem 1.

10.4.3 Heterogeneous Treatment Effects

Next, we go to the more complicated heterogeneous treatment effect case, where βi

varies across individuals. We need one more assumption: not only must α be continuous
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at z0, but also β.

Assumption 10.4.3 (A2 in HTV). E[βi | zi = z] is continuous in z at z0.

It is worth pausing on how Assumptions 10.4.2 and 10.4.3 differ, because they are

conceptually distinct. A1 is an exogeneity assumption: there is no systematic difference

in the untreated outcome y0i around the cutoff. Violation example: students with very

high ability can precisely control their scores to land just above the cutoff line. Then

the just above group has better y0i than the just below group, and the comparison is

contaminated.

A2 is a no treatment effect sorting assumption: there is no systematic difference in the

gain y1i − y0i around the cutoff. Violation example: students with a high return to

treatment are more likely to select into treatment near the cutoff. Then the treated

units just above the cutoff have unusually large βi. Then we have the following theorem.

Theorem 10.4.2 (Theorem 2 in HTV). Suppose that xi is independent of βi condi-

tional on zi near z0. Further suppose that Assumptions 10.4.1, 10.4.2, and 10.4.3 hold.

We then have

E[βi | zi = z0] =
y+ − y−

x+ − x−
.

Theorem 10.4.2 tells us that under heterogeneous treatment effects, if other confounding

factors are continuous at the cutoff (A1), and there is no sorting on returns at the

cutoff (A2 together with the local independence condition), then we can identify the

average treatment effect for individuals around the cutoff. Since treatment is locally

independent of the gains, this average over everyone at the cutoff coincides with the

average for the treated there, so we can identify the ATT for individuals around the

cutoff.

However, “no sorting” is a strong assumption under fuzzy RD. When take up is volun-

tary, individuals of course choose treatment based on how much they can benefit from

it. That is exactly what the Roy model of Chapter 6 tells us: selection operates on

gains. In a fuzzy design where crossing the cutoff merely makes treatment cheaper or

more likely, the people who take treatment just above the cutoff are precisely those

with high βi, and the local independence condition fails.
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10.4.4 Dropping No Sorting: a LATE Result

Let us see what happens if we drop the no sorting condition. We invoke a set of assump-

tions similar to Imbens and Angrist (1994) on LATE. Write xi(z) for the treatment

that individual i would take if the running variable were externally set to z.

Assumption 10.4.4 (A3 in HTV). (i) (βi, xi(z)) is jointly independent of zi near z0.

(ii) There exists ϵ > 0 such that xi(z0 + e) ≥ xi(z0 − e) for all 0 < e < ϵ.

Part (i) is the local exclusion restriction: given the choice mapping xi(·), the treatment

effect βi is independent of the realized position of zi near z0. The running variable z can

only affect y through changing the treatment x. In the admission example: test scores

only affect wages through changing whether you can be admitted to PKU. Part (ii) is

monotonicity in a small neighborhood around the cutoff: crossing the threshold never

pushes anyone out of treatment. These are exactly the LATE conditions of Chapter 5,

localized at z0.

Theorem 10.4.3 (Theorem 3 in HTV). Suppose that Assumptions 10.4.1, 10.4.2, and

10.4.4 hold. We then have

lim
e→0+

E
[︁
βi
⃓⃓
xi(z0 + e)− xi(z0 − e) = 1

]︁
=
y+ − y−

x+ − x−
.

Theorem 10.4.3 says that we can identify a LATE under a set of assumptions similar

to Imbens and Angrist (1994). Note that this LATE is “local” in two distinct senses.

First, it is local in behavior : it averages βi only over individuals who change their

treatment choice when the running variable crosses the cutoff, the compliers. Second,

it is local in position: it averages only over individuals with zi around the cutoff z0. The

estimand is the average effect for compliers around the cutoff, a doubly local parameter.

Whether it is the parameter you care about depends on the question, but it is what

the design honestly delivers.

What RD Identifies

All three HTV theorems share the same sample statistic, the localized Wald ratio

(y+ − y−)/(x+ − x−). What changes is its interpretation:

• constant effects (Theorem 10.4.1): the common effect β;

• heterogeneous effects with no sorting (Theorem 10.4.2): the ATT for individ-

uals at the cutoff;
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• heterogeneous effects with self selection (Theorem 10.4.3): the LATE for

compliers at the cutoff.

Sharp RD is matching at the cutoff; fuzzy RD is IV at the cutoff.

10.4.5 Validating the Design in Practice

From this analysis of the identification of RD, we can derive what conditions we have

to validate in an empirical application.

First, we need to check the existence of the discontinuity (Assumption 10.4.1). Draw

the figure with the running variable on the x axis and the treatment on the y axis;

draw the figure with the running variable on the x axis and the outcome on the y axis.

Visually detect the discontinuity, as in Figures 10.2 and 10.3. If the first stage jump is

not visible to the naked eye, no amount of econometrics will rescue the design.

Second, implement a balance test for samples just below and just above the cutoff

(Assumptions 10.4.2 and 10.4.3). Other variables and confounders, especially predeter-

mined characteristics, should be similar or continuous around the cutoff. The logic is

that of a placebo: a variable determined before treatment cannot jump at the cutoff

unless there is a selection there.

Additionally, check the density of the sample around the cutoff. Make sure there is no

bunching to either one side of it. Good students should not be able to control their

scores to land just a little above the threshold; if they can, the just above group is

selected and A1 fails. A histogram of the running variable with a spike just above the

cutoff and a trough just below is the classic red flag. McCrary (2008) proposes a formal

statistical test for this.

The RD Validation Checklist

1. Plot treatment against the running variable: the first stage jump must be

visible.

2. Plot the outcome against the running variable: inspect the reduced form

jump.

3. Balance test: plot and test predetermined covariates around the cutoff; they

must not jump.

4. Density test: check the histogram of the running variable for bunching at the



CHAPTER 10. REGRESSION DISCONTINUITY DESIGN 238

cutoff. A formal version of this test is developed by McCrary (2008).

10.5 Extension of RDD: Regression Kink Design

10.5.1 From Jumps to Kinks

An interesting extension of RDD is the Regression Kink Design (RKD). Rather than

using a discontinuity in the level of treatment, we employ a kink : the jump is no longer

in the level, but in the slope. Or we say, the treatment (or treatment probability) has a

discontinuity in its first derivative with respect to the running variable, a second order

discontinuity.

10.5.2 The Leading Example: Unemployment Insurance

Consider the example from Card et al. (2015) and Card et al. (2017). In many coun-

tries, workers receive compensation when they are unemployed, called unemployment

insurance benefit (UI). The amount of UI depends on the wage of your last job. If your

last wage is too low, there is a minimum benefit level. There is also a maximum value

for UI: Bill Gates will not get billions once he is unemployed.
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Figure 10.4: The UI benefit schedule in the style of Card et al. (2017), Austria 2004, replicated
on simulated data. The daily UI benefit is flat at the minimum for low base year earnings,
rises proportionally in the middle range, and is capped at the maximum. Two kinks are
noticeable: at the minimum and at the maximum.

Figure 10.4 shows the simulated benefit schedule for Austria in 2004 based on Card et

al. (2017): benefits are flat at the minimum, then rise linearly with base year earnings,

then are capped at the maximum. Two kinks are noticeable, one at the minimum and

one at the maximum. At each kink the level of benefits is continuous, but the slope

changes abruptly.

A controversial issue is that overly generous UI can incentivize workers not to search

for new jobs, the classic moral hazard concern. It is therefore important to investigate

the relation between the UI benefit B and unemployment duration Y . But B is not

randomly assigned: it is a function of the last wage, which also affects job finding

directly. The kinks provide the identifying variation.

10.5.3 Setup

We aim to investigate the impact of unemployment benefit B on unemployment dura-

tion Y . Denote V as the wage of the last job, the running variable, and U as an error
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term capturing all unobserved heterogeneity. We have the outcome function

Y = y(B, V, U), (10.5)

so duration may depend on the benefit B, directly on the last wage V , and on unob-

servables U . In a sharp kink design, B is a deterministic function of V :

B = b(V ), with a slope change at V = 0,

where we normalize the kink location to V = 0 to simplify the notation. Note the con-

trast with sharp RD: there the treatment level jumps at the cutoff; here the treatment

level is continuous but its derivative jumps.

10.5.4 Identification Assumptions

Four assumptions deliver identification (Card et al., 2015).

Assumption 10.5.1 (Regularity). (i) U is bounded. (ii) y is continuous and partially

differentiable with respect to b and v, and the partial derivative yb(b, v, u) is continuous.

Assumption 10.5.2 (Exclusion). yv(b, v, u) is continuous around the kink v = 0: the

kink exists only for the schedule b(v), not for the direct effect of v on y.

Assumption 10.5.3 (Kink existence). The treatment assignment rule b(v) is known,

continuous, and has a kink at v = 0.

Assumption 10.5.4 (No kink for confounders). The conditional density fV |U(v) and

its partial derivative with respect to v are continuous around the kink v = 0.

Assumption 10.5.2 is the RKD analogue of the exclusion restriction: the last wage

may affect duration directly, but that direct effect must be smooth through the kink

point, so any slope change in outcomes at the kink is attributable to the benefit sched-

ule. Assumption 10.5.4 is the analogue of the no sorting condition: the distribution of

unobserved types must evolve smoothly through the kink, ruling out workers manipu-

lating their base wage to sit exactly at the kink.
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10.5.5 The Identification Result

Proposition 10.5.1 (Proposition 1 in Card et al., 2015). In a valid sharp RKD, that

is, when Assumptions 10.5.1 to 10.5.4 hold: (a) P (U ≤ u | V = v) is continuously

differentiable in v at v = 0 for all u ∈ IU , where IU is the bounded support of U ; (b)

E
[︁
yb(b0, 0, U)

⃓⃓
V = 0

]︁
=

lim
v0→0+

dE[Y | V = v]

dv

⃓⃓⃓⃓
v=v0

− lim
v0→0−

dE[Y | V = v]

dv

⃓⃓⃓⃓
v=v0

lim
v0→0+

db(v)

dv

⃓⃓⃓⃓
v=v0

− lim
v0→0−

db(v)

dv

⃓⃓⃓⃓
v=v0

,

where b0 = b(0) is the benefit level at the kink.

Sharp RKD is dividing the slope change of E[Y | V ] by the slope change of b(V ). On

the contrary, RDD divides level by level. Sharp RKD identifies the average marginal

effect of the treatment, E[yb(b0, 0, U) | V = 0], for individuals at the kink: that is, the

ATT for individuals with B = b0 and V = 0.

The intuition is as follows. A change in the slope of the treatment schedule results

in a change in the slope of the average outcome. If there is no change of slope for

unobserved confounders (Assumptions 10.5.2 and 10.5.4), then we can attribute all the

slope change in outcomes to the slope change in treatment. The ratio of the two slope

changes is the marginal effect of the treatment, just as the ratio of two level jumps is

the treatment effect in RDD.

10.5.6 Fuzzy RKD

What about the fuzzy case, where the schedule is not deterministic (actual benefits

deviate from the formula because of measurement error, take up decisions, or unob-

served eligibility rules)? The result is much more complicated, but with no surprising

intuition. In a fuzzy RKD, we identify a LATE-style parameter: a weighted average

of marginal effects for individuals who have UI slope changes at the kink. The larger

your own slope change at the kink, the larger weight you receive in the average. Of

course, we have to invoke a monotonicity assumption, exactly parallel to the fuzzy RD

case: the kink must shift everyone’s benefit slope in the same direction.



CHAPTER 10. REGRESSION DISCONTINUITY DESIGN 242

RDD versus RKD

• RDD: treatment level jumps at the cutoff. Estimand = outcome jump di-

vided by treatment jump. Sharp: ATT at the cutoff. Fuzzy: LATE for

compliers at the cutoff.

• RKD: treatment slope changes at the kink. Estimand = outcome slope

change divided by treatment slope change. Sharp: average marginal effect

at the kink. Fuzzy: weighted LATE for individuals whose treatment slope

changes at the kink.

10.6 Application of RD:

He, Wang, and Zhang (2020)

At the end of this chapter, we introduce an application of the RD method, He et al.

(2020), published in the Quarterly Journal of Economics. The paper estimates the

effect of environmental regulation on firm productivity in China, and the basic idea is

very interesting.

Research question and design. How much does environmental regulation cost in

terms of firm productivity? To improve surface water quality, the Chinese central gov-

ernment installed several hundred state controlled water quality monitoring stations

along major rivers, and used the water quality readings to evaluate local government

officials for promotion. The key institutional detail is physical: a monitoring station

only captures emissions from its upstream regions. Water flows one way, so a polluting

firm just upstream of a station affects the reading, while an identical firm just down-

stream does not. Local government officials, whose careers depend on the readings, are

therefore incentivized to enforce tighter environmental standards on firms immediately

upstream of a monitoring station rather than those immediately downstream. This

gives a natural RDD setting: the running variable is the firm’s position along the river

relative to the station, the cutoff is the station itself, and crossing from downstream

to upstream discontinuously raises regulatory stringency. It is a spatial regression dis-

continuity, with the same logic as the exam score design but with geography as the

running variable.

Main results. Using novel firm level geocoded emission and production data, the

authors find that immediate upstream polluters have more than 24 percent lower total
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factor productivity (TFP) and more than 57 percent lower chemical oxygen demand

(COD) emissions than their immediate downstream counterparts. The TFP disconti-

nuity does not exist in nonpolluting industries, which face no differential regulation; it

only emerged after 2003, when the government explicitly linked water quality readings

to political promotion; and it is predominantly driven by prefectural cities with career

driven leaders. These placebo and heterogeneity patterns tie the discontinuity to the

regulation channel rather than to endogenous location choices of stations or firms.

Interpretation. Combining the TFP and emission estimates, a back of the envelope

calculation indicates that China’s water regulation efforts between 2000 and 2007 were

associated with an economic cost of more than 800 billion Chinese yuan. Beyond the

cost accounting, the paper documents a general political economy lesson: when the

center rewards local officials on a measurable proxy (readings at monitoring stations)

rather than the true objective (water quality), enforcement gets distorted toward what

is measured, generating large spatial inequities in regulatory burden. For our purposes,

the paper is a model of how to find a credible discontinuity inside an institution and

how to defend it with placebo tests.

10.7 Conclusion

When you have a discontinuity in treatment, you can use RDD. The chapter’s concep-

tual map is compact:

• Sharp RDD is matching. It uses samples around the cutoff, and it identifies

the ATT for individuals around the cutoff.

• Fuzzy RDD is IV. It uses the cutoff indicator as an instrument, and it identifies

the LATE for compliers around the cutoff.

• When you have a discontinuity in the treatment slope, you can use RKD, which

identifies the corresponding ATT and LATE-style parameters in sharp and fuzzy

settings, respectively.

Practical Tips for RD in Applied Work

In practice, remember the following tips:

1. Do not use high order polynomials as smoothing functions (Gelman and
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Imbens, 2019).

2. A common way is to use local linear regression around the cutoff.

3. Use packages in Stata (such as rdrobust) to obtain the optimal bandwidth

and bias corrected inference (Calonico et al., 2014; Imbens and Kalyanara-

man, 2012).

4. Implement balance tests both visually and statistically to validate your as-

sumptions, and check the density of the running variable for bunching.

Homework Problems

1. Deriving Theorem 1 in HTV (2001).

Consider the setup of Section 10.4: yi = αi + xiβi with a constant treatment

effect βi = β, a running variable zi with cutoff z0, and Assumptions 10.4.1 and

10.4.2 in force.

(a) Write E[yi | zi = z] in terms of E[αi | zi = z] and E[xi | zi = z], and take

limits from above and below z0 to express y+ and y−.

(b) Use Assumption 10.4.2 to show that the α terms cancel, and conclude that

β =
y+ − y−

x+ − x−
.

(c) Show that in the sharp design the formula reduces to β = y+ − y−, and

explain in one sentence why no first stage estimation is needed there.

(d) Where exactly did you use part (ii) of Assumption 10.4.1? What goes wrong

with the formula if it fails?

2. A1 versus A2.

Answer in words; do not use math.

(a) Explain the difference between Assumption A1 and Assumption A2 in HTV

(2001): what kind of systematic difference around the cutoff does each one

rule out?

(b) Give one concrete violation example for each assumption, in the setting of

a university admission cutoff.
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(c) Why is the no sorting condition behind Theorem 10.4.2 considered particu-

larly strong in a fuzzy design? Connect your answer to the Roy model.

(d) Which of the two assumptions can be indirectly checked with a density test

of the running variable, and why?

3. A Sharp RKD Computation.

An unemployment insurance system pays a daily benefit equal to 80 percent of

the previous daily wage, up to a cap: every worker whose previous wage exceeds

the cap threshold receives the same maximum benefit. Normalize the running

variable V to be the previous wage minus the cap threshold, so the kink is at

V = 0. The benefit schedule is

b(V ) =

⎧⎨⎩b0 + 0.8V, V < 0,

b0, V ≥ 0.

Using administrative data, you estimate the slope of expected unemployment

duration in the previous wage on each side of the kink:

lim
v→0−

dE[Y | V = v]

dv
= 1.5, lim

v→0+

dE[Y | V = v]

dv
= 0.3,

where Y is measured in days and wages in RMB.

(a) Compute the slope change of the benefit schedule and the slope change of

expected duration at the kink.

(b) Apply Proposition 10.5.1 to compute the sharp RKD estimand, and state

its units.

(c) Interpret the sign and magnitude of your answer in terms of the moral

hazard debate about UI generosity.

(d) Suppose you discover that the density of V has a visible kink at V = 0

(for example, employers bunch wages exactly at the cap threshold). Which

assumption fails, and why does your number in (b) lose its causal interpre-

tation?
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Practice Example: Sharp and Fuzzy RD in a Simu-

lation

In this practice example we simulate a sharp and a fuzzy RD dataset, estimate the

treatment effect with local linear regression built by hand, implement the fuzzy design

as 2SLS, and run the full validation checklist of Section 10.4.5.

Data generating process, sharp design. We simulate n = 5000 individuals with

a running variable xi ∼ Uniform(−1, 1) and cutoff x0 = 0. Treatment is deterministic,

Di = 1(xi ≥ 0). The outcome is

Yi = 1 + 1.5 xi + 0.8 x2i + 2Di + ϵi, ϵi ∼ N (0, 0.52),

so the true treatment effect at the cutoff is ρ = 2 and the conditional mean has

mild curvature. A predetermined covariate wi = 0.5xi + νi with νi ∼ N (0, 1) is also

generated; it depends on the running variable smoothly but does not jump at the cutoff,

so it should pass the balance test.

Data generating process, fuzzy design. Same running variable, but treatment is

stochastic:

P (Di = 1 | xi) =

⎧⎨⎩0.2 + 0.2 xi, xi < 0,

0.7 + 0.2 xi, xi ≥ 0,

so the first stage jump at the cutoff is 0.5. The outcome is Yi = 1 + 1.5xi + 2Di + ϵi

with the same error distribution, and the true effect is again 2. Take up is independent

of ϵi given xi and the effect is constant, so Assumptions 10.4.1 and 10.4.2 of Theorem

10.4.1 hold by construction.

Analysis steps. The do-file (src/chapter 10/ch10 rd.do) performs:

1. Simulate the sharp dataset and save it; produce a binned scatter of Y against x

to visualize the jump.

2. Estimate the sharp design by global polynomials of increasing order, and observe

how the estimate moves with the polynomial degree, illustrating the sensitivity

criticized by Gelman and Imbens (2019).

3. Estimate the sharp design by local linear regression, interacting the centered

running variable with the treatment side, for bandwidths h = 0.50, 0.25, 0.10;
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compare the estimates with the truth ρ = 2.

4. Run the balance test: local linear regression of the predetermined covariate w at

the cutoff; verify there is no jump.

5. Run the density check: compare the number of observations in narrow bins on

each side of the cutoff.

6. Simulate the fuzzy dataset and save it; verify the first stage jump of about 0.5 in

the treatment probability.

7. Estimate the fuzzy design by 2SLS with ivregress, instrumenting Di with the

cutoff indicator Ti = 1(xi ≥ 0) and controlling for the running variable on both

sides, within a bandwidth; compare with the naive OLS of Y on D, which is

contaminated by selection on the running variable.

8. Key lessons summary.

Key lessons.

• The RD estimate is a local object: only observations near the cutoff carry infor-

mation, and the bandwidth governs the bias variance tradeoff directly.

• Global high order polynomial fits are unstable in the polynomial degree, while

local linear estimates are stable across reasonable bandwidths.

• The fuzzy design is exactly IV: the reduced form jump divided by the first stage

jump, and ivregress with the cutoff indicator as the instrument reproduces this

ratio.

• Balance and density checks are cheap and should be reported in any RD applica-

tion.

The do-file is located at src/chapter 10/ch10 rd.do and the simulated datasets at

data/chapter 10/.
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Chapter 11

Standard Error Issues

11.1 Introduction

Inference is important in practice. Estimation takes us from data to a target of interest,

but a point estimate alone answers only half of the question. How accurate is our

estimate? How confident are we in our results? The other half of the answer is the

standard error, and this chapter is about the situations where the standard error you

type out of a regression command is the wrong one.

In the traditional inference of econometrics, two assumptions are doing the work behind

the familiar formulas:

1. Uncertainty comes from random sampling, and the asymptotics let the sample

size go to infinity, n→∞;

2. The sample is i.i.d.: observations are drawn independently, with no correlations

across them.

What if these two assumptions are violated? In this lecture we consider two such cases.

First, sometimes n is naturally limited. If your observations are the provinces of

China, there are only about thirty of them, and no asymptotic thought experiment can

manufacture more. When the sample is a large fraction of the population, another type

of uncertainty becomes important: design-based uncertainty, the uncertainty coming

from the random assignment of treatment rather than from the drawing of the sample.

Section 11.2 develops this idea following Abadie et al. (2020).

249
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Second, the i.i.d. assumption may fail because errors are clustered : students in the

same class, workers in the same firm, residents of the same city share common shocks,

and their errors are correlated. We have to incorporate this structure in inference, or

the reported standard errors can be badly wrong. Sections 11.3 and 11.4 develop the

clustering problem: the Moulton factor that quantifies the bias, the estimators that fix

it, and, following Abadie et al. (2023), the harder question of at which level one should

cluster.

Angrist and Pischke (2009) call this family of problems “nonstandard standard error

issues,” and the name is apt: the point estimates are fine and everything that goes

wrong goes wrong in the standard error.

11.2 Design-based Uncertainty

11.2.1 What Is Inference?

In the usual case, when we talk about inference, what is that? It is useful to fix the

vocabulary first. We have a target parameter, the estimand β: this is the target. We

want to recover it using an estimator β̂, a rule applied to a sample from the population:

this is the method. Applying the rule to our particular sample gives a number, the

estimate, say β̂ = 0.5: this is the result. The whole process is called estimation, or

statistical inference: the process.

Usually, we consider sampling-based uncertainty. Each time you draw a new sample

from the population, it gives you a new estimate from your estimation process. When

the sample changes, your estimation result changes. Uncertainty comes from the sam-

pling process, and this is the uncertainty your standard error is supposed to measure.

But is this the only uncertainty in empirical research? Today we are going to introduce

a second source.

11.2.2 Two Sources of Uncertainty

Design-based uncertainty, introduced by Abadie et al. (2020) (henceforth AAIW), is

the uncertainty coming from the treatment assignment. The treatment Xi is no longer

considered fixed: in some states of the world person 1 is treated, in others person 1 is not

treated. The potential outcome you observe is different when the treatment is randomly
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changed. As we will show, this perspective helps you understand the uncertainty of

estimation when the sample is a non-negligible fraction of the population.

To visually explain the difference between traditional sampling-based uncertainty and

design-based uncertainty, let us take a look at two tables from AAIW. Let Ri ∈ {0, 1}
be an indicator of whether observation i is included in the sample.

Table 11.1: Sampling-based uncertainty (✓ is observed, ? is missing), adapted from Table I
in Abadie et al. (2020). Yi is the outcome, Zi an attribute, Ri the sampling indicator.

Actual Sample Alt. Sample I Alt. Sample II

Unit Yi Zi Ri Yi Zi Ri Yi Zi Ri · · ·

1 ✓ ✓ 1 ? ? 0 ? ? 0 · · ·
2 ? ? 0 ? ? 0 ? ? 0 · · ·
3 ? ? 0 ✓ ✓ 1 ✓ ✓ 1 · · ·
4 ? ? 0 ✓ ✓ 1 ? ? 0 · · ·
...

...
...

...
...

...
...

...
...

... · · ·
n ✓ ✓ 1 ? ? 0 ? ? 0 · · ·

Table 11.2: Design-based uncertainty (✓ is observed, ? is missing), adapted from Table II in
Abadie et al. (2020). Y ∗

i (1), Y
∗
i (0) are potential outcomes, Xi the treatment.

Actual Sample Alt. Sample I Alt. Sample II

Unit Y ∗
i (1) Y ∗

i (0) Xi Y ∗
i (1) Y ∗

i (0) Xi Y ∗
i (1) Y ∗

i (0) Xi · · ·

1 ✓ ? 1 ✓ ? 1 ? ✓ 0 · · ·
2 ? ✓ 0 ? ✓ 0 ? ✓ 0 · · ·
3 ? ✓ 0 ✓ ? 1 ✓ ? 1 · · ·
4 ? ✓ 0 ✓ ? 1 ? ✓ 0 · · ·
...

...
...

...
...

...
...

...
...

... · · ·
n ✓ ? 1 ? ✓ 0 ? ✓ 0 · · ·

The two tables encode two different thought experiments:

• Sampling-based uncertainty (Table 11.1): treatment is fixed, and the sam-

pled observations are random. For non-sampled individuals, we cannot observe
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anything, outcome and attributes alike. The source of uncertainty is that in each

sample we have different observations.

• Design-based uncertainty (Table 11.2): treatment is random, and the set of

observations is fixed, for example all provinces of China. For each individual, we

only observe the potential outcome in the realized treatment status, never the

counterfactual one. The source of uncertainty is that in each sample we have a

different treatment status for each individual.

Next, AAIW construct a simple model and make the following four points, which we

develop one by one:

1. show how design-based uncertainty affects the variance of the regression estima-

tor;

2. show that the White estimator remains conservative when we consider design-

based uncertainty;

3. derive a finite population correction for the White estimator;

4. discuss the two sources of uncertainty and their link to external and internal

validity.

11.2.3 A Finite Population Framework

Assume that we have a finite population of size n. We randomly sampleN observations

from the n, with Ri ∈ {0, 1} the indicator of whether i is sampled. There is a random

binary treatment regressor Xi: in the population, n1 units are treated and n0 are not;

in the sample, N1 are treated and N0 are not. Each unit has potential outcomes Y ∗
i (1)

and Y ∗
i (0), and we observe

Yi = Y ∗
i (Xi) =

⎧⎨⎩Y ∗
i (1), if Xi = 1,

Y ∗
i (0), if Xi = 0.

The potential outcomes themselves are assumed to be non-stochastic: all randomness

comes from who is sampled (R) and who is treated (X). We use bold letters to represent

vectors over the whole population, (Y,Y∗(1),Y∗(0),R).

We define three estimands as our proposed targets.
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Definition 11.2.1 (Three estimands, AAIW).

θdescr =
1

n1

n∑︂
i=1

XiYi −
1

n0

n∑︂
i=1

(1−Xi)Yi,

θcausal,sample =
1

N

n∑︂
i=1

Ri (Y
∗
i (1)− Y ∗

i (0)) ,

θcausal =
1

n

n∑︂
i=1

(Y ∗
i (1)− Y ∗

i (0)) .

The descriptive estimand θdescr is the population mean difference between treated and

untreated units. It is free of R and free of potential outcomes: it compares realized out-

comes as they stand, with no causal ambition. The causal sample estimand θcausal,sample

is the average causal effect for the current sample. The causal estimand θcausal is the

average causal effect for the whole population.

Which uncertainty matters for which estimand? The definitions answer directly:

• When estimating θdescr, we do not care about design-based uncertainty: nothing

in the target involves the treatment assignment mechanism or potential outcomes.

• When estimating θcausal,sample, we do not care about sampling-based uncertainty:

given the current sample, nothing in the target involves the sampling process.

• When estimating θcausal, we care about both types of uncertainty.

11.2.4 One Estimator, Three Targets

To estimate these estimands, we use a simple OLS regression of Yi on Xi in the sample,

which for a binary regressor is the difference in means:

θ̂ =
1

N1

n∑︂
i=1

RiXiYi −
1

N0

n∑︂
i=1

Ri(1−Xi)Yi. (11.1)

Sampling-based uncertainty comes from the randomness ofR; design-based uncertainty

comes from the randomness ofX. We further assume that both sampling and treatment

assignment are random.
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Proposition 11.2.1 (Unbiasedness for each target, AAIW).

E[θ̂ | X, N1, N0] = θdescr,

E[θ̂ | R, N1, N0] = θcausal,sample,

E[θ̂ | N1, N0] = θcausal.

Read the conditioning sets carefully: conditioning on (that is, fixing) the treatment

vector, θ̂ is unbiased for the descriptive estimand; conditioning on the sampling vector,

θ̂ is unbiased for the causal sample estimand; conditioning on neither, θ̂ is unbiased

for the population causal estimand. The same number on your screen is an unbiased

estimate of three different targets, and which uncertainty you should report depends

on which target you claim.

11.2.5 Three Variances

We define the population variances as follows:

S2
x =

1

n− 1

n∑︂
i=1

(︄
Y ∗
i (x)−

1

n

n∑︂
j=1

Y ∗
j (x)

)︄2

, for x = 0, 1,

S2
θ =

1

n− 1

n∑︂
i=1

(︄
Y ∗
i (1)− Y ∗

i (0)−
1

n

n∑︂
j=1

(︁
Y ∗
j (1)− Y ∗

j (0)
)︁)︄2

.

S2
x is the variance of potential outcomes for the population, and S2

θ is the variance of the

treatment effect for the population: it is zero exactly when the effect is homogeneous.

Based on these population variances, we can derive three variances for θ̂.
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Proposition 11.2.2 (Three variances, AAIW).

V total(N1, N0, n1, n0) = var(θ̂ | N1, N0)

=
S2
1

N1

+
S2
0

N0

− S2
θ

n0 + n1

, (11.2)

V sampling(N1, N0, n1, n0) = E[var(θ̂ | X, N1, N0) | N1, N0]

=
S2
1

N1

(︃
1− N1

n1

)︃
+
S2
0

N0

(︃
1− N0

n0

)︃
, (11.3)

V design(N1, N0, n1, n0) = E[var(θ̂ | R, N1, N0) | N1, N0]

=
S2
1

N1

+
S2
0

N0

− S2
θ

N0 +N1

. (11.4)

The interpretation mirrors Proposition 11.2.1:

• V total is the total variance, considering both sampling-based and design-based

uncertainty. It is the variance we want to capture in inference for the causal

estimator of θcausal.

• V sampling is the variance from only sampling-based uncertainty, obtained by con-

ditioning on the treatment assignment. It is the variance for inference on the

descriptive estimand.

• V design is the variance from only design-based uncertainty, obtained by condition-

ing on the current sample. It is the variance for inference on the causal sample

estimand.

Traditionally, we only consider sampling uncertainty, which makes V sampling our default

variance. Now let us analyze these formulas one by one.

Point 1: the two partial variances cannot be ranked. Generally, V sampling and

V design cannot be ranked; their comparison depends on the sampling rate N/n. A very

large sampling rate makes the finite population correction factors (1 − N1/n1) and

(1 − N0/n0) small, and hence a very small V sampling: if you have sampled nearly the

whole population, redrawing the sample changes almost nothing, while the randomness

of treatment assignment remains fully alive.

Point 2: with an infinite population, traditional variance is fine. When n→∞
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with N fixed, the correction factors go to one and the last term of (11.2) vanishes, so

V sampling = V total.

If the population is infinite, then design-based uncertainty is ignorable, and traditional

inference for the causal estimand, without ever thinking about design-based uncertainty,

is fine. This is the precise sense in which the textbook i.i.d. sampling story survives:

it is the N/n→ 0 limit of the finite population framework.

Point 3: with a finite population, traditional variance overstates. Consider

estimating θdescr or θcausal when the population is finite. If we treat it as infinite, both

V total and V sampling are overstated:

V total(N1, N0,∞,∞)− V total(N1, N0, n1, n0) =
S2
θ

n0 + n1

≥ 0,

V sampling(N1, N0,∞,∞)− V sampling(N1, N0, n1, n0) =
S2
1

n1

+
S2
0

n0

≥ 0.

The standard errors you report are too large: honest, but wastefully conservative.

Point 4: for the sample causal estimand, population size does not matter.

Consider estimating θcausal,sample. Formula (11.4) depends only on sample quantities:

V design(N1, N0,∞,∞) = V design(N1, N0, n1, n0). The relative sample size does not af-

fect the variance conditional on the current sample, so V design is fine even if we think

of the population as infinite.

11.2.6 The White Estimator and Its Finite Population Bias

In practice, we usually use the White (heteroskedasticity robust) estimator of the

variance matrix, and it is calculated without considering design-based uncertainty. In

the difference in means case it takes the form

V̂ w =
Ŝ2
1

N1

+
Ŝ2
0

N0

, where Ŝ2
1 =

1

N1 − 1

n∑︂
i=1

RiXi

(︄
Yi −

1

N1

n∑︂
j=1

RjXjYj

)︄2

,

and Ŝ2
0 is defined analogously.

Proposition 11.2.3 (Bias of the White estimator, AAIW). V̂ w is unbiased for V total
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when n is infinite. In a finite population, the bias is

E[V̂ w | N ]− V total =
S2
θ

n
≥ 0.

The White estimator is therefore conservative: it never understates the total variance,

and the overstatement, S2
θ/n, is governed by treatment effect heterogeneity relative

to the population size. Note the special case: under homogeneous treatment effects

(S2
θ = 0) there is no bias at all, even in a tiny population.

We can now see the practical rule. If we ignore design-based uncertainty in inference:

• It is fine if we have a small sample compared with a massive population. If you

have a CFPS household dataset representing all families in China, the sampling

rate is tiny, and the traditional standard error is the right one.

• The positive bias becomes large if we have a large sample size compared with

a limited population, like a province level regression: you observe essentially all

provinces, there is no sampling uncertainty left, yet the traditional formula keeps

pricing it in. In this case, traditional variance estimation can be too large and

too conservative, because you ignore the fact that you already have a large part

of the population.

Fortunately, a bias corrected estimator can be derived, by taking into consideration that

you have a large sample relative to a small population and that you have uncertainty

in treatment assignment. The derivation of this estimator is technical; read Abadie et

al. (2020) if you are interested.

Design-based Uncertainty in a Nutshell

Based on the framework of Abadie et al. (2020), uncertainty has two sources: who

is sampled (R) and who is treated (X). Which one matters depends on the esti-

mand: sampling uncertainty for the descriptive estimand, design uncertainty for

the sample causal estimand, both for the population causal estimand. Traditional

inference prices only sampling uncertainty with an infinite population; it remains

valid when N/n ≈ 0 and becomes conservative, by S2
θ/n in the White case, when

the sample is a large fraction of a finite population. The number of provinces in

China does not grow with your asymptotics. The design-based uncertainty also
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helps us to understand how to choose cluster levels when we have clustered stan-

dard errors, which we will introduce in the following sections.

11.3 Clustered Standard Errors

11.3.1 Motivating Example: the STAR Experiment

Next, let us consider the clustered standard error issue. Many scholars claim that

smaller classes are better for education. What is the impact of class size on students’

achievement? This is hard to identify using observational data: better funded schools

have both smaller classes and stronger students, the classic selection problem. Project

STAR is an RCT designed to answer this question (Krueger, 1999).

The experiment involves about 11,600 children in Tennessee. Kids are randomly as-

signed to two kinds of classes: (1) small classes with 13 to 17 children; and (2) regular

classes with 22 to 25 children. Random assignment removes selection, and we can

identify the treatment effect of class size.

One assumption we always make in the regression analysis, however, is i.i.d. sampling.

Students in the same class are of course not independently sampled: they share the

same classroom, the same teacher, the same peer environment. What will happen if

we have correlations at the class, school, or district level? The short answer is: we may

underestimate the standard error. Let us see why this happens and how to fix it.

11.3.2 Setting and the Intraclass Correlation

Let us go on with the STAR experiment. Consider the following regression for student

i in class g:

yig = β0 + β1xg + eig, (11.5)

where yig is the test score, xg is the class size (randomly assigned), and eig is the error

term. This is a special case in which the regressor x is fixed at the group level g: the

same treatment applies to the whole class. Test scores in the same class tend to be

correlated: same environment, same teacher, same peers.

Thus, we give up the i.i.d. assumption and assume that for two different students i ̸= j
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in the same class,

E[eigejg] = ρeσ
2
e > 0,

where ρe is the error intraclass correlation and σ2
e is the error variance. A convenient

way to generate this structure is to decompose the error into a common class component

and an idiosyncratic component:

eig = νg + ηig, νg ⊥ ηig,

where we assume that νg captures all within class correlations (so ηig ⊥ ηjg for i ̸= j),

and homoskedasticity holds for both νg and ηig, with variances σ2
ν and σ2

η. Then we

can prove that

ρe =
σ2
ν

σ2
ν + σ2

η

. (11.6)

Equation (11.6) is called the intraclass correlation coefficient : the intraclass correlation

is the share of the common class component in the total error uncertainty. Deriving

(11.6) from the setting above is Homework Problem 1.

11.3.3 Bias and the Moulton Factor

How wrong is the conventional standard error when ρe > 0? Let Vc(β̂1) be the con-

ventional OLS variance, computed as if errors were i.i.d., and let V (β̂1) be the correct

variance.

Proposition 11.3.1 (Moulton factor, equal group sizes). Assume all classes have equal

size n and the regressor xg is fixed within each group. Then

V (β̂1)

Vc(β̂1)
= 1 + (n− 1)ρe.

We call this ratio the Moulton factor (Moulton, 1986). You will derive it in Homework

Problem 2. Two comparative statics follow immediately: as n or ρe rises, the bias of the

conventional variance rises. Larger nmeans fewer groups for a given total sample, hence

less independent information than the observation count suggests. And what happens

if ρe = 1? The conventional variance is only 1/n of the correct one (the Moulton factor

equals n): students in the same class provide no additional information beyond their

class mean, so the effective number of observations is the number of classes, not the
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number of students.

The previous setting assumes fixed xg within each group. Let us see the Moulton factor

in a more general case, when xig can vary across i in the same group.

Proposition 11.3.2 (Moulton factor, general case).

V (β̂1)

Vc(β̂1)
= 1 +

[︃
V (ng)

n̄
+ n̄− 1

]︃
ρxρe,

where n̄ is the average group size, V (ng) is the variance of group sizes, and ρx is the

intraclass correlation of xig.

In general, the bias from within class correlation is larger when:

1. the average group size n̄ is larger;

2. the variance of group sizes V (ng) is larger;

3. the intraclass correlation of the treatment xig, ρx, is larger;

4. the error intraclass correlation ρe is larger.

The implications of (3) deserve emphasis. The bias can be very large in the fixed group

treatment xg case, since then ρx = 1, its maximum. Conversely, there is no need to

cluster anything if the treatment assignment is totally random at the individual level :

then ρx = 0 and the whole correction term vanishes, no matter how correlated the

errors are. The implication of (4) is natural: no bias when ρe = 0.

11.3.4 Fixing the Bias

Now we know that standard error estimation can be biased when we have correlation

within classes. What should we do? Several methods are available:

1. Moulton correction. Use the Moulton factor formula of Proposition 11.3.2 to

correct the conventional variance directly. Not that good: it relies on the error

structure assumptions (homoskedasticity, the additive component model).

2. Recommended: the Liang and Zeger (1986) clustering estimator. The

cluster robust variance estimator is generally consistent as the number of groups

goes to infinity, and requires no model of the within cluster correlation. In Stata,

use the option cluster(g).
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3. Group level regression. Run the regression at the group level, ȳg = β0 +

β1xg + ēg, using WLS with group sizes as weights. This has better finite sample

properties, but xg has to be group fixed.

4. Other methods: block bootstrap, MLE with a specified error structure, and so

on. For more details, please refer to Angrist and Pischke (2009).

Clustered Standard Errors in Stata

The Liang and Zeger estimator is one option away: reg y x, cluster(classid).

Remember what the asymptotics need: consistency is in the number of clusters,

not the number of observations. With 11,600 students in a few hundred classes, the

relevant count is the few hundred. With 30 provinces, the cluster robust estimator

itself becomes shaky.

11.4 Choosing the Cluster Level

11.4.1 Can We Always Cluster More?

How should we choose the level of clustering? In the STAR experiment, why do we

cluster by class and not by boy versus girl, or by racial group? Clustering in more

dimensions or at a higher level gives you larger standard errors. Is it then OK to

always cluster in more and more dimensions, to be safely conservative? No. You can

be too conservative and overestimate the standard error. Similarly, it is not always

good to cluster at a higher and higher level.

The reason connects back to Section 11.2. When you cluster in more and more di-

mensions, or at a higher and higher level, your effective sample size compared with

the effective population becomes larger and larger. As Abadie et al. (2020) has shown,

a large sampling rate makes traditional (here, clustered) inference overestimate the

standard error. For example, suppose you have data on 10,000 firms in 20 provinces.

Ten thousand firms can be a very small proportion of all firms in mainland China, so

at the firm level the sampling rate is negligible. But when you cluster at the province

level, your effective sample becomes 20 provinces out of 31: the effective sampling

rate jumps to 20/31, and the infinite population approximation behind the clustered

estimator fails badly.

Thus, two issues remain: how to choose the cluster level reasonably, and how to incor-



CHAPTER 11. STANDARD ERROR ISSUES 262

porate design-based uncertainty. Abadie et al. (2023) consider clustering as a sampling

and design problem: the correct cluster level depends on how you get your sample

and how you assign your treatment. It comes from the basic idea of Abadie et al.

(2020): you have to consider both sampling-based and design-based uncertainty, and

this perspective is the core of the clustering problem.

11.4.2 Three Misconceptions

Abadie et al. (2023) clarify three misconceptions about clustering:

1. “The need for clustering hinges on the presence of correlation between residuals.”

No. The essence is the clustering of sampling or of treatment assignment. Even

if students’ scores are correlated within classrooms, there is no need to cluster

when sampling and treatment are both totally random: this is exactly the ρx = 0

lesson of Proposition 11.3.2, now stated at the level of the research design.

2. “There is no harm in using clustered standard errors when they are not required.”

Not true: as we have argued in the previous section, confidence intervals will

be unnecessarily conservative, sometimes dramatically so, as the 20/31 example

shows.

3. “Researchers must either fully adjust for clustering by Liang and Zeger, or not

adjust at all.” Not really. AAIW propose a new estimator, CCV/TSCB, that

corrects for a large effective sampling rate in clustering, interpolating between

the two extremes.

11.4.3 The Four Cases

As discussed in Abadie et al. (2020), there are two types of uncertainty we need to

consider if our estimation target is the population causal effect, sampling uncertainty

and treatment uncertainty. Therefore, we need to take both of them into consideration

when we analyze how to cluster the standard error, in a similar way. Here are the

empirical suggestions from Abadie et al. (2023), organized by how the sample was

drawn and how the treatment was assigned:

1. Sampling random, treatment random. Do not cluster! In this case, if the

sample additionally represents a large fraction of the population, even the White

estimator is too conservative (Abadie et al., 2020).
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2. Sampling random, treatment clustered. Cluster at the treatment assign-

ment level. In the fuzzy design case (treatment probabilities vary across clusters

rather than treatment being fixed within cluster), use the CCV/TSCB estimator.

They can be implemented by Stata packages named ccv and tscb.

3. Sampling clustered, treatment random. Cluster at the sampling level, pro-

vided you have a small fraction of sampled clusters or a small fraction of sampled

units within each cluster. This case is specifically important in panel data anal-

ysis, as we discuss in Section 11.4.4. Do not cluster in other cases.

4. Sampling clustered, treatment clustered. Cluster at the higher of the two

levels to be conservative.

Let us go over two practical examples.

• Case 1 (sampling cluster). Some household or firm survey will (1) randomly

select 50 out of 350 prefectures in China, and then (2) randomly select 100 house-

holds or firms in each sampled prefecture. This two stage design gives you a

naturally stratified dataset. Just cluster at the prefecture level; in general, at the

first sampling stage level.

• Case 2 (treatment cluster). STAR assigns treatment randomly at the class

level. Then just cluster at the class level.

Choosing the Cluster Level

Ask two questions about the design, not about the residuals: How was the sample

drawn? How was the treatment assigned? Cluster at the first sampling stage if

sampling is clustered; cluster at the treatment assignment level if treatment is clus-

tered; take the higher level if both; do not cluster if neither. Correlated residuals

alone are not a reason to cluster, and unnecessary clustering is not harmless.

11.4.4 DID and Serial Correlation

One special case we must underscore is panel data analysis. When using panel data,

we usually employ time variation for identification, as in the DID designs of Chapters 8

and 9. Think about how such a sample arises: you draw people (or provinces, or firms),

not people in a specific year. Once individual i is in the panel, all of the periods of

individual i come with them. This means you are drawing samples, and often assigning
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treatment, clustered at the individual level, and the errors of the same individual are

serially correlated across periods (Bertrand et al., 2004).

Thus, DID gives a natural clustering structure of the error, and case 3 of Section 11.4.3

applies with the individual as the sampling cluster.

The One Level Up Principle

In panel data, cluster at the individual, province, or city level, but never at the

individual-year, province-year, or city-year level. Clustering at the unit by time

level treats each period of the same unit as an independent draw, which is exactly

the serial correlation mistake: the sampling unit is the individual with their whole

time path, not the individual year cell. Cluster one level up from the unit time

cell.

11.5 Comparing the Moulton and the AAIW Frame-

works

Sections 11.3 and 11.4 approached the clustering problem from two directions. The

framework of Moulton (1986), as presented in Angrist and Pischke (2009), and the

framework of Abadie et al. (2023) are not two steps of one argument: they answer

different questions under different thought experiments, and it is worth comparing

them explicitly.

Consider first the two thought experiments. In the Moulton framework, randomness

lives in the error term. The thought experiment is that nature redraws the shocks νg

and ηig from the error components model, the estimand is a parameter of the data

generating process, in effect a feature of an infinite superpopulation, and the question

is a diagnostic one: given correlated errors, how wrong is the conventional variance

formula? Propositions 11.3.1 and 11.3.2 are the answer.

In the AAIW framework, potential outcomes are fixed attributes of a finite population;

the only random objects are who is sampled, R, and who is treated, X. The survey

redraws the sample, the policy redraws the treatment, the estimand is the average

treatment effect of the population at hand, and the question is a constructive one:

which variance matches this estimand, given how the data arose? Clustering enters

if and only if one of the two processes operated in cluster blocks. Neither thought
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experiment is wrong; they price different risks for different targets. The AAIW position

is that the finite population causal estimand is the one applied papers actually claim:

the estimand first discipline of Section 11.2, applied to clustering.

The bridge between the frameworks hides inside Proposition 11.3.2: the bias is gov-

erned by the product ρxρe. Here, ρe belongs to nature; the researcher does not choose

it. But ρx belongs to the design: class level assignment mechanically forces ρx = 1,

individual randomization forces ρx = 0. The Moulton algebra therefore already im-

plies that correlated errors alone do nothing. The folk rule, “residuals are correlated

within groups, therefore cluster,” silently sets ρx = 1 because the textbook examples

have group level regressors; the first misconception of Section 11.4 refutes that folk

rule, not the formula. AAIW promote ρx from an estimated parameter to a primitive

the researcher knows from the design, and let cluster level heterogeneity in potential

outcomes and effects play the role of ρe. The dictionary between the two languages is

ρx ρe > 0⏞ ⏟⏟ ⏞
Moulton

⇐⇒ design clustered and clusters explain outcome variation⏞ ⏟⏟ ⏞
AAIW

.

The AAIW rule is the safe half of this condition: it never asks you to verify the

heterogeneity part, which is a property of the estimand rather than of the design.

Where do the frameworks then agree? They agree exactly where the Moulton analysis

was born: the sampled clusters are a small fraction of a large population of clusters

and treatment operates at the cluster level. Writing q for the share of the population’s

clusters in the sample, the overstatement of the Liang and Zeger variance derived by

Abadie et al. (2023) is proportional to q, so as q → 0 the clustered standard error is

exactly right. The AAIW framework nests the classical one as this limiting case. They

depart on three questions the Moulton framework cannot answer: the level of clustering

(an error components model can be posited at any level, so higher feels safer; AAIW

pin the level to the design and show that clustering above it misprices, as in the firm

and province example of Section 11.4); the finite population (in the census illustration

of Abadie et al., 2023, the truth is 5.91, robust averages 1.90, clustered 44.86, and

CCV/TSCB land near the truth); and visibility (clustered assignment shows in the

data, clustered sampling does not, so the sampling reason to cluster must come from

the survey documentation).
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Moulton and AAIW in One Box

Moulton diagnoses a formula under a parametric model: nature redraws the

error components, and conventional inference is off by the factor 1 + [V (ng)/n̄ +

n̄ − 1 ]ρxρe. AAIW construct the correct variance for the finite population causal

estimand from the design non-parametrically: cluster if and only if sampling

or assignment is clustered, at the level of the clustered process. The dictionary is

ρx ↔ the design and ρe ↔ cluster level outcome heterogeneity. The frameworks

coincide when few clusters are sampled and treatment is cluster assigned; they

separate on the choice of level, on samples covering much of the population, and

on what the data can reveal.

11.6 Conclusion

Today we discussed two nonstandard standard error issues: when the sample is large

compared with the population, and when errors are not i.i.d. but clustered.

In the first issue, we claim that we need to consider both sampling-based and design-

based uncertainty. Using traditional inference when the sample is a large share of a

finite population produces standard errors that are too large and conservative; the

overstatement is governed by treatment effect heterogeneity, and a finite population

correction exists.

In the second case, we find that not adjusting for clustering generates standard errors

that are too small when treatment or sampling is clustered. We can use the Liang and

Zeger estimator to fix it, consistent as the number of groups grows. But clustering

at a higher level is not always good: clustering comes from either clustered sampling

or clustered treatment, so cluster at the first sampling stage or at the treatment as-

signment level, and do not cluster if you have a totally random sample with totally

random treatment. In DID, cluster one level up to take care of the serial correlation.

The two halves of the chapter are one lesson: the standard error is a statement about

a thought experiment, redrawing the sample, reassigning the treatment, or both, and

you must know which thought experiment matches your design before you can defend

the number in parentheses under your estimate.
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Homework Problems

1. Deriving the Intraclass Correlation Coefficient.

Consider the error structure of Section 11.3.2: eig = νg+ηig, where νg and ηig are

independent of each other, ηig is independent across students, both components

have mean zero, and homoskedasticity holds with variances σ2
ν and σ2

η.

(a) Compute the error variance σ2
e = var(eig).

(b) Compute the covariance E[eigejg] for two different students i ̸= j in the

same class.

(c) Combine (a) and (b) to derive equation (11.6): ρe = σ2
ν/(σ

2
ν + σ2

η).

(d) Interpret ρe in one sentence, and state what error structures the two extreme

values ρe = 0 and ρe = 1 correspond to.

2. Deriving the Moulton Factor.

Consider the regression yig = β0 + β1xg + eig with G classes of equal size n, the

regressor fixed within each class, and the error structure of Problem 1.

(a) Show that the OLS estimator satisfies

β̂1 − β1 =
∑︁G

g=1(xg − x̄)n ēg
n
∑︁G

g=1(xg − x̄)2
, where ēg =

1

n

n∑︂
i=1

eig.

(b) Compute var(ēg) under the error structure of Problem 1, and express it in

terms of σ2
e , ρe, and n.

(c) Derive the correct variance V (β̂1), and compare it with the conventional

OLS variance Vc(β̂1) = σ2
e/
(︂
n
∑︁

g(xg − x̄)2
)︂
to conclude that

V (β̂1)

Vc(β̂1)
= 1 + (n− 1)ρe.

(d) Evaluate the Moulton factor at ρe = 1 and explain, in terms of effective

sample size, why the result makes sense.

3. Choosing the Cluster Level.
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Answer in words, using the sampling and design framework of Abadie et al. (2023).

For each scenario, state at which level (if any) you would cluster the standard

errors, and justify your choice by identifying how the sample was drawn and how

the treatment was assigned.

(a) A job training RCT randomly samples 5,000 unemployed workers from the

national unemployment registry (millions of workers) and randomizes the

training offer at the individual level. Workers who trained in the same

center have correlated outcomes.

(b) The STAR experiment: students are randomly assigned to classes, and the

class size treatment applies to the whole class.

(c) A firm survey first randomly selects 50 out of 350 prefectures, then randomly

samples 100 firms within each selected prefecture; the regressor of interest

is a firm level characteristic that is not assigned by any policy.

(d) A province-year panel of all 31 mainland Chinese provinces over 20 years,

with a policy adopted by different provinces in different years (staggered

DID). Explain both the level you would cluster at and why clustering at the

province-year level is wrong.

(e) In scenario (d), a colleague suggests clustering at the region level (7 large

regions containing the 31 provinces) “to be even more conservative.” Using

the effective sampling rate logic of Abadie et al. (2020), explain what is

wrong with this advice.

Practice Example: The Moulton Problem in a Sim-

ulated Class Experiment

In this practice example we simulate a STAR style class level experiment, watch the

conventional standard error understate the truth by exactly the Moulton factor, verify

the fix with the Liang and Zeger estimator, and confirm by Monte Carlo that conven-

tional confidence intervals undercover while clustered ones do not. We also verify the

ρx = 0 lesson: with individual level treatment, no clustering is needed even though the

errors remain clustered.

Data generating process. G = 50 classes, each with n = 20 students (1,000 obser-
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vations). A binary class level treatment xg is randomly assigned to exactly half of the

classes. The outcome is

yig = 1 + 2 xg + νg + ηig, νg ∼ N (0, 0.3), ηig ∼ N (0, 0.7),

so σ2
e = 1 and the intraclass correlation is ρe = 0.3 by equation (11.6). The predicted

Moulton factor is 1 + (n − 1)ρe = 1 + 19 × 0.3 = 6.7, so the correct standard error is

about
√
6.7 ≈ 2.59 times the conventional one.

Analysis steps. The do-file (src/chapter 11/ch11 cluster.do) performs:

1. Simulate the dataset and save it; estimate ρe from the simulated components as

a check.

2. Run OLS of y on x with conventional standard errors and with vce(cluster

class); compare the ratio of the two variance estimates with the predicted Moul-

ton factor 6.7.

3. Run the group level regression (class means, WLS with class sizes) and compare

with the Liang and Zeger standard error.

4. Monte Carlo with 500 replications: record the coverage rate of the nominal 95

percent confidence interval for β1 = 2 under conventional and clustered standard

errors. Conventional coverage should be far below 95 percent (about 55 percent

at this Moulton factor); clustered coverage should be close to 95 percent.

5. Re run the Monte Carlo with the treatment randomized at the individual level

(same clustered error structure): both conventional and clustered coverage should

now be close to 95 percent, verifying that clustering of the errors alone does not

require clustering the standard errors (ρx = 0).

6. Key lessons summary.

Key lessons.

• With group level treatment, the conventional standard error can understate the

truth by a large factor, here
√
6.7 ≈ 2.6, and the miss is predicted exactly by the

Moulton formula.

• The Liang and Zeger estimator repairs coverage without modeling the error struc-

ture, with consistency in the number of clusters.
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• Clustered errors alone do not force clustered standard errors: with individual level

assignment, ρx = 0 and conventional inference is fine, the first misconception of

Abadie et al. (2023) in action.

The do-file is located at src/chapter 11/ch11 cluster.do and the simulated dataset

at data/chapter 11/.



Chapter 12

Discrete Choice Model I

12.1 Introduction

In the previous lectures we focused on the reduced form approach: finding credible vari-

ation, comparing treated and untreated units, and interpreting a regression coefficient

as a causal effect. In the following two chapters we give a very brief introduction to

the Discrete Choice Model (DCM). The DCM considers problems where the outcome

y is discrete: work or not work, take the bus or take a taxi, enter a market or stay out.

Such outcomes are everywhere in economics, and they do not fit comfortably into the

linear regression toolkit we have been using.

The DCM sits at the intersection of the reduced form and structural traditions, and it

is an important method for both. You can learn and understand it in either framework:

• Understood in a reduced form way, the DCM is another kind of non-linear

regression model. It is harder to interpret than OLS, but it fits better than the

linear probability model when y is binary: predicted probabilities stay between

zero and one, and the functional form respects the discreteness of the outcome.

• Understood in a structural way, the DCM opens a brand new world. Each

parameter is a structural parameter of an underlying behavior model: a marginal

utility, a cost coefficient, a taste. Because the model is built from utility maxi-

mization, it carries welfare implications: we can ask not only what agents choose,

but how much they value their choices, and what a policy that changes the choice

set would do to their welfare.

271
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This chapter builds the model from the ground up: a motivating example, the general

setting, what can and cannot be identified, and then the workhorse special case, the

Logit model, together with its generalization, the Nested Logit model. A warning to

keep in mind throughout: the Logit model is intrinsically structural, even when it is

run casually as “just another regression.”

12.2 Motivating Example: Female Labor Participa-

tion

Still remember the example in our first chapter? Consider a female labor participation

problem. Individual i chooses labor supply to maximize utility over consumption and

leisure,

max
li

Ui(ci, 1− li) + ϵil s.t. ci = wili, (12.1)

where ci is consumption, li is labor supply, ϵil is an unobserved taste shock attached

to the labor choice, and wi is the wage.

Assume that the labor choice is binary: work (li = 1) or not work (li = 0). Working

delivers consumption wi and no leisure; not working delivers no consumption and full

leisure. The woman works if the utility of working exceeds the utility of not working,

Ui(wi, 0) + ϵi1 ≥ Ui(0, 1) + ϵi0. (12.2)

Given the wage wi, this is a threshold rule in the taste shocks: define

ϵ∗(wi) = Ui(wi, 0)− Ui(0, 1),

and the decision becomes

li = 1 if ϵi0 − ϵi1 < ϵ∗(wi). (12.3)

The systematic part of the comparison, how much better working is in observables, sets

a bar ϵ∗; the unobserved taste difference ϵi0− ϵi1 decides whether individual i gets over
it.

Now let the taste difference ϵi0 − ϵi1 have a CDF F in the population. The working
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probability at wage w is

G(w) = Pr(l = 1 | w) =
∫︂ ϵ∗(w)

−∞
dF = F

(︁
ϵ∗(w)

)︁
. (12.4)

The observed participation rate is the CDF of the unobserved heterogeneity, evaluated

at the observable utility gap.

Now, remind yourself of Chapter 1: what does the reduced form approach do with

this problem? What does the structural approach do? What are the pros and cons

of the two methods? The reduced form approach looks for credible variation in w

and estimates how participation responds, without ever specifying Ui or F . The struc-

tural approach specifies the utility function and the shock distribution, estimates their

parameters, and can then simulate counterfactual policies and compute welfare. This

trade off, credibility of a single local effect versus the ability to extrapolate and evaluate

welfare, is the running theme of the course.

This is a very typical example of a Discrete Choice Model. Today we give a brief

introduction to the DCM and its most important example, the Logit model. One tip

before we start: the Logit model is intrinsically structural. Everything in it, as we will

see, is derived from a utility maximization problem.

12.3 The General Discrete Choice Model

12.3.1 Setting

The DCM describes decision makers’ choices among discrete alternatives. A man

chooses whether to smoke or not. A student chooses how to go to school: bus, taxi, or

bike. A firm chooses whether to enter a local market: Walmart versus the local store.

In each case, the choice set is a finite list, not a continuum.

This discreteness changes the mathematics of optimization. In a continuous and dif-

ferentiable choice model, we optimize by taking first order conditions and finding an

interior solution. Can we do the same thing for the DCM? No. There is no marginal

adjustment between taking the bus and taking a taxi; the agent simply picks the best

element of the list. The model must therefore be built on comparisons of utilities rather

than derivatives of utilities.
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Assume we have N decision makers, each choosing among a set of J alternatives

{1, 2, . . . , J}. Decision maker n gets utility Unj from choosing alternative j, and the

optimization is:

n chooses i ⇐⇒ Uni > Unj, ∀j ̸= i. (12.5)

The researcher does not observe utility directly. What we see are the choice results,

revealed preference, together with two kinds of observables: attributes of the alterna-

tives faced by the agents, xnj (the price of the bus ticket, the speed of the taxi), and

personal characteristics of the agents, sn (income, age). We collect the part of utility

that can be explained by these observables into the representative utility

Vnj = V (xnj, sn),

and write the utility of choice j to agent n as

Unj = Vnj + ϵnj, (12.6)

where ϵnj is the part of utility affected by factors the researcher does not observe. From

the researcher’s point of view ϵnj is a random variable, even though the agent knows

it perfectly well.

12.3.2 The Choice Probability

Assume the vector of unobserved components ϵ′n = [ϵn1, . . . , ϵnJ ] has a joint density

f(ϵn) across the population. Then the probability that an agent with representative

utilities (Vn1, . . . , VnJ) chooses alternative i is

Pni = P (Uni > Unj, ∀j ̸= i)

= P (Vni + ϵni > Vnj + ϵnj, ∀j ̸= i)

= P (ϵnj − ϵni < Vni − Vnj, ∀j ̸= i)

=

∫︂
ϵ

I(ϵnj − ϵni < Vni − Vnj, ∀j ̸= i) f(ϵn) dϵn. (12.7)

Read the integral as a census: go through every possible realization of the unobserved

tastes, keep the ones for which alternative i wins the utility comparison, and weight

them by the density.
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Different assumptions on the density f(ϵn) give different models, and expression (12.7)

does not guarantee a closed-form choice probability in general:

• The Type I Extreme Value distribution gives the Logitmodel, with a closed-form

probability.

• The Normal distribution gives the Probit model, with no closed-form probability.

Logit and Probit are therefore not competing frameworks; they are specific parametric

instances of the same DCM.

12.4 Identification: What Can Utility Mean?

The identification of the DCM is important, and it relates to primitive properties of

the utility function itself. Everything can be concluded in two statements:

1. Only differences in utility matter.

2. The scale of utility is arbitrary.

Why is this the case? Let us go back to the fundamental theory of utility.

12.4.1 Utility Represents Preference

Utility functions come from preferences. Assume we have a goods set X and a prefer-

ence relation ≿ defined on X, satisfying:

1. Completeness: for all x, y ∈ X, we have x ≿ y or y ≿ x (or both);

2. Transitivity: for all x, y, z ∈ X, if x ≿ y and y ≿ z, then x ≿ z.

We call such a preference rational.

Definition 12.4.1 (Utility Representation, Definition 1.B.2 in Mas-Colell, Whinston,

and Green, 1995). A function u : X → R is a utility function representing preference

≿ if, for all x, y ∈ X,

x ≿ y ⇐⇒ u(x) ≥ u(y).

If there exists a utility function representing ≿, then ≿ is rational. A utility function

assigns a numerical value to each element of X in accordance with the individual’s

preferences: utility is a representation of preference. And because preference is ordinal,

utility is ordinal. If a rational preference can be represented by u, then it can also be
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represented by any strictly increasing transformation of u: by u + 1, by u + k, by 2u,

by ku, and so on. The numbers themselves carry no meaning; only the ranking they

encode does. The two identification statements are exactly this ordinality, translated

into the DCM.

12.4.2 Statement 1: Only Differences in Utility Matter

Let us use an example to reveal the two statements. Assume you can go to school either

by bus (b) or by car (c). Let Tj be the speed of choice j and kj the choice amenity:

Uc = βTc + kc + ϵc,

Ub = βTb + kb + ϵb.

The choice depends only on the difference:

Uc − Ub = β(Tc − Tb) + (kc − kb) + (ϵc − ϵb).

Only the difference (kc − kb) can be identified, not kc and kb separately. The systems

{uj} and {uj+1} are observationally equivalent: I do not care whether the comparison

is ui − uj or (ui + 1) − (uj + 1). Thus you cannot give each alternative its own free

constant. What to do in practice: normalize the utility of one alternative to zero. This

is implicitly done for you whenever you run a logit or probit regression.

In addition, not all differences matter. Assume you include a personal characteristic

Yn (say, income) in the utility of each alternative:

Unc = βTc + γYn + δYnTc + ϵnc,

Unb = βTb + γYn + δYnTb + ϵnb,

Unb − Unc = β(Tb − Tc) + δYn(Tb − Tc) + (ϵnb − ϵnc).

The level term γYn cancels out: δ is identified but γ is not. Differences in personal

characteristics do not matter on their own, because we are comparing alternatives for

each person, not comparing people with each other. A personal-level variable matters

only if it interacts with a choice level variable, as YnTj does. The practical rule: do

not add a personal-level variable without interacting it with a choice-level variable.
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12.4.3 Statement 2: The Scale of Utility Is Arbitrary

Similarly, the systems {uj} and {2uj} are observationally equivalent: I do not care

whether the comparison is ui − uj or 2(ui − uj). Assume we have model 1,

Unc = βTc + γYn + ϵnc,

Unb = βTb + γYn + ϵnb,

Unb − Unc = β(Tb − Tc) + (ϵnb − ϵnc),

and model 2, which multiplies everything by two,

2Unc = 2βTc + 2γYn + 2ϵnc,

2Unb = 2βTb + 2γYn + 2ϵnb,

2Unb − 2Unc = 2β(Tb − Tc) + 2(ϵnb − ϵnc).

Every choice made under model 1 is made identically under model 2, so the two are

observationally equivalent, and the coefficients are only identified up to the common

scale.

Thus we need to normalize the scale, and the standard way to do it is to normalize the

variance of the error term. In Logit, this is automatically done: the Type I Extreme

Value error has variance π2/6. In Probit, this is automatically done: the standard

Normal error has variance 1. This is worth remembering when comparing coefficients

across models or across samples: the scale normalization is baked into the estimates.

12.5 The Logit Model

12.5.1 Setting

Following McFadden (1974), assume that each ϵnj is i.i.d. Type One Extreme Value

(T1EV), with

PDF: f(ϵnj) = e−ϵnj e−e−ϵnj
, CDF: F (ϵnj) = e−e−ϵnj

.
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Since the error terms are independent across alternatives, the joint CDF is the product

F (ϵn1, . . . , ϵnJ) =
J∏︂

j=1

e−e−ϵnj
.

When the DCM is closed with this distributional assumption, we call it a Logit model.

12.5.2 Choice Probability

Let us derive the choice probability of the Logit model, starting from the general

expression (12.7). It turns out that the integral can be solved in closed form.

Logit Choice Probability

Under i.i.d. T1EV errors, the (multinomial) choice probability is

Pni =
eVni∑︁
j e

Vnj
. (12.8)

Usually we normalize one of the choices, say j0, to have a utility of zero, which

gives

Pni =
eVni

1 +
∑︁

j ̸=j0
eVnj

. (12.9)

Deriving equation (12.8) is Homework Problem 1; the answer is in Chapter 3 of Train

(2009).

In the binary choice case, the formula collapses to the familiar logistic function,

Pn1 =
eVn1

1 + eVn1
. (12.10)

The normalized choice is usually some baseline choice or an outside option. For instance,

in an education choice model with choices {go to PKU, go to Fudan, go to SUFE, not

go to school}, we normalize “not go to school” to have utility zero, and the other three

utilities are measured relative to it.

What does the choice probability mean? The choice probability of i is the proportion

of i’s exponentiated choice value over the total exponentiated choice value of all alter-

natives. It is automatically compatible with the definition of a probability: 0 < Pni < 1
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and
∑︁

i Pni = 1. This is not like the linear probability model, which happily predicts

probabilities below zero or above one.

The relation between the choice probability and the representative utility is sigmoid

(S shaped), as Figure 12.1 shows for the binary case. The marginal effect of Vni on Pni

increases first and then decreases: it is largest in the middle, where the agent is close

to indifferent, and smallest in the tails, where the choice is nearly deterministic. Here

is a question worth pausing on: if you fit this curve with a straight line, which part do

you fit best? The middle, where the curve is approximately linear, and this observation

will return when we compare Logit with the linear probability model in Section 12.7.

Vni

Pni

1

0

0.5

Figure 12.1: The sigmoid relation between representative utility and the Logit choice proba-
bility in the binary case. The slope is steepest at Pni = 0.5 and flattens in both tails.

12.5.3 Independence from Irrelevant Alternatives

An important property of the Logit model is Independence from Irrelevant Alternatives

(IIA). For any two alternatives i and k, the ratio of the Logit probabilities is

Pni

Pnk

=
eVni/

∑︁
j e

Vnj

eVnk/
∑︁

j e
Vnj

=
eVni

eVnk
= eVni−Vnk . (12.11)

The denominator, the only place where the other alternatives appear, cancels. The

ratio has nothing to do with any other alternative: the probability ratio between any

pair of choices depends only on their own choice values. Adding a new choice or deleting

another choice will not change the ratio between i and k.

A manifestation of IIA is proportionate shifting : a change in an attribute z of choice

j changes the probabilities of all other choices by the same proportion. With linear

utility, the elasticity of the choice probability of i with respect to a change in znj of
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choice j is

Eiznj
=
∂Pni

∂znj

znj
Pni

= −βz znj Pnj, ∀i ̸= j. (12.12)

The expression is related only to alternative j; it is the same for every i. When the

bus gets cheaper, the Logit model takes probability from taxis, bikes, and walking in

equal proportion.

Is IIA a good property? Sometimes yes, sometimes no. It can save a great deal of

computational resources when the number of choices is large, precisely because cross

effects need not be tracked pair by pair. But it is also limiting, as the famous red bus

and blue bus problem shows; we return to it in Section 12.6, where a more flexible

model relaxes the property.

12.5.4 Derivatives and Marginal Effects

The derivative of the choice probability with respect to its own attribute is

∂Pni

∂zni
=
∂Vni
∂zni

Pni(1− Pni). (12.13)

Deriving equation (12.13) is Homework Problem 2; the answer is again in Chapter 3

of Train (2009).

The Parameter Is Not the Marginal Effect

In the Logit model,
∂Pni

∂zni
̸= ∂Vni
∂zni

.

Even if V is linear in z with coefficient β = ∂Vni/∂zni, you cannot interpret β as the

marginal effect of z on the choice probability. The marginal effect is βPni(1−Pni): it

is non-linear, it differs across individuals, and it is largest when Pni = 1−Pni = 0.5.

Reporting Logit coefficients as if they were marginal effects is one of the most

common mistakes in applied work.

12.5.5 Consumer Surplus

We are usually interested in the overall welfare of a consumer: what is the impact of

some policy that changes some of the choices? In the Logit model, we have a closed-

form solution for the expected utility that the agent obtains from the whole choice
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set:

E(Un) = E
[︂
max

j

(︁
Vnj + ϵnj

)︁]︂
= ln

(︂ J∑︂
j=1

eVnj

)︂
+ C, (12.14)

where C is a constant depending on the normalization. The expected utility is the

log sum of the exponentiated values of all choices. Note what is being computed: the

expectation of a maximum, taken before the taste shocks are realized, so this is the ex

ante value of facing the menu. To convert utility into money, we can divide it by the

marginal utility of income αn:

E(CSn) =
1

αn

E(Un). (12.15)

This is what we call “willingness to pay” in applied work.

The Two Closed Forms of Logit

There are two important closed-form formulas in the Logit model:

1. A closed-form choice probability: Pni =
eVni∑︁
j e

Vnj
;

2. A closed-form expected (ex ante) utility of the choice set: E(Un) =

ln
(︂ J∑︂

j=1

eVnj

)︂
+ C.

They are very useful tricks in structural model research: the first turns utility

parameters into predicted market shares, and the second turns an estimated model

into a welfare calculator.

12.6 The Nested Logit Model

12.6.1 Motivating Example: Blue Bus versus Red Bus

In the previous section, we assumed that all alternatives are at the same level, with

independent taste shocks. What if they have a hierarchical structure? As we have

shown, Logit has the IIA property: given two options A and B, changes involving a

third option do not change the relative probability of A and B. In some situations this

property is not plausible.

Assume we have two choices, blue bus versus taxi, and the commuter is indifferent on
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average:

PBB = PT =
1

2
.

One day, the bus company decides to introduce some buses with a new color, red. Now

we have three choices: blue bus, red bus, taxi. A red bus is identical to a blue bus

besides the color, so PRB = PBB. Due to IIA, the three probabilities must then be

PRB = PBB = PT =
1

3
.

The intuitive answer is different: painting some buses red should not move anyone

from taxis to buses, so we expect PRB = PBB = 1/4 and PT = 1/2. Under Logit,

you increase the probability of choosing the bus by basically doing nothing. The model

fails here because the two buses’ unobserved components are nearly perfectly correlated,

while Logit insists all shocks are independent.

12.6.2 Setting

To solve the blue and red bus issue, we introduce an extension of the Logit model: the

Nested Logit model, which allows for correlations among some of the options. Utility

keeps the additive form

Unj = Vnj + ϵnj, (12.16)

but now the vector ϵ = (ϵn1, . . . , ϵnJ) is jointly distributed as a Generalized Extreme

Value (GEV) distribution (McFadden, 1978).

Let the choice set be partitioned into K subsets B1, . . . , BK , called nests. The CDF of

ϵ is

F (ϵ) = exp

(︄
−

K∑︂
k=1

(︂∑︂
j∈Bk

e−ϵnj/λk

)︂λk

)︄
. (12.17)

This distribution has the following properties:

• The marginal distribution of each ϵnj is univariate T1EV;

• Any two options within the same nest have correlated ϵ;

• Any two options in different nests have uncorrelated ϵ;

• λk is a measure of the degree of independence within nest k: a higher λk means

less correlation of choices within the same nest.
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Homework Problem 3 asks: what does it mean when λk = 1 for all k? What is the

model then, and why.

Figure 12.2 shows the classic example: a commuter first chooses between the Auto nest

and the Transit nest, and then an alternative within the nest.

Auto Transit

Auto alone Carpool Bus Rail

Figure 12.2: Tree diagram for mode choice with two nests: Auto = (Auto alone, Carpool)
and Transit = (Bus, Rail). Adapted from Figure 4.1 in Train (2009).

12.6.3 Choice Probability

It can be shown that the choice probability of the Nested Logit model, for an alternative

i belonging to nest Bk, is

Pni =
eVni/λk

(︂∑︁
j∈Bk

eVnj/λk

)︂λk−1

∑︁K
l=1

(︂∑︁
j∈Bl

eVnj/λl

)︂λl
. (12.18)

Note the structure. The term
(︁∑︁

j∈Bk
eVnj/λk

)︁λk−1
in the numerator collects all the

choices in the same nest as i: how attractive alternative i is depends not only on its

own value but on the value of its whole nest. As a consistency check, when λk = 1 for

every nest, the inner sums enter with exponent zero in the numerator and exponent

one in the denominator, and (12.18) collapses exactly to the plain Logit probability

(12.8).
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12.6.4 Independence from Irrelevant Nests

Given two alternatives i ∈ Bk and m ∈ Bl, the probability ratio is

Pni

Pnm

=
eVni/λk

(︂∑︁
j∈Bk

eVnj/λk

)︂λk−1

eVnm/λl

(︂∑︁
j∈Bl

eVnj/λl

)︂λl−1
, (12.19)

because the common denominator of (12.18) cancels. Two cases follow:

• If k = l, so the two alternatives are in the same nest, the nest sums also cancel

and we are back to IIA:
Pni

Pnm

=
eVni/λk

eVnm/λk
.

• If k ̸= l, so the two alternatives are in different nests, we do not have IIA: the

relative probability of i and m depends on the other choices in their own nests

Bk and Bl. But it still does not depend on choices in any other nest.

We call this property Independence from Irrelevant Nests (IIN). It is exactly the right

amount of flexibility for the bus example: put the two buses in one nest, and adding

the red bus reshuffles probability within the bus nest while leaving the bus versus taxi

ratio governed by the nest values, not by the count of bus colors.

12.7 Logit or LPM?

An important practical question is: when should you use Logit, and when should you

use the linear probability model (LPM), which is just OLS with a binary outcome?

Let us first list the pros and cons.

For Logit, which is a non-linear fit with a functional form assumption:

• Coefficients are “structural” and primitive: they live in utility, production, and

other economic objects;

• But coefficients are neither marginal effects nor weighted treatment effects, and

translating them into effects takes extra work;

• It is computationally intensive: especially maximum likelihood with high dimen-

sional fixed effects (many dummies), which can be slow or unstable.
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For LPM, which is a linear fit and more of an approximation:

• Coefficients are marginal effects, very easy to interpret;

• But it will predict probabilities above one or below zero for extreme covariate

values;

• It is computationally simple: it is just an OLS regression.

Choosing between Logit and LPM

Here are some personal views.

• If you care about the primitive parameter (a utility weight, a structural

elasticity), use Logit.

• If you are interested in extrapolating your prediction, that is, predicting

y at values of x with few samples nearby, use Logit: the functional form

disciplines the extrapolation.

• If your x is distributed fairly uniformly over its range but you want to predict

y at very small or very large x, use Logit: the linear fit is anchored to the

middle of the sigmoid and misses the tails.

• Otherwise, you can choose LPM: in the middle of the distribution, where

the sigmoid is approximately linear, the two models agree and the LPM’s

interpretability wins.

12.8 Conclusion

Here are some main takeaways of this chapter. First, DCM/Logit is intrinsically a

structural approach: its parameters have structural meaning as utility weights, and

the model is derived from utility maximization. Second, Logit is a special kind of

DCM, the one obtained when the errors are i.i.d. T1EV distributed; Probit is the

DCM with Normal errors. Third, Logit is convenient because it has a closed-form

choice probability and a closed form expected utility, the log sum formula, which

together make it a complete toolkit for prediction and welfare analysis.

Fourth, Logit has the IIA property: the relative probability of two choices is not

affected by a third one. This is sometimes a convenience and sometimes a defect, as

the red bus and blue bus example shows. Fifth, the interpretation of Logit, and of

non-linear models in general, is not as straightforward as the linear probability model:
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the coefficient is not the marginal effect. Sixth, Nested Logit is a more general model:

with GEV errors, choices within the same nest have correlated shocks. IIA survives

within a nest, but across nests it is replaced by IIN, independence from irrelevant nests.

We will further discuss the endogeneity issue in the DCM in the next lecture: what

happens when the observed attributes are correlated with the unobserved tastes, and

what the discrete choice analogue of instrumental variables looks like.

Homework Problems

1. Deriving the Logit Choice Probability.

Assume that the unobserved utility components ϵnj are i.i.d. Type One Extreme

Value across alternatives, with CDF F (ϵ) = e−e−ϵ
and PDF f(ϵ) = e−ϵe−e−ϵ

.

Starting from the general choice probability

Pni =

∫︂
ϵ

I(ϵnj − ϵni < Vni − Vnj, ∀j ̸= i) f(ϵn) dϵn,

derive the closed-form Logit choice probability

Pni =
eVni∑︁
j e

Vnj
.

(Hint: condition on ϵni, use independence to write the inner probability as a

product of T1EV CDFs, and integrate over ϵni. The answer is in Chapter 3 of

Train, 2009.)

2. Deriving the Own Derivative of the Choice Probability.

Starting from the Logit choice probability Pni = eVni/
∑︁

j e
Vnj , derive the deriva-

tive formula
∂Pni

∂zni
=
∂Vni
∂zni

Pni (1− Pni),

where zni is an attribute entering Vni. Explain in one or two sentences why the

marginal effect is largest at Pni = 0.5 and what this implies for interpreting Logit

coefficients. (The answer is in Chapter 3 of Train, 2009.)

3. Nested Logit with λk = 1.
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Consider the Nested Logit model with GEV distribution

F (ϵ) = exp

(︄
−

K∑︂
k=1

(︂∑︂
j∈Bk

e−ϵnj/λk

)︂λk

)︄
.

What does it mean when you have λk = 1 for all k? What is the model now?

Why? Verify your answer both from the CDF and from the choice probability

formula.

Practice Example: Logit, Marginal Effects, and the

IIA Property

In this practice example we simulate discrete choices from a true utility maximization

model, estimate Logit models on the simulated data, and verify the four central lessons

of this chapter: the coefficient is not the marginal effect, the LPM and Logit agree in the

middle of the distribution but disagree in the tails, and the Logit choice probabilities

satisfy IIA.

Data generating process. Two designs.

1. Binary participation. N = 5,000 women draw a log wage lnwi ∼ N (3, 0.25).

Utility of working is Vi1 = −4 + 1.5 lnwi relative to the outside option Vi0 = 0,

and each option carries an i.i.d. T1EV shock, generated by the inverse transform

ϵ = − ln(− ln(u)) with u ∼ Uniform(0, 1). The woman works if Vi1 + ϵi1 > ϵi0.

The implied true participation probability is the logistic function of Vi1.

2. Transport mode choice. N = 5,000 commuters choose among bus, taxi, and bike.

Each mode j has a cost cij (in yuan) and a time tij (in hours), drawn from mode

specific distributions:

bus: cij ∼ Uniform(1, 3), tij ∼ Uniform(0.5, 1.5);

taxi: cij ∼ Uniform(8, 15), tij ∼ Uniform(0.2, 0.6);

bike: cij = 0, tij ∼ Uniform(0.8, 2.0).

The representative utility is Vij = −0.8 cij−1.2 tij+kj, with alternative constants

kbus = 1 and ktaxi = 8 and bike as the normalized base (kbike = 0), plus i.i.d. T1EV

shocks on each mode.
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Analysis steps. The do-file (src/chapter 12/ch12 logit.do) performs:

1. Simulate the binary design; estimate a Logit by maximum likelihood and verify

the coefficients recover the truth (−4, 1.5).

2. Compare three objects: the raw Logit coefficient, the average marginal effect

from margins, dydx(), and the LPM coefficient from OLS. Confirm the LPM

coefficient approximates the average marginal effect, not the Logit coefficient.

3. Plot predicted probabilities from Logit and LPM against lnw; confirm the LPM

prediction leaves [0, 1] in the tails while the Logit prediction does not.

4. Simulate the mode choice design; estimate a conditional logit with alternative

specific attributes (asclogit); verify the cost and time coefficients recover the

truth.

5. Verify IIA in the estimated model: compute P̂bus/P̂taxi for each commuter, then

re estimate after deleting the bike alternative, and confirm the ratio is identical

up to estimation noise (it is exactly identical at the true parameters).

6. Compute the log sum welfare measure before and after a bus fare increase, con-

verting to money with the cost coefficient as the marginal utility of income; report

the average compensating variation.

Key lessons.

• The Logit coefficient is a utility parameter; the marginal effect on the probability

is βP (1− P ) and must be computed, not read off the coefficient.

• LPM and Logit agree where the sigmoid is flat in the middle; they part in the

tails, where the LPM leaves the unit interval.

• The estimated Logit reproduces IIA up to estimation noise: probability ratios

between two modes are exactly identical at the true parameters, and move only

by estimation noise when a third mode is removed and the model is re estimated.

• The log sum formula turns the estimated utility model into a welfare calculator.

The do-file is located at src/chapter 12/ch12 logit.do and the simulated datasets

at data/chapter 12/.



Chapter 13

Discrete Choice Model II

13.1 Introduction

In the previous chapter we built the Discrete Choice Model from utility maximization

and derived the Logit model, with its closed-form choice probability

Pni =
eVni∑︁
j e

Vnj
. (13.1)

Two practical questions remain, and they are the subject of this chapter.

First, how do we actually estimate the model? The parameters live inside a non-

linear probability, so ordinary least squares no longer applies directly. We introduce

Maximum Likelihood Estimation (MLE) and, because the likelihood rarely has a closed-

form maximizer, a brief tour of the numerical optimization methods that econometric

software uses under the hood.

Second, what if a regressor is endogenous? Assume a car purchase problem for a

consumer. The car price is correlated with unobserved product quality, and the familiar

2SLS recipe from the linear world cannot be transplanted into a non-linear model.

We introduce three ways to use instruments in a DCM: the BLP approach of Berry,

Levinsohn, and Pakes (1995), which converts the non-linear endogeneity problem into

a linear one; the control function approach; and IV-Probit. Along the way we will meet

two tools with life far beyond this chapter: the contraction mapping and the Banach

fixed point theorem.

289
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13.2 Maximum Likelihood Estimation

13.2.1 A Naive Approach: Log-linearization

We have introduced the Logit model; now we consider how to estimate it. There are

several ways. A simple and naive way is to log-linearize the choice probability (13.1):

lnPni = Vni − ln
(︂∑︂

j

eVnj

)︂
⏞ ⏟⏟ ⏞

FEn

, (13.2)

where the log sum term is common to all alternatives faced by individual n. When Vni

is linear in parameters, we can therefore run an OLS regression of log choice shares on

the attributes, with a fixed effect at the n level absorbing the log sum.

This trick is widely used in the trade literature, especially in estimating the gravity

equation, and it is very easy to implement. However, it is not the main method people

usually use, especially in labor economics, for four reasons:

1. In data, when an observed share is zero, Pni = 0, the log value is undefined;

2. Granular settings create problems in spatial economics: with many locations and

few migrants per cell, observed shares are noisy or zero (Dingel and Tintelnot,

2020);

3. Anything absorbed by the fixed effect is lost: parameters on n level variables in

Vni cannot be estimated;

4. The OLS uses only part of the information in the model, so it is not efficient.

13.2.2 The Likelihood Function

The best method is MLE. Let yni indicate whether choice i is chosen in the data by

individual n. The likelihood of observing the whole pattern of choices, as a function of

the parameter vector θ, is

L(θ) =
N∏︂

n=1

∏︂
i

(︁
Pni(θ)

)︁yni , (13.3)
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and taking logs gives the log likelihood

LL(θ) =
N∑︂

n=1

∑︂
i

yni lnPni(θ). (13.4)

The MLE estimator is

θ̂MLE = argmax
θ
LL(θ). (13.5)

The interpretation is direct: we choose θ to maximize the probability of observing

exactly the choice data yni that we did observe. Every observation contributes its full

predicted probability, so nothing is thrown away, which is the efficiency advantage over

the log-linearized OLS.

In OLS, optimization is simple: the first order condition is linear and we have a closed-

form solution. But very often there is no closed-form solution in MLE: the log likelihood

of a Logit model is a smooth non-linear function of θ, and its maximizer must be found

numerically. This brings us to numerical non-linear optimization.

13.3 Numerical Optimization

13.3.1 Guess, Update, Iterate

The idea of numerical non-linear optimization is: guess, update, iterate.

• Step 1: make an initial guess θ0;

• Step 2: use some updating rule to move θ0 to θ1, searching toward the optimum;

• Step 3: keep updating (θ2, θ3, . . . , θt) until the sequence converges.

The question is: how to search and update? Here I give a very brief introduction to

the gradient-based numerical methods used in economics. The answer, in one line, is:

follow the derivative. Figure 13.1 shows the picture to keep in mind: the log likelihood

is a hill, the current guess θt sits somewhere on the slope, and we want to climb to the

top θ̂.
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θ

LL(θ)

θt θ̂

Figure 13.1: The log likelihood as a hill: the maximizer θ̂ sits at the top, and a numerical
method climbs toward it from the current guess θt. Adapted from Figures 8.1 to 8.3 in Train
(2009).

13.3.2 Gradient, Hessian, and the Updating Rule

Define the K × 1 gradient at iteration t as the vector of first order derivatives of the

log likelihood, evaluated at the current guess:

gt =

(︃
∂LL(θ)

∂θ

)︃
θt

. (13.6)

Define the K ×K Hessian at t as the matrix of second order derivatives, including all

cross derivatives:

Ht =

(︃
∂g(θ)

∂θ′

)︃
θt

=

(︃
∂2LL(θ)

∂θ ∂θ′

)︃
θt

. (13.7)

All gradient-based optimization methods share the same form of updating rule:

θt+1 = θt + λM gt, (13.8)

where the gradient gt controls the updating direction, and the scalar step size λ together

with the K ×K matrix M control the updating speed. Different choices of M define

different methods.
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13.3.3 Newton–Raphson

The most famous method is Newton–Raphson (NR), which uses the negative inverse

Hessian as the speed matrix:

θt+1 = θt + λ (−Ht)
−1gt. (13.9)

This choice is very intuitive, and Figure 13.2 illustrates both halves of the intuition:

• The gradient tells us the direction. A positive slope means the top is to

the right, so increase θt+1; a negative slope means we have passed the top, so

decrease θt+1.

• The Hessian is the curvature of the function. Where the function is sharply

curved, the slope changes quickly, so a big jump would overshoot: be conservative.

Where the function is flat, the slope changes slowly, so take a big step. Dividing

the gradient by the curvature does exactly this: step size is inversely related to

curvature.

The scalar λ helps us adjust the step in case the full NR step is too large and updates

past the maximum. We could call it a damping parameter.

θ

LL

θt

positive slope:

move forward

θθt

negative slope:

move backward

θ

LL

θt θt+1

greater curvature:

smaller step

θθt θt+1

less curvature:

larger step

Figure 13.2: The two halves of the Newton–Raphson intuition. Top row: the sign of the
gradient sets the direction of the step. Bottom row: the curvature (Hessian) sets its size,
with sharper curvature calling for a smaller step. Adapted from Figures 8.1 to 8.3 in Train
(2009).
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There are two drawbacks of the NR method:

1. The calculation of the Hessian is computationally intensive: K(K + 1)/2 second

derivatives at every iteration;

2. There is no guarantee that the step follows the direction of the gradient if LL

is not globally concave: away from the maximum, the Hessian is not necessarily

negative definite, and (−Ht)
−1gt can point the wrong way.

There are other methods using different speed matrices M to overcome these issues,

such as replacing the Hessian with guaranteed positive definite approximations built

from gradients. For more details, please refer to Chapter 8 of Train (2009).

Optimization in Practice

When doing MLE, you can usually rely on well tested optimization packages: Optim

in Julia, fminsearch in Matlab, or the ml machinery inside Stata. There is no

need to code the updating rules yourself; what matters is understanding what the

package is doing, so that when it fails to converge you know whether to blame the

starting values, the scaling of the variables, or the shape of your likelihood.

13.4 Endogeneity in the DCM

So far we have assumed that the unobserved errors are independent of the explanatory

variables. But this cannot always be the case. Consider consumers buying cars, the set-

ting of Berry, Levinsohn, and Pakes (1995). The effect of the car price on the purchase

probability is hard to identify, because there can be unobserved car traits correlated

with prices: smoothness of the ride, brand reputation, interior quality. Expensive cars

are expensive partly because they are good in ways the econometrician does not observe.

This is the endogeneity issue in the DCM.

Linear IV Does Not Transplant

IV estimation as we know it from the linear world cannot be directly used in a

non-linear model, even if we have a valid instrument. There is no residual to

project out, no first stage to substitute in: the endogenous variable sits inside a

non-linear choice probability, and mechanically running 2SLS on a Logit model

produces neither consistent estimates nor interpretable ones.
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How, then, can we use an IV in a non-linear model such as the DCM? We introduce

three methods: (1) BLP; (2) the control function; (3) IV-Probit.

13.4.1 Method 1: BLP

13.4.1.1 Setup

The first method was introduced by Berry, Levinsohn, and Pakes (1995), and everyone

calls it BLP. The idea is to transform the endogeneity issue in a non-linear model into

a linear one, and then use the well developed linear IV method to solve it.

Assume we have the car buying problem. There are M markets (cities, years) with

Jm options (brands) in each market. The utility for consumer n in market m choosing

brand j is

Unjm = V (pjm, xjm, sn, βn) + ξjm + ϵnjm, (13.10)

where pjm is the price, xjm are observed product attributes, sn are personal attributes,

ξjm are unobserved product attributes, and ϵnjm is an i.i.d. T1EV shock. In the sim-

ple case V is linear. The endogeneity problem is that price is correlated with the

unobserved brand attributes: ξjm ̸⊥ pjm.

The important feature of BLP is that the endogeneity comes from the product-market

level ξjm: the unobserved quality is a property of brand j in market m, common to all

consumers there, not a property of the individual consumer.

13.4.1.2 The Two-step Idea: Pack, Estimate, Unpack

BLP employs a two-step approach: first, add a product-market level fixed effect that

absorbs ξjm, and estimate the choice model with these fixed effects; second, open the

box of the fixed effects and estimate the remaining parameters by linear IV. The key

point is that the endogeneity happens only at the product-market level, so once it is

packed into a fixed effect, the rest of the model is clean.

Decompose the observed utility value into a part that varies only over product-markets

and a part that also varies over consumers:

Vnjm = V̄ (pjm, xjm, β̄)⏞ ⏟⏟ ⏞
varies only over product-market

+ Ṽ (pjm, xjm, sn, β̃n)⏞ ⏟⏟ ⏞
varies also over consumer

.
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Then the utility is

Unjm =
[︁
V̄ (pjm, xjm, β̄) + ξjm

]︁
+ Ṽ (pjm, xjm, sn, β̃n) + ϵnjm,

where the bracketed term is a product-market level fixed effect. Define it as

δjm = V̄ (pjm, xjm, β̄) + ξjm, (13.11)

so that

Unjm = δjm + Ṽ (pjm, xjm, sn, β̃n) + ϵnjm. (13.12)

Equation (13.12) does not entail any endogeneity: everything correlated with ξjm is

inside δjm, which is treated as a parameter to estimate. The procedure is:

• Step 1: run a Logit model with product-market level fixed effects to estimate

the consumer-level parameters β̃ (and recover the estimated fixed effects δ̂jm);

• Step 2: take the estimated δ̂jm, and run a linear IV regression of equation (13.11),

instrumenting the price, to estimate β̄.

The Essence of BLP

We cannot run an IV regression directly in a DCM. So: first pack all terms at

the level where the endogeneity happens into fixed effects; then estimate the DCM

with these fixed effects, which is a clean non-linear problem; finally unpack the

estimated fixed effects and run a linear IV regression on them. The non-linear IV

problem has been transformed into a linear IV problem. BLP tells you how to use

an IV in a DCM, but only in a specific model structure: the endogeneity must live

at a coarser level than the individual choice.

13.4.1.3 High Dimensional Fixed Effects and the Berry Contraction

Step 1 raises its own problem. Sometimes we have many product-market combinations,

so the dimension of the δjm vector is very high. Feeding tens of thousands of fixed

effects into a traditional non-linear optimization algorithm inside the MLE is slow or

even impossible.

Here we use the Berry contraction (Berry, 1994): a contraction mapping method to

numerically compute the fixed effects, and a standard trick for solving high dimensional
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fixed effects in general. The procedure rests on one observation: the fixed effects

determine the predicted market share of each product in each market, so in each

iteration we can push the predicted shares toward the actual shares in the data.

Let Sjm be the real market share of product j in market m in the data (e.g. the share

of BYD in Shanghai). Define the predicted share from the model as

Ŝjm =
∑︂
n

P̂njm/Nm,

where
∑︁

n P̂njm is the predicted total sales of product j in marketm and Nm is the total

sales in market m. Denote by δ the vector collecting δjm for all j,m. The algorithm

for Step 1 is:

1. Take an initial guess of the consumer-level parameters β̃n in Ṽ (pjm, xjm, sn, β̃n);

2. Take an initial guess of δ;

3. For each guess Ṽ t and δt, calculate the choice value for each consumer, product,

and market: Û t
njm = δtjm + Ṽ t(pjm, xjm, sn, β̃n);

4. Given the choice values, calculate the predicted choice probabilities and shares:

P̂ t
njm =

exp
(︁
Û t
njm

)︁∑︁
j′ exp

(︁
Û t
nj′m

)︁ , Ŝt
jm =

∑︂
n

P̂ t
njm/Nm;

5. Given the predicted shares, update the fixed effects:

δt+1
jm = δtjm + ln

(︄
Sjm

Ŝt
jm(δ

t)

)︄
; (13.13)

6. Iterate steps 3 to 5 until the fixed effects converge, for the current guess of β̃n;

7. Use a traditional non-linear optimization method to iterate over steps 1 to 6 until

the optimum for β̃n is found.

The structure is a nested loop. In the outer loop (steps 1 to 6 as a whole), we estimate β̃n

with a traditional MLE algorithm. In the inner loop (steps 3 to 5), for each candidate

β̃n, we iterate the fixed effects until the predicted shares match the observed shares.

The update (13.13) has a transparent logic: if the model underpredicts a product’s
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share, Ŝt
jm < Sjm, the log ratio is positive and the product’s fixed effect is revised

upward, making it more attractive in the next round.

13.4.1.4 Why It Works: Contraction Mappings and the Fixed Point

Why does this iteration converge, and why does it not depend on the initial guess?

Because the Berry update is a contraction mapping.

Definition 13.4.1 (Contraction Mapping). Let (X, d) be a metric space. A map

T : X → X is called a contraction mapping on X if there exists q ∈ [0, 1) such that

d
(︁
T (x), T (y)

)︁
≤ q d(x, y) for all x, y ∈ X.

A contraction mapping is a function that squeezes points closer together: apply T to

any two points, and their distance shrinks by at least the factor q.

Theorem 13.4.1 (Banach Fixed Point Theorem). Let (X, d) be a non-empty complete

metric space with a contraction mapping T : X → X. Then T admits a unique fixed

point x∗ in X, that is, T (x∗) = x∗. Furthermore, x∗ can be found as follows: start

with an arbitrary element x0 ∈ X and define the sequence xt = T (xt−1) for t ≥ 1; then

limt→∞ xt = x∗.

The existence of a contraction mapping implies a unique fixed point, and the fixed

point can be found by iterating the map from any starting point: x0, T (x0), T (T (x0)),

T (T (T (x0))), and so on.

What does this mean in the BLP algorithm? As long as the updating iteration (13.13)

is a contraction mapping, which Berry, Levinsohn, and Pakes (1995) prove for this

model, we will converge to the same δ no matter what our initial guess δ0 was. The

terminal point is the fixed point δ = T (δ), and at that point the predicted shares equal

the shares in the data.

This idea is used far beyond BLP. Whenever we need to compute the equilibrium of a

complicated model, a standard strategy is to write the equilibrium as the fixed point

of a mapping, verify the mapping contracts, and iterate.

One caveat before moving on: BLP is not always feasible. The method leans on the

specific error structure, with the endogenous unobservable living at the product-market

level, and the estimation algorithm is genuinely involved. I highly recommend reading
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the BLP chapter of Train (2009), or better, Berry, Levinsohn, and Pakes (1995) itself.

13.4.2 Method 2: The Control Function

The second important non-linear IV approach is the Control Function (CF). The utility

of consumer n buying product j is

Unj = V (xnj, wnj, βn) + ϵnj,

where xnj is endogenous, xnj ̸⊥ ϵnj, and wnj are exogenous attributes. We assume

there is an instrument znj, related to xnj through a first stage:

xnj = W (znj, γ) + µnj. (13.14)

Assume ϵnj, µnj ⊥ znj, but ϵnj ̸⊥ µnj. The latter is exactly what makes xnj endogenous:

x is correlated with the utility error only through the first stage error µ.

Now do a CEF decomposition of ϵnj given µnj:

ϵnj = E(ϵnj | µnj)⏞ ⏟⏟ ⏞
CF (µnj ,λ)

+ϵ̃nj.

By construction, the CEF residual satisfies ϵ̃nj ⊥ µnj, and therefore ϵ̃nj ⊥ xnj: since x

is correlated with ϵ only through µ, removing the part of ϵ explained by µ removes all

of the correlation. We call CF (µnj, λ) a control function, where λ is some parameter

vector. After controlling for CF (µnj, λ), x is no longer correlated with the remaining

error.

The utility function becomes

Unj = V (xnj, wnj, βn) + CF (µnj, λ) + ϵ̃nj, (13.15)

and the estimation is a two-step procedure:

• Step 1: estimate the first stage equation (13.14) and obtain the first stage

residuals µ̂nj;

• Step 2: plug µ̂nj into the control function in (13.15), and estimate the model as

a simple Logit with the control function as an extra regressor.
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In Step 2 we need to assume a functional form for CF . Usually we choose a flexible

non-parametric form, for example high order polynomials in µ̂nj.

The logic of the CF approach, in three lines: the instrument z is not correlated with

the error ϵ; the endogenous variable x therefore correlates with ϵ only through the first

stage error µ; so by controlling for the part of ϵ that comoves with µ, we eliminate the

correlation between x and the remaining error. The CF is a pretty general method,

applicable well beyond the Logit model, but it requires you to take a stand on the

functional form of the control function.

13.4.3 Method 3: IV-Probit

The last method we illustrate is IV-Probit. It has very strong model structure assump-

tions. Consider the following triangular system:

y∗1 = z1δ1 + α1y2 + u1,

y2 = z1δ21 + z2δ22 + v2,

y1 = 1(y∗1 > 0), (13.16)

where y∗1 is the latent utility, y2 is the endogenous variable, z1 is an exogenous control,

z2 is the instrument with (u1, v2) ⊥ z = (z1, z2), and (u1, v2) is bivariate normal. The

correlation between u1 and v2 is what makes y2 endogenous.

The bivariate normality is the engine: it lets us write down the likelihood explicitly.

Factor the joint density of the observed variables as

f(y1, y2 | z) = f(y1 | y2, z) f(y2 | z), (13.17)

where f(y2 | z) is the normal density of the first stage, and the conditional choice

probability takes the Probit form

P (y1 = 1 | y2, z) = Φ

[︄
z1δ1 + α1y2 + (ρ1/τ2) (y2 − zδ2)(︁

1− ρ21
)︁1/2

]︄
, (13.18)

where y2 − zδ2 is the first stage error (here δ2 = (δ′21, δ
′
22)

′ stacks the first stage co-

efficients), τ2 its standard deviation, and ρ1 the correlation between the two errors.

Conditioning on y2 shifts the mean of u1 by the part explained by v2 (the control func-
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tion logic again, in exact parametric form) and shrinks its variance by 1− ρ21. We can

then use MLE to jointly estimate all the parameters. One good thing is that Stata has

the ready made package ivprobit, so implementation is one line.

13.5 Conclusion

This chapter completed the discrete choice toolkit. On estimation: log-linearization is

quick but fragile (zero shares, absorbed parameters, inefficiency); MLE is the standard,

and it is solved by numerical optimization, with a gradient-based updating rule and

the Hessian as its speed control. On endogeneity, the main takeaways:

Main Takeaways: IV in the DCM

• Do not naively use the IV method from the linear model (2SLS) to solve an

endogeneity issue in a non-linear model.

• You can use BLP, the control function, or IV-Probit.

• BLP fits the Logit model, but needs the endogeneity to happen at a higher

level, the product-market level in the consumers’ problem: pack it into fixed

effects, estimate, then unpack with linear IV.

• The control function is pretty general, but you need to specify and flexibly

estimate the control function itself.

• IV-Probit is simple to use with the Stata package, but it carries strong func-

tional form assumptions: a linear triangular system with bivariate normal

errors.

Beyond the specific methods, this chapter introduced two ideas with long lives in struc-

tural economics: the likelihood as the bridge from model to data, and the contraction

mapping with its fixed point as the bridge from model to computation. Both will re-

turn whenever you estimate or solve a structural model in your future studies. This

textbook does not aim to go deep into structural econometrics. For interested readers,

please refer to related field courses.

Homework Problems

1. Log-linearizing the Logit.
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Start from the Logit choice probability Pni = eVni/
∑︁

j e
Vnj .

(a) Take logs and derive the log-linearized equation, paying attention to the

sign of the log sum term. Explain why the log sum can be absorbed by a

fixed effect at the individual (or market) level when the data are grouped

choices.

(b) List the situations in which this OLS approach breaks down or loses infor-

mation, and explain each in one or two sentences: observed zero shares,

parameters on individual level variables, and efficiency.

2. One Newton–Raphson Step.

Consider a log likelihood that is exactly quadratic in a scalar parameter,

LL(θ) = a+ b θ − c

2
θ2, c > 0.

(a) Compute the gradient gt and the Hessian Ht at an arbitrary point θt.

(b) Perform one Newton–Raphson step with λ = 1, and show that θt+1 equals

the exact maximizer of LL, no matter where θt started. Explain in one

sentence why NR solves a quadratic problem in a single step.

(c) Explain what can go wrong with the NR step when LL is not globally

concave, and connect your answer to the sign of the Hessian.

3. The Berry Update as a Fixed Point Iteration.

Consider the Berry contraction update for the product-market fixed effects,

δt+1
jm = δtjm + lnSjm − ln Ŝjm(δ

t),

where Sjm are observed shares and Ŝjm(δ) are the model’s predicted shares.

(a) Show that a vector δ∗ satisfying Ŝjm(δ
∗) = Sjm for all (j,m) is a fixed point

of the update.

(b) Explain the economic logic of the update: what happens to δjm in the next

iteration when the model underpredicts product j’s share, and why is that

the right direction?

(c) Using the Banach fixed point theorem, explain why, once the update is
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known to be a contraction mapping, (i) the fixed point is unique and (ii)

the iteration converges to it from any initial guess. Why is property (ii)

important in practice?

Practice Example: Berry Inversion, Linear IV for

Demand, and IV-Probit

In this practice example we implement the BLP logic in its simplest form, plain Logit

demand without random coefficients, where the inversion from shares to fixed effects

has a closed form, and we verify the Berry contraction numerically. We then esti-

mate a triangular binary choice model with ivprobit. The example demonstrates

the chapter’s three lessons: endogeneity biases naive demand estimation, packing and

unpacking the fixed effects restores the linear IV logic, and the contraction converges

to the inversion from any starting point.

Data generating process. Two designs.

1. Aggregate Logit demand across markets. M = 100 markets, each with J = 3

inside products plus an outside option. Product attributes and shocks:

xjm ∼ Uniform(0, 2), wjm ∼ Uniform(0, 1), ξjm ∼ N (0, 0.25),

where the variance 0.25 corresponds to a standard deviation of 0.5, and where

wjm is a cost shifter (the instrument) and ξjm the unobserved quality. Prices are

endogenous:

pjm = 1 + 0.3 xjm + 1.0wjm + 0.9 ξjm.

Mean utilities and market shares follow the plain Logit model,

δjm = 1 + 1.0 xjm − 2.0 pjm + ξjm, Sjm =
eδjm

1 +
∑︁J

j′=1 e
δj′m

,

with the outside share S0m = 1/(1 +
∑︁

j′ e
δj′m).

2. Triangular model for IV-Probit. N = 5,000 individuals with exogenous control

z1 ∼ N (0, 1) and instrument z2 ∼ N (0, 1). The first stage is y2 = 0.5z1+1.0z2+v2,

the latent utility is y∗1 = 0.5z1 + 1.0y2 + u1, and (u1, v2) is bivariate normal with
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unit variances and correlation 0.6; y1 = 1(y∗1 > 0).

Analysis steps. The do-file (src/chapter 13/ch13 blp.do) performs:

1. Simulate the market data and compute the exact model shares;

2. Recover the mean utilities by the closed-form inversion of Berry (1994), δ̂jm =

lnSjm − lnS0m, and confirm it reproduces the true δjm;

3. Run OLS of δ̂jm on xjm and pjm: the price coefficient is biased toward zero,

because high ξ products have both high prices and high demand;

4. Run the linear IV regression instrumenting pjm with the cost shifter wjm: the

price coefficient recovers the truth −2, which is the BLP Step 2;

5. Implement the Berry contraction δt+1 = δt + lnS − ln Ŝ(δt) starting from δ0 = 0

and again from δ0 = 5, stopping when the sup norm of the update falls below

10−14 (at most 500 iterations), and verify both runs land on the closed-form

inversion (maximum absolute deviation near machine precision);

6. Simulate the triangular design; show that a naive Probit of y1 on (z1, y2) over-

states α1, while ivprobit recovers the truth; key lessons summary.

Key lessons.

• With Logit demand, market shares invert to mean utilities in closed form, and

demand estimation becomes a linear regression of inverted shares on attributes

and price.

• The endogeneity of price lives in that linear equation, so the standard IV toolkit

applies: this is the pack, estimate, unpack logic of BLP in its simplest case.

• The Berry contraction finds the same inversion numerically, converging from any

initial guess, exactly as the Banach fixed point theorem promises.

• When the model is a triangular system with normal errors, ivprobit handles the

endogenous regressor in one line, at the price of strong functional form assump-

tions.

The do-file is located at src/chapter 13/ch13 blp.do and the simulated datasets at

data/chapter 13/: ch13 blp markets.dta (the aggregate Logit demand design) and

ch13 ivprobit.dta (the triangular design).



Chapter 14

Peer Effect and Spillover

14.1 Introduction

In this final chapter, we investigate an important empirical question: how do we identify

and estimate peer effects, or spillover effects? People may think it is straightforward

and simple. Your outcome depends on your peers, so just run y on the peer average

ȳ or on the peer characteristics x̄, and get the coefficient. But actually it is very

complicated, and very dangerous.

We will discuss the issue from two perspectives:

• Technically: identification and inference failures. Some peer regressions are

unidentified, and some produce coefficients that are mechanical artifacts of the

regression itself.

• Intuitively: the interpretation of the peer effect coefficient. Even when a re-

gression runs and delivers a significant number, what that number measures is

usually not what the researcher wanted.

The related chapter of Angrist and Pischke (2009) is Section 4.6.2, but it is not so

detailed; I recommend reading the original papers, Angrist (2014) and Manski (1993).

Let me give you a brief preview of the conclusions of this chapter:

1. You can never distinguish among endogenous effects, exogenous effects, and cor-

related effects. This is the reflection problem.

2. Never run regressions like y on ȳ for the same group.

305
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3. When running y on x̄: make sure the group formation is random or quasi-random,

and check all the alternative channels that can drive the result, such as measure-

ment error.

4. Separate the people affecting others from the people being affected: the group

generating ȳ and x̄ should be different from the group whose y you study.

The rest of the chapter unpacks these four statements one by one.

14.2 The Reflection Problem

14.2.1 Three Reasons Group Members Behave Alike

Peer effects are intrinsically very difficult to identify, because it is hard to distinguish

among behavior causation, characteristics causation, and common environment. Man-

ski (1993) named this the reflection problem, with a memorable image: when you see

the co-movements of a person and his image in a mirror, without knowledge of optics,

how can you tell whether the person’s movements cause the movements of the image,

or some external stimulus causes the person and the image to move together?

In general, individuals in the same group tend to behave similarly for three reasons:

• Endogenous effects: an individual’s behavior is affected by the behaviors of

the group;

• Exogenous (contextual) effects: an individual’s behavior is affected by the

exogenous characteristics of the group;

• Correlated effects: individuals in the same group have similar characteristics

or face the same institutional environment.

Let us take students in a classroom as an example. Why do we see similar bullying

behavior among students in the same class?

• Endogenous effect: a student bullies others because his or her friends do so;

• Exogenous (contextual) effect: a student bullies others because his or her friends

come from violent families;

• Correlated effect, version 1: all students in this class bully others because they

all come from families with violent fathers;
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• Correlated effect, version 2: students in this class bully others because their head

teacher does not care.

The endogenous and exogenous effects are different types of genuine spillovers: some-

thing about the peers reaches the individual. The correlated effect is purely a contam-

ination: no causation flows between students at all; they simply share causes. Unfor-

tunately, it is generally impossible to identify these three effects separately, even in a

random or quasi-random environment. Let us see why.

14.2.2 The Linear-in-Means Model

Denote by y a scalar outcome, for example a student’s test score; x a group attribute, for

example the class indicator; z observed attributes that directly affect y, for example

family SES; and u unobserved attributes that directly affect y, for example teacher

ability. Consider the following equation:

y = α + β E(y | x) + E(z | x)′γ + z′η + u, (14.1)

where we assume E(u | x, z) = x′δ, a CIA style quasi-random setting in which the

unobserved terms can be absorbed into group fixed effects. In this notation, β is

the endogenous effect (your group’s mean outcome affects you), γ is the exogenous

effect (your group’s mean characteristics affect you), η is the direct effect of your own

characteristics, and δ is the correlated effect (the group environment moves everyone).

Take the conditional expectation of (14.1) with respect to x and z:

E(y | x, z) = α+ β E(y | x) + E(z | x)′γ + z′η + x′δ. (14.2)

Can we identify β, γ, and δ separately?

14.2.3 The Social Equilibrium and the Counting Failure

Observe that the conditional expectation of y appears on both sides : the group mean

outcome is itself an equilibrium object determined within the model. Take the expec-

tation of (14.2) with respect to z, conditional on x:

E(y | x) = α+ β E(y | x) + E(z | x)′γ + E(z | x)′η + x′δ. (14.3)
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Solving this “social equilibrium” equation for E(y | x):

E(y | x) = α

1− β
+ E(z | x)′ γ + η

1− β
+ x′

δ

1− β
. (14.4)

Inserting (14.4) back into (14.2):

E(y | x, z) = α

1− β
+ E(z | x)′γ + βη

1− β
+ x′

δ

1− β
+ z′η. (14.5)

Equation (14.5) is the reduced form that the data can reveal. Using a linear regression,

we can identify four objects separately: the composite intercept α/(1 − β), the com-

posite coefficient (γ + βη)/(1 − β) on the group mean characteristics, the composite

coefficient δ/(1 − β) on the group indicators, and the own effect η. But that is it;

nothing more can be done. We have four regression coefficients and five unknowns

(α, β, γ, η, δ). Can we distinguish between the three effects? No.

The Reflection Problem (Manski, 1993)

In the linear-in-means model, the data identify only composites of the structural

parameters: four regression coefficients against five unknowns. In general, we

cannot distinguish between the endogenous effect β, the exogenous effect γ, and

the correlated effect δ. This holds even under random or quasi-random group

assignment: randomization fixes the correlated effects contamination coming from

sorting, but the counting failure between β and γ remains, because the group mean

outcome is an equilibrium object generated by the same model that we are trying

to estimate.

This is disappointing. Can we still identify some meaningful spillover effect? The

only hope is to give up on decomposing everything, and instead identify some simple

composite effect: ignore the effect of ȳ when running y on x̄, or consider only y on ȳ

but not x̄. However, even in this reduced ambition, we have to be very careful. Let us

go to Angrist (2014) to see why.

14.3 The Perils of Peer Effects: Regressing y on x̄

We have shown that carefully distinguishing the different peer effects is not feasible.

Can we identify either the endogenous or the exogenous peer effect, treating the other
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as a “channel”? That is, we run y only on ȳ or only on x̄, rather than both. What is

the interpretation of these coefficients? It is not as straightforward as you may think.

There are two kinds of peer effect regressions, and we discuss them one by one: this

section takes the exogenous version, y on x̄, and the next section takes the endogenous

version, y on ȳ.

14.3.1 The Social Returns Regression and Its Anatomy

A good example of the exogenous effect is the social return to education: what is the

impact of the province level average education on an individual’s wage? We can directly

run the regression

Yij = µ+ γ0 si + γ1 S̄j + ϵij, (14.6)

where Yij is the wage of individual i in province j, si is the education of individual

i, and S̄j is the average education in province j. The coefficient of interest is γ1, the

spillover.

Angrist (2014) shows that the two coefficients of (14.6) can be expressed exactly as

γ0 = ϕ1 + ψ (ϕ0 − ϕ1), (14.7)

γ1 = ψ (ϕ1 − ϕ0), (14.8)

where the three ingredients are:

• ϕ0 is the regression coefficient from a simple OLS regression of Yij on si;

• ϕ1 is the coefficient from a 2SLS regression of Yij on si, using the group dummies

I(j) as instruments;

• ψ = 1/(1 − R2) > 1 is a scalar related to the first stage R2 of that 2SLS, the

share of the variance of si explained by the group dummies.

Deriving (14.7) and (14.8) is Homework Problem 2.

How should we interpret this? We care about the spillover γ1, and (14.8) says it is

proportional to ψ and to the gap (ϕ1−ϕ0). So as long as (ϕ1−ϕ0) ̸= 0, we will have a

nonzero γ1. In words: as long as there is any difference between the estimate of an OLS

regression of Yij on si and the estimate of a 2SLS regression of Yij on si using group

dummies as instruments, you will find a nonzero “peer effect” in regression (14.6). The

peer coefficient is not a new fact about the world; it is a repackaging of the OLS versus
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IV gap.

14.3.2 When the Repackaging Is Meaningful, and When It Is

Not

How can we understand this in our context? Suppose different provinces are randomly

assigned compulsory education laws. The OLS regression pins down the correlation

between your own wage and your own education within the sample, comparing you with

people in your own province among others. If peer effects exist, this OLS understates

the total (group level) effect of education ϕ1 = γ0 + γ1: when individual i’s education

rises, the spillover also raises the wages of the untreated people in the same province,

who serve as i’s comparison group, so the within province comparison captures only the

private part and misses the part shared with the peers. Meanwhile, the IV regression

essentially compares outcomes across provinces whose education variation is driven

by the randomly assigned laws; this comparison is not contaminated by the spillover,

because the spillover happens within provinces. Subtracting OLS from IV, and scaling

by ψ, then recovers the spillover: this is the sense in which (14.8) is a real identification

result under ideal conditions.

But is spillover the only reason why the IV result can deviate from OLS? Of course

not. There can be many reasons for a difference between OLS and 2SLS estimates:

selection bias, measurement error, and so on. If selection bias exists, OLS can over-

estimate the private return, generating a gap with the opposite sign. If education is

measured with classical error, OLS suffers attenuation bias while the grouped 2SLS

largely does not, because averaging within groups washes out idiosyncratic measure-

ment error; this alone creates a gap and hence a spurious “peer effect.”

A Significant Peer Coefficient Is Not Evidence of Peer Effects

Peer effects are not essential for the existence of the OLS versus IV difference. Even

if you detect a nonzero and significant γ1 in the social returns regression (14.6),

it can be entirely due to selection bias or measurement error. And even if a real

peer effect exists, the estimate of γ1 is contaminated by these same forces. The

regression cannot tell you which story you are in.
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14.3.3 A Diagnostic for Measurement Error

Do we have any method to alleviate this issue? For selection bias, not much can be

done beyond design. But we can test whether a detected “peer effect” actually comes

from measurement error, using a simulation procedure from Carrell, Hoekstra, and

Kuka (2018) and Feld and Zölitz (2017).

The basic idea is simple. We worry that the detected γ1 in (14.6) is produced by

measurement error in the education variable. A direct implication is that if we create

more measurement error, the magnitude of γ1 should grow. Assume we proxy education

by college degree attainment, and that the sample of size N has x percent college

educated. The procedure is:

1. Randomly select p percent of the sample;

2. Within the selected subsample, randomly assign x percent of individuals to have

college education, replacing their true education status in the data;

3. Run the main regression (14.6) on this partially faked data.

Repeat the process varying p from 0 to 100 percent: p = 0 is the baseline estimate

without any added error, and p = 100 is the extreme case where the education variable

is pure noise. If the estimated γ1 grows larger and larger as more noise is added, then

measurement error is likely an important driver of the detected coefficient. If it does

not, then it is more plausible that γ1 reflects a true peer effect rather than measurement

error.

One important tip to close this section: full randomization of group membership,

as in an RCT, cannot solve this problem. The issue is not about whether S̄j is

randomly assigned; it is about why the two auxiliary regressions, the OLS of Yij on

si and the 2SLS of Yij on si with group dummies as instruments, can give different

answers. Randomizing group formation does nothing to equalize them when selection

into education or measurement error is present.

14.4 The Perils of Peer Effects: Regressing y on ȳ

We have discussed regressing y on x̄. The second case is regressing y on ȳ, which

seems to inform us about the endogenous effect. However, this regression is even more

dangerous than the first one.
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14.4.1 The Mechanical Coefficient of One

To begin with, directly running y on the full group mean ȳ makes no sense: it will give

you a coefficient of one, mechanically. Why? Consider a school dropout problem. Let

sij be the dropout decision of student i in school j, and S̄j the average dropout rate

in school j. We run

sij = µ+ ϕ2 S̄j + ϵij. (14.9)

The OLS will give you ϕ̂2 = 1 for sure. Here is a simple proof. With school sizes nj

and overall mean S̄,

ϕ̂2 =

∑︁
j

∑︁
i sij(S̄j − S̄)∑︁

j

∑︁
i(S̄j − S̄)2

=

∑︁
j(S̄j − S̄)

∑︁
i sij∑︁

j nj(S̄j − S̄)2
=

∑︁
j(S̄j − S̄)njS̄j∑︁
j nj(S̄j − S̄)2

,

and expanding the denominator,

ϕ̂2 =

∑︁
j njS̄j(S̄j − S̄)∑︁

j

[︁
njS̄j(S̄j − S̄)− njS̄(S̄j − S̄)

]︁ = 1,

where the second term of the denominator vanishes because
∑︁

j nj(S̄j − S̄) = 0 by

the definition of the overall mean. The numerator and the denominator are identical.

Nothing about behavior was used anywhere in this argument: the coefficient of one is

pure accounting, because each sij is a component of its own regressor.

14.4.2 Leave-One-Out, and Why It Is Still Not Enough

To avoid this mechanical problem, we can run a leave-one-out regression:

sij = µ+ ϕ3 S̄−i,j + ϵ̃ij, (14.10)

where S̄−i,j is the average dropout rate in school j excluding student i himself. The

coefficient of this regression is no longer guaranteed to be one. However, it is still almost

impossible to claim that it identifies a peer effect or spillover, because any school level

random shock creates a spurious peer effect. For example, a good principal leads all

students in a school to stay enrolled: everyone’s dropout falls together, your outcome

and your peers’ outcomes co-move, and the leave-one-out regression reports a strong

positive “peer effect” that has nothing to do with spillovers between students. We are

back to Manski (1993): it is almost impossible to distinguish real endogenous effects
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from the contamination of correlated effects.

14.4.3 Randomization, Selection, and Variation

Beyond the issues above, we also need to be careful about the traditional selection

problem. Usually, grouping is not random: good students select into good schools, good

employees select into good firms. If group membership is chosen, then peer averages

are correlated with everything that drove the choice. Thus, the prerequisite of any

peer effect analysis, before the previous issues even arise, is a random or quasi-random

group formation.

However, once you have random group formation, the variation of the independent

variable becomes a problem. If students are randomly assigned to schools, then E[sij]

is the same for all schools; and if the number of students in each school is very large,

the realized averages S̄j will also be very similar across schools, by the law of large

numbers. But you need variation in S̄j to identify the peer effect. So there is a

tradeoff. If the grouping is totally random, you may have very little variation in the

independent variable S̄. If the grouping is not that random, you may have plenty of

variation in S̄, but the selection issue can be severe. Therefore, in practice, the best

case is: a genuinely random grouping, with group sizes that are not too large, so that

small sample variation still gives you usable differences in S̄j across groups. Usually,

in randomization/quasi-randomization cases, we should show summary statistics to

validate that we still have enough variation after randomization.

14.5 Empirical Suggestions and Application

In general, peer effects are difficult to identify. Here are some empirical suggestions.

Suggestion 1: clearly separate the subjects who receive the peer effect from

the peers who provide it. Do not ask “what is the impact of fellow boys’ test scores

on a boy,” where the outcome group and the peer group overlap and all the mechanical

and reflection problems return. Ask instead “what is the impact of boys’ test scores

on a girl”: the group generating the peer measure is disjoint from the group whose

outcome is studied, which kills the mechanical feedback by construction.

Suggestion 2: make sure the underlying OLS and 2SLS would agree in the

absence of peer effects. We cannot do much to guarantee this, but one thing you
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should always do is check the measurement error channel using the noise injection

simulation of Carrell, Hoekstra, and Kuka (2018) and Feld and Zölitz (2017) described

in Section 14.3.

Suggestion 3: manage the tradeoff between randomization and variation.

I would always put randomization as the most important thing. A balance check is

therefore essential as the first step of any peer effect analysis: regress S̄ on potential

confounders to verify that the grouping is as good as random. Then check that you

still have enough variation in S̄ after randomization to identify anything.

A Checklist for Peer Effect Papers

1. Is the peer group disjoint from the outcome group? If not, expect mechanical

bias and the reflection problem.

2. Is group formation random or quasi-random? Run the balance check: S̄ on

predetermined confounders.

3. Is there residual variation in S̄ after randomization? Small or moderate group

sizes help.

4. Could measurement error alone produce the coefficient? Run the noise injec-

tion diagnostic.

5. Could a group level shock alone produce the coefficient? Remember that

correlated effects survive every regression fix.

14.6 Application: School Restrictions, Migration,

and Peer Effects

The application paper for this week is Huang and Zhang (2023), which investigates the

impact of migrant children’s school enrollment restrictions on education outcomes in

China. The paper has two parts: a peer effect estimation of migrant and left-behind

children on their classmates, which confronts exactly the identification issues of this

chapter, and a spatial equilibrium model used to evaluate the enrollment policy, built

on the discrete choice tools of Chapters 12 and 13. It is therefore the natural capstone

for the last three chapters of this textbook, and we describe it in some detail.

Research question and background. Under China’s Hukou household registration

system, children without a local Hukou can be denied enrollment in public schools
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at their parents’ migration destination. Migrant parents therefore face a hard choice:

take the children along and risk relegation to low quality private migrant schools, or

leave the children behind in the hometown where public school access is guaranteed

but parents are absent. The result is two disadvantaged groups, migrant children and

left-behind children, which together numbered 103 million in 2015. Local parents in

developed cities resist relaxing the restriction, fearing negative spillovers onto their

own children; local governments fear the fiscal cost. The paper asks whether these two

fears are justified: do children of migrant families really generate negative spillovers on

classmates, and, accounting for peer effects in general equilibrium, would relaxing the

restriction raise national human capital at an acceptable cost?

Peer effect estimation. The first part estimates the spillovers of migrant and left-

behind classmates using the China Education Panel Survey, and the identification

design is a direct application of this chapter’s playbook. The regression is of the ex-

ogenous composite type: student cognitive test score on the leave-one-out proportions

of migrant and left-behind peers in the class, with school fixed effects. Random group

formation comes from an institutional feature: Chinese law forbids middle schools from

assigning students to classes by ability or family background, and the paper keeps only

schools where both the principal and the teachers report random assignment. Random-

ization is then verified, not assumed, by the balance check this chapter recommends:

within schools, class level peer proportions are uncorrelated with student, family, and

teacher characteristics. The variation side of the tradeoff from Section 14.4.3 is han-

dled by moderate group sizes, about seven classes of fifty students per school. The

results: a ten percentage point increase in the proportion of left-behind peers lowers

classmates’ test scores by about 0.088 standard deviations, while the same increase in

migrant peers costs a modest 0.038 standard deviations; in the second year the migrant

effect vanishes and the left-behind effect shrinks but persists. The robustness appendix

implements both checks this chapter emphasized: the regressions are rerun with only

ordinary local students as subjects (separating receivers from providers), and the noise

injection simulation of Carrell, Hoekstra, and Kuka (2018) and Feld and Zölitz (2017)

shows the estimates attenuating toward zero as noise is added, the signature of a real

effect rather than a measurement error artifact.

The spatial equilibrium model and policy results. A regression alone cannot

answer the policy question, because relaxing the restriction changes who migrates,

where children study, and hence every classroom’s peer composition. The second part
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therefore embeds the estimated peer effects in an Eaton and Kortum style spatial

equilibrium model (Eaton and Kortum, 2002), built from the discrete choice tools of

Chapters 12 and 13: parents’ city choice follows a Fréchet taste draw that delivers a

gravity equation, the child migration decision is a binary Logit whose expected value

enters parents’ utility through the log-sum formula, and the several hundred city fixed

effects in children’s human capital are recovered with the contraction mapping algo-

rithm of Berry, Levinsohn, and Pakes (1995). In the main counterfactual, removing

the enrollment restriction increases worker migration, draws about 1.26 million new

migrant students into cities, and reunites families. The directly treated children who

move from migrant schools into public schools gain a remarkable 0.76 standard devia-

tions of human capital, and national average human capital rises even after the short

run negative spillovers on big city children are charged against it. The fiscal cost is

about 30 billion RMB, only 1.5 percent of annual government education expenditure,

and the gains to parents and children are about twice the cost.

This paper helps you understand how to apply what we learned in the last three

chapters together. The peer effect regressions survive scrutiny precisely because they

follow the checklist of Section 14.5, and the policy question is answerable only because

the discrete choice machinery of Chapters 12 and 13 turns those regression estimates

into a general equilibrium answer.

14.7 Conclusion

Main Takeaways on Peer Effects

• The reflection problem is fundamental: endogenous, exogenous, and corre-

lated effects cannot be separately identified, even under randomization.

• Never regress y on the full group mean ȳ: the coefficient is one by accounting,

not by behavior. Leave-one-out removes the mechanical bias but not the

correlated effects.

• A significant coefficient on x̄ is a repackaged OLS versus IV gap: γ1 =

ψ(ϕ1 − ϕ0). Selection and measurement error produce the same gap that

true spillovers do; run the noise injection diagnostic.

• Randomize group formation first, check balance, and keep groups small

enough that S̄ still varies.
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• Separate the receivers of the effect from the providers of the effect.

This chapter closes the textbook. We began with potential outcomes and a single

binary treatment in the first chapter; we end with social interactions, where each

agent’s outcome feeds into every other agent’s regressor, and with structural models,

where behavior itself is the object of estimation. The common discipline throughout

has been the same: know your estimand, know the thought experiment behind your

standard error, and know what your regression is actually averaging before you attach

a story to it.

Homework Problems

1. The Reflection Problem as a Counting Failure.

Consider the linear-in-means model (14.1) with E(u | x, z) = x′δ:

y = α + β E(y | x) + E(z | x)′γ + z′η + u.

(a) Derive the social equilibrium equation (14.4) by taking expectations with

respect to z and solving for E(y | x).

(b) Substitute back to obtain the reduced form (14.5), and list the four coeffi-

cient composites that a linear regression can identify.

(c) Explain, in terms of counting equations and unknowns, why β, γ, and δ

cannot be separately identified, and why random assignment of individuals

to groups does not repair this.

2. The Anatomy of the Social Returns Regression.

Consider the regression Yij = µ + γ0si + γ1S̄j + ϵij, where S̄j is the group mean

of si. Let ϕ0 be the coefficient from the OLS of Yij on si, let ϕ1 be the coefficient

from the 2SLS of Yij on si using group dummies as instruments, and let R2 be

the first stage R squared of that 2SLS, with ψ = 1/(1−R2).

(a) Decompose si = S̄j + (si − S̄j) and argue that the two components are

orthogonal. Show that the regression of Y on si and S̄j is equivalent to a re-

gression of Y on the within component (si− S̄j) and the between component
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S̄j, and relate the coefficients of the two regressions.

(b) Show that the between coefficient equals ϕ1 and that the OLS coefficient ϕ0

is a variance weighted average of the within and between coefficients, with

weight (1−R2) on the within component.

(c) Combine (a) and (b) to derive γ0 = ϕ1 + ψ(ϕ0 − ϕ1) and γ1 = ψ(ϕ1 − ϕ0),

and verify that γ0 + γ1 = ϕ1.

(d) Give two reasons other than peer effects why ϕ1 ̸= ϕ0, and state in one

sentence what this implies for interpreting γ1.

Practice Example: Mechanical, Spurious, and Fake

Peer Effects

In this practice example we manufacture every pathology of this chapter in a controlled

laboratory: the mechanical coefficient of one, the spurious peer effect from a group level

shock, and the fake social return produced by measurement error, together with the

noise injection diagnostic that detects it. In all designs the true peer effect is known,

so every estimated “peer effect” can be compared against the truth.

Data generating process. Two designs.

1. Classrooms with random assignment (mechanical and spurious effects). J = 200

classes with n = 20 students each (4,000 students), randomly assigned. The

dropout indicator is sij = 1(uij < 0.2) with uij ∼ Uniform(0, 1), i.i.d. across all

students: no group structure and no peer effect. A second outcome carries a class

level shock but again no peer effect:

yij = 1 + vj + eij, vj ∼ N (0, 0.25), eij ∼ N (0, 1).

A predetermined family background covariate fij ∼ N (0, 1) is also drawn and

saved, so that a balance check can be run as an exercise.

2. Provinces (fake versus true social returns). J = 100 provinces with n = 50

workers each (5,000 workers). In both scenarios the observed education measure

is the college proxy cij = 1(sij ≥ 14) applied to the scenario’s education variable,

the own return is 0.10, and the wage noise is uij ∼ N (0, 0.25). In the fake scenario,
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true education clusters within provinces and wages carry no social return:

sfakeij = 12+ aj + eij, aj ∼ N (0, 1), eij ∼ N (0, 4), Yij = 1+ 0.10 sfakeij + uij;

any estimated peer coefficient on the province college share C̄j is produced by the

interaction of measurement error (the coarse college proxy) with the clustering

of true education. In the true scenario, education is randomly distributed across

provinces with the same total variance and wages carry a genuine social return

of 0.50 through the college share:

strueij = 12 + eij, eij ∼ N (0, 5), Yij = 1 + 0.10 strueij + 0.50 C̄j + uij;

here the identifying variation in C̄j is exactly the small sample variation under

random assignment discussed in Section 14.4.3.

Analysis steps. The do-file (src/chapter 14/ch14 peer.do) performs:

1. Simulate Design 1; regress sij on the full class mean S̄j and confirm the coefficient

is exactly one (the mechanical result of Section 14.4);

2. Regress sij on the leave-one-out mean S̄−i,j and confirm the coefficient is near

zero: leave-one-out removes the mechanical bias when there is truly no group

structure;

3. Regress yij on the leave-one-out mean ȳ−i,j and confirm a large spurious “peer

effect” near the population value σ2
v/(σ

2
v + σ2

e/(n− 1)) ≈ 0.83 (about 0.79 in this

simulated sample), manufactured entirely by the class level shock;

4. Simulate Design 2; run the social returns regression Yij on cij and C̄j in both sce-

narios: the fake scenario shows a positive and significant “social return” despite

the truth being zero, while the true scenario recovers the genuine coefficient 0.50

within sampling error (point estimate about 0.61, SE 0.14). For the fake scenario,

decompose the artifact via γ1 = ψ(ϕ1− ϕ0) by also reporting the OLS coefficient

ϕ0, the group dummy 2SLS coefficient ϕ1, and the first stage R2;

5. Run the noise injection diagnostic of Carrell, Hoekstra, and Kuka (2018) and Feld

and Zölitz (2017) on both scenarios, varying p from 0 to 100 percent in steps of

10: record γ̂1(p) (averaged over replications), plot the two paths, and read the

diagnostic. The fake coefficient grows as noise is added, collapsing only when
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the regressor approaches pure noise, while the true coefficient declines steadily

toward zero as its peer measure is randomized away.

Key lessons.

• The full mean regression returns one by accounting; the leave-one-out regression

repairs only the accounting, not the identification.

• A modest common shock manufactures a large, highly significant, and completely

spurious peer effect in y on ȳ−i regressions.

• A fake social return arises from measurement error interacting with clustered

characteristics, exactly the ψ(ϕ1−ϕ0) anatomy; the noise injection paths separate

the fake from the true.

• Every pathology occurs with the truth known: significance is not identification.

The do-file is located at src/chapter 14/ch14 peer.do and the simulated datasets

at data/chapter 14/.



Appendix A

Replication Guide

Every chapter ends with a practice example built on a simulated dataset. The simula-

tion code, the saved datasets, and the figure generation scripts live in the companion

repository, https://github.com/hzbbb/Notes-on-Applied-Econometrics, in three

parallel folder trees: src/chapter N/ holds the Stata do file (and, where a chapter

has data based figures, a notes figures/ subfolder with the Julia script that draws

them), data/chapter N/ holds the datasets the do file saves, and Notes/Chapter N/

holds the chapter source.

Software. The do files were written for Stata 16 and later and verified in Stata 17;

each begins with a version statement (Chapter 11 is pinned to version 17 because its

shipped dataset reproduces exactly under that version). Chapters 3 and 9 use commu-

nity contributed or recent built in commands (lasso, elasticnet, twowayfeweights);

the do files say where to obtain them. Figures generated from simulated data use Julia

1.12 with the Plots, Distributions, and StatsBase packages.

Reproducibility. Every do file sets its random number seed once, before the first

random draw, and draws all random variables before any sort that depends on them,

so the saved datasets are a deterministic function of the seed. Running a do file from its

own folder regenerates the datasets and, where applicable, the exported figures. The

table lists, for each chapter, the do file, the seed(s), the datasets it saves, and the figure

script.
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Chapter Do file Seed(s) Datasets Figure script

1 ch1 rct.do 20250912 ch1 rct.dta

2 ch2 nonpar.do 20250919 ch2 nonpar.dta generate figures.jl

3 ch3 ml.do 20250926

20250927

ch3 ml.dta generate figures.jl

4 ch4 dag.do 20251017 ch4 dag.dta

5 ch5 iv.do 20251024 ch5 iv.dta

6 ch6 iv beyond late.do 20251026 ch6 iv beyond late.dta generate figures.jl

7 ch7 bartik.do 20251107 ch7 bartik.dta

8 ch8 did.do 20251122 ch8 did.dta generate figures.jl

9 ch9 staggered did.do 20251121 ch9 staggered A.dta

ch9 staggered B.dta

10 ch10 rd.do 20251202 ch10 rd fuzzy.dta

ch10 rd sharp.dta

generate figures.jl

11 ch11 cluster.do 20251203 ch11 cluster.dta

12 ch12 logit.do 20251214 ch12 logit binary.dta

ch12 logit modes.dta

13 ch13 blp.do 20251226 ch13 blp markets.dta

ch13 ivprobit.dta

14 ch14 peer.do 20260102 ch14 classrooms.dta

ch14 provinces.dta

Homework solution keys. The solution keys to the end of chapter problems are

kept out of this book; they are maintained as separate documents for instructors in

the same repository.
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